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THE RELATION OF THE CLASSICAL ORTHOGONAL POLY- 
NOMIALS TO THE POLYNOMIALS OF APPELL. 


By J. SHOHAT. 


Introduction. The classical orthogonal polynomials (= COP) of Jacobi 
(J), Laguerre (ZL) and Hermite (/) all satisfy a differential equation of the 
following type: * 

A(a)y” + B(x)y’ + Cny =0, 
(J) in (0,1): + [a — (a+ B)a]T,’ 
+ n(n+a+B—1)T,—=0, 
1 
Tr= 4%, 8), a1 (1 — rdz = 0; 
0 


+ (a—2) Ly’ + nLn = 0, 


* 00 
En = Ly @), = 0; 


— + 2nHy—=0, Hn=H,(2), 
(4,8 >0; nN). 


They all enjoy the property that their derivatives again form orthogonal 
systems of polynomials, with the new weight-function 


(2) pi(z) = A(z) p(z); p(x) (J), (L), 
Thus, taking the coefficient of 2" equal to unity and using for orthogonal 
polynomials (= OP) with the weight-function p(x) the notation 


(3) (2; p) = ®,, (x) = 7" — -+ dn,n-20"* + 
(n==0,1,° °° 
we have for COP 


(4) (x; p) =NPn. (x; Ap) 
For Hermite polynomia's (4) takes the simplest form 


1The notations here employed are the same as those in my work: “ Théorie générale 
des polynomes orthogonaux de Tchebichef,” Mémorial des Sciences Mathématiques, Fasc. 
66. The reader is referred to this work for further details concerning theorems and 
formulae. 
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(4,5) naturally lead to the study of the relation between COP and Appell? 
polynomials (= AP) for which the general definition is 


(6) A’, (2) = (2) 
(A,(2z), a polynomial of degree n = 0,1,- - -; thus An(x) 


This study is the main object of the present paper. It is based upon the 
difference equation characteristic for OP (see Theorem I below) : 


(7) ®, (x) (x — Cn) Pn_-1 (2) — AnPn_2(Z) 
(n= 2; —1, = x Cn, An-const.). 


In this connection we give some interesting properties of the constants ¢n, An 
in (7), also some limitations of the zeros of n(x). We conclude with a new 
simple proof that Hermite polynomials form the only sequence of polynomials 
which are at the same time AP and OP. 


I. The difference equation for OP. 


THEOREM I. A necessary and sufficient condition that the sequence of 
polynomials 


—1, (2) ®, (zx) == 7" — + +- 
(n = 2, 3,° ° ) 


form a sequence of OP is that they satisfy a difference equation of the form 


(7) = — Cn) —AnPn-2(Z) 
(n = 23 Cn, An are constants) 
with positive An. 


Proof. The necessity of (7) is well known. Its sufficiency, in view of 
the importance of the theorem, will be proved in extenso as follows.* (7) implies 
that {®,} are denominators of the successive convergents 0,(2x)/®n(2) 
(n =0,1,-- -) of the continued fraction 


(A, > 0, arbitrary), 


whence the characteristic property : 


? Appell, “Sur une classe de polynomes,” Ann. Ee. Norm., 2, vol. 9 (1880). 

® We have been in possession of this proof for several years. Recently J. Favard 
published an identical proof in the Comptes Rendus (“Sur les polynomes de Tchebicheff,” 
Comptes Rendus, vol. 200 (1935)). Cf. also, O. Perron, Die Lehre von den Ketten- 
briichen, 2 ed., 377 ff., and J. Sherman, “On the numerators of the convergents of the 
Stieltjes continued fractions,” Transactions of the American Mathematical Society, vol. 
35 (1933), pp. 64-87. 
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On (zr) a” 1 
(9) F(z) &, (2) = (a constants). 
It follows that 
(x) Xo Gon B 
(9 bis) 
Zo Gon Gone1 Conse 


and the formal expansion of F(x) in ascending powers of 1/z is 
Oy 
(% =A, >0). 


The theory of continued fractions enables us to conclude from the existence of 


convergents for (8) of all ranks n~0,1,- - -, that all determinants 
Zo * * On-1 


(10) A, = 0 (n = 0, Ayo =1; A, = 


Sn Gon-2 
Moreover, 
An-2A 
(11) de (n= 23 % — Ai). 
n-1 


Since, by hypothesis, all An > 0 (n 2 2) and A, (=A,) is also chosen posi- 
tive, we see at once that all A, are positive (n=0,1,:-°-). But this is 
Hamburger’s * condition for the existence of (at least) one monotonic bounded 
function y(z), non-decreasing in (— o,«), a solution of the Moments 


Problem 


co 
(12) (== moment of order n) a"dy(z) (n=0,1,2,-°°). 
co 


(9), rewritten as 
(13) (x) F(x) =On(x) + 
=a" + fn), 


leads to the system of equations 
fn%i + fn-1%is1 + + + Cisn = 0 (1 0, 1), 


which, by virtue of (12), can be written in integral form as 


‘H. Hamburger, “Ueber eine Erweiterung des Stieltjesschen Momentenproblem, 
I, II, III,”? Mathematische Annalen, vols. 81, 82 (1920-1921), pp. 235-319, 120-164, 
168-187. 
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which is one of the expressions of the orthogonality property of {®,(z) }. 


Remarks. (i) The interval (— ©, ) in (14) may be reduced to a 
subinterval (a,b), if y(z) remains constant outside (a,b). The “true” 
interval of orthogonality is given by the limiting values (finite or infinite, but 
always existing) of the two extreme zeros of ®,(z), as n— ©. Hereafter, 
“interval of orthogonality ” means the “true” interval. (ii) The Moments 
Problem (12) may have more than one solution. All such solutions evidently 
generate the same sequence {®,(z)} of OP, so that from this standpoint they 
are all equivalent. We shall write 


(15) ®, (x; dy) =, = Py. 
2. Symmetric OP. By this we mean {®,(2)} with the property 
(16) (— x) = (— 1)"*, (2) (n = 1, 


(Legendre or Hermite polynomials are illustrations.) We have the following 
ebviously necessary and sufficient condition that the sequence {®,(x)} be 
symmetric, namely: all cn (n= 2) in the recurrence relation (7), also 
vanish, and this is equivalent to the vanishing of S,— sum of the zeros of 
{@,(z)} =—1,2,---). In fact, 


(17) (Sn — Sn-1 = Cn). 
The following remark will be used later: if in (7) 


then {®,(x)} is reducible to a symmetric sequence by the linear substitution 
(c—c)|a. It is of interest to interpret the symmetric property (16) in terms 
of the moments {¢,}. This is given in 


THeEorEM II. The sequence {®,} is symmetric if and only if all odd 
moments vanish. It is generated by p(x) with the property: 
=— y(z) in (— 

Proof. Assuming (16), we conclude that the continued fraction (8), 
for which 0,/®, is the (n + 1)-st convergent, takes the form 


so that Q,(x), of degree n —1 (satisfying the same recurrence relation (7), 
with 2, = 0, Q; = d,) is also symmetric. Hence, 


CS 
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(Pi, Qi, Si are polynomials of degree 1), 


and this, by virtue of (9, 9 bis, 12), shows that 


(19) Gon-1 (zr) =0 (n =1,2,° °°). 
-0O 
Moreover, 


Cony = (7) = f. 


Now consider the function 


= 


—y(—2) 
2 
which is also monotonic non-decreasing in (— ©, 0). From (20), 


It follows from (19), that ¢(z) has the same moments as y(z). Thus 
{®,(z)} may be considered as {®,(x;dq)}, where evidently 


(21) =— ¢(2) in 0, 00), 
and the necessity of the condition stated is established. That it is also suffi- 
cient, we prove as follows: If all = 0 (n =0,1,- - -), we conclude as 
above that ®,(x) =®,(2; dy) with =—y(z). The orthogonality 
property 

=0 (n= 1,2,- °°), 

-CO 


where G,(z) generally stands for an arbitrary polynomial of degree Ss, 
gives now 


=0, 


and this shows (in view of the uniqueness, to within constant factors, of the 
sequence {®,(z)}) that 


(— x) = Const. - (x) = 


5 Another proof of Theorem II, based on the determinant-representation of #, (x) 
was communicated to me by Mr. G. Milgram. 


a 
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3. Some properties of the constants Cn, An. It is interesting to note that, 
given an arbitrary sequence of real constants {Cn, An} (n = 1, 2,- - -) subject 
to the single limitation An > 0 for all n, we get, by means of (7), a sequence 
of OP. Thus we get a new approach to the theory of OP through the study 
of the sequences {Cn}, {An}. This is clearly shown in the discussion which 
follows. 


TuHeorEM III. (i) The interval of orthogonality for {®,(x)} 1s finite 
if and only if both sequences {¢n}, {An} are bounded; in other words, tf any 
one of these sequences is unbounded, the interval of orthogonality 1s infinite. 
(ii) Both sequences are unbounded, if the orthogonality interval is (0, 0). 
(iit) If only one of the sequences {Gn}, {An} 1s bounded, the orthogonality 
interval is then (—~%,~). [(a, 0) or (—%,«a), a finite, can be reduced 


to (0, «) by a linear transformation ]. 
Proof. (i) Necessity follows from the inequalities 
a<tn<b; An< (b—a)?/4, 


and sufficiency—from the fact that the zeros of the sequence {®,(2z)} all lie 
within finite limits. We prove the latter statement by making very simple 


use of the recurrence relation (7) as follows. We have 


=x—c,>0, for > Gq, 
(x) de 


— ———— 2k, 
+ 4- V + + be)? — 4( + C162 
5 
and Ci, 
As 
> 8, 
for 


and t>¢, 22X2, 


®,, (2) > 
= kn > 0, for x > max 


Similarly we treat the values of x for which 


We thus conclude that the zeros < *< Of lie in the 
following interval: 


? 
i= 
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, Ai 
(min [ Ci k i | , Max | Xo, Ci + 
i-1 


(22) >0, <0, arbitrary; 2,3,:--n 
Co V C Co ke — 4 — Ao 
2 = X2(¢1, C2, ke). 
Taking 


— = he = (t= 2, n —1), = = Vn 
we conclude that 
win — Via — < Lin < 
(23) < max + V Cn 2VAn) 
(t = 
X, = X1(c1, C2, — VAs), Xo = C2, VAs) asin (22). 


In particular, in the symmetric case, 


(24) 0 — = max ( = 9 Vii + V 2V An 
(4 == 2,3,---,2—1). 
We thus obtained bounds for the zeros of ®,(2) applicable to any sequence 
of OP. Leaving aside the discussion of the best possible choice of the constants 
ki, k’; in (22), we clearly see that (23) proves (i). (ii) We have in (0, 0) 
An = Bon-20en-1, Bon-1 + bon (n i= be), 
where the positive sequence {b,} is unbounded.’ (iii) This is an immediate 
consequence of (i, ii). In particular, in the symmetric case corresponding to 
(— w@, w), the sequence {An} is unbounded. 
Remark. The preassignment of the sequence {An} determines all An 
(see (10, 11) ). 
4. Construction of the corresponding sequence of AP. The differential 


equations (/, J, determine polynomials of degree n = 0,1,2,° 


°Cf. our Mémorial Fasc., p. 41, where the same method, applied to the symmetric 

case only, leads to 
— 2, = , < max (2VA;) 

Pe ae -). Cf. also: O. Bottema, “ Die Nullstellen 
gewisser durch Recursionformeln definierten Polynome,” Amsterdam Acad. Sc., Proc. 
Sect. Se., V, vol. 34 (1931), pp. 681-691, where the sufficiency of (i) (bounds for 
the zeros of ® (x) ) is established by means of the theory of quadratic forms, also 
a proof of a part of (iii) is given, different from the one below. 

7 Stieltjes, “ Recherches sur les fractions continues,” Oeuvres, vol. 2, pp. 402-566. 


(an obvious misprint ‘gives « 
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n(n +a—1) 
2n+a-+ B—2 
n(n—1)(n+a—1)(n+a—2) 


(J): %, B) = 2" — 


(25) (Qn 
n(n + %—1) 


(L): In @) = 7" 17 


for all a, 8, unless a coefficient in (25, J) has a vanishing denominator, while 

its numerator is different from 0 (if both vanish, we take this coefficient 

as Furthermore, 

B) a, B) 5 = Ln( a; @) >0). 

(27) 4, B) +1) %) 
(for all a, B). 

Assuming again a, 8 > 0, we start with a certain Jn(x; a, 8) or In(x; a) and 


construct correspondingly infinite sequences of polynomials 


(J): Jo, 1,8 +2—1),- 8), 
(28) 


of degrees 0,1,2,---. It is readily seen, from (25), that they are all well 
determined. By virtue of (27), each sequence (28) is an AP sequence. For 
Hermite polynomials we have an AP sequence without any additional con- 
struction [see (5) ] 

(28 bis) H, (2), Hn (2), 

We now proceed to find the generating functions for (28). We recall from the 
theory of AP that the formal power series expansion 


hn 


gives rise to an AP sequence {A,(xz)} through the expansion 


h hn 
(30) a(h)eM = Ay + An(2) 


Conversely, given a sequence of constants yo(~0), y1,° constructs 


(n == (0, 1,2,- -). 


460 
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The sequence {An(x)} is then an AP sequence, and a(h), defined by the 
expansion (29), (assumed to converge for | h| sufficiently small), is said to 
be its generating function. We may write (31) symbolically (this will be 
designated by ~) as 


(32) An(z) = («© +7)" (n = 1, 2,- Ao = yo) 
where ¥ means that we agree to replace each y‘ by yi, (i= 0,1,°--,n). 
Regarding the sequences (28), we read at once from (25) 
(J): 


B—2 
492! n(n—1)(n+a—1)(n+a—2) | 
(L): y=1, y= — (n+ 4—1), yo = + (n+ a—1)(n+a—2),:-- 
whence, 
(J): a(h) = G(—n—a+1,—2n—a—B4 2,—h) 


(L): a(h) = 


A direct application of (33) is the expression of x” in terms of the polynomials 
(25). By the general theory of AP, if the sequence {Bn(xz)} is generated by 


1/a(h) = Bo + Bih/1! + Boh?/2!+-.- +, then 
(34) 8)" (= (AB)n=(BA)n), where By(x) = 
[the symbolical expressions (A + 8)", (« + 8)” being interpreted as (x + 7)" 


is in (32)]. The application to Laguerre polynomials is particularly simple, 
since here 1/a(h) (1—h)-™*»., Thus, 


i=0 


Consider (34) for the special case 
(36) 1/a(h) =a(—h). 
A glance at (29, 31) shows that here 
Bi = (—1)*yi = (2 —7)", 
and the following very simple reciprocal relation results 


7)" (n= 1,2," 


(37) An(z) (a+y7)", 


8 Cf. Appell, loc. cit., where (33, L) is derived, without, however, indicating its 
relation to Laguerre polynomials. 


| 
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This is the case of Hermite polynomials.® 


5. The sequences (25) and orthogonality. In (25) each term, by virtue 
of (26), belongs to a distinct sequence of OP, as long as the parameters a + 1, 
8 +v remain positive. We ask now: can (25, J) and or (25, L), taken as a 
whole, form a sequence of OP? That this is conceivable follows from the fact 
that if we take in (7) ci, Ai (C1=1,2,°-+,n) from one “ permissible ” 
sequence (i.e. all An > 0), and €n41, Ansi,* * * from another such sequence, the 
first n OP thus derived belong to two sequences of OP. 

The answer to our question is based vnon Theorem I and does not utilize 
the properties of the zeros of the polynomials under discussion, which will 
be denoted by 


Ao, A1,° (A, = 2" ‘>, 
Making use of (6), rewrite the differential equation (1) as 
(38) An 


((J): B=B(a, B),Cn=Cn(a,B); (L): B= B(a),Cn=Cn(a)). 
If {An} is a sequence of OP, then 


An = (&@— Cn) An-1 — AnAn-2 (Cn, An are constants), 


+ +7) A... = (a- An-2 


But two successive OP’s cannot have common zeros; hence, necessarily, 


whence, 


G =0, i.e. A=const., 
n 


which holds for Hermite polynomials only. 
We indicate in passing some relations for A, B,C in (1). Differentiating 
(37) and using (6) once more, we have 


Ani(Cn + B’) + (n—1) An (A? + B) + (n—1)AAn-s = 0. 


On the other hand, by (38), changing n into nm —1 and increasing a, B by 1, 
on is indicated by writing B, Cn-1), we have 


° We have: 
H,, =H, («; e-2?/4) 
n(n—1 n(n—1) (n— 2) (n—83) 


a(h) == e-h?, 


so that 


(n— 1) n(n—1) (n—2) (n—3) 


wn =H, + gn-2 


| 
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+ (1 — 1) + (n—1)(n—8) 
Hence, the following relations must be satisfied for all COP: 


Cui=0, A’+B—B—0. 


Cr + B’ 


We see once more, that for Hermite polynomials, where no parameters are in- 
volved, so that B= B, we must have A’ = 0, A = const. 
6. The sequence {H,(x)} as an AP sequence. We close our discussion 


by proving a very general 


THEOREM IV. The only system of OP{®,(x; dy)} which is at the same 
time an AP sequence is that with =e (h, c-const.), i.e. that 
which is reducible to Hermite polynomials by a linear transformation.?® 


Proof. Assume that 
(39) ©’, (x; dy) =n,_, (x; dy) (n 


Combining (39) with the relation obtained by differentiating (7), we get, 
with the notations (3), 


Sn Sn-1 2dn-1,n-8 
Combining this with 

Cn — Si — Bre (see (17) ) 

leads to the fundamental result: 

Sn- 

= Cn1, 1.€. Cn ==Cn-1 = constant c. 
n n—l1 


By the remark made above, the linear substitution («—c)|a reduces the system 
{®,(x2; dy)} under discussion to the symmetric case. 

Assuming this reduction to have been made and keeping the old notations, 
we have now 
(41) Cn = S, = 0, Gon-1 == 0 (n == 1,2,---). 


*° Meixner, “‘Orthogonale Polynome mit einer besonderen Gestalt der erzeugenden 
Funktion,” Journal of the London Mathematical Society, vol. 9 (1934), pp. 6-13, derives 
a similar theorem for polynomials satisfying a more general relation than (6), by con- 
siderations different from those developed below. A different proof of Theorem IV 
is to be found in the Thesis of my pupil Dr. M. Webster. Our proof is a straight- 
forward one, applicable to similar problems. Cf. also the interesting article of I. M. 
Sheffer, “ A differential equation for Appell polynomials,’ Bulletin of the American 
Mathematical Society, vol. 41 (1935), pp. 914-923. 
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Making use of the expression of ®,(z) in terms of the moments @,, we rewrite 
(39) as follows: 


(42) > A,=n $ Bas 
On-1 Un * Gon-1 * * Gon-3 
(n = 2,3,° °°). 


Writing (42) for n =3 and making use of (41,11), we get successively 


(43) Baoy?, 15ay*, where @/a,—y> 0, 
(44) A>, A; A, 24048, 
(45) = Y> As = 


It remains to prove that 
(46) An = (n—1)y forall n. 


Here we use mathematical induction in the following manner: The recurrence 
relation (7) shows in the symmetric case, by comparing coefficients, that 


dnn-2 = (Az + Az +° An), 


so that the second relation (40) gives, assuming that (46) holds up to An+ 
inclusive, 


n(n — 2)y— (n— 2) An = (n— 2)y; An = (n— 1)y. 


The induction is complete, and Theorem IV is established, for the sequence 
{Cn =0, An = (n—1)y} gives rise to the system of Hermite polynomials 
H,(2; 
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ANALYTIC FUNCTIONS STAR-LIKE IN ONE DIRECTION. 


By M. S. RoBerrson.* 


Introduction. Let (S) denote the class of functions f(z) which have 
one or the other of the following sequences of properties: 


Either (A): 1. f(z) =z-+ Sanz” is regular for | z| <1. 


2. There exists a positive §=68(f) so that for every r in the 
open interval 1—8<r<1 f(z) maps |z|—r into a 
contour C’, which is cut by the real axis in two, and not 
more than two, points. 


or (B): 1. f(z) is regular for | z| = 1. 


2. f(z) maps | z2| 1 into a contour which is cut by the real 
axis in two, and not more than two, points. 


If f(z) is a member of (8) we shall say that it is star-like in the direction 
of the real axis with respect to the unit circle. A function f(z) which is 
star-like in a direction other than that of the real axis can be reduced to a 
function of the type considered above by taking e**f(e-*z) with a suitable 
choice for the real parameter a. If f(z) is a member of (S) satisfying (A) 2 
there will exist two, and only two points = and z, = at 
which the imaginary part of f(z), or Jf(z), is zero. Moreover, if 


f (re) = u(r, 0) + iv(r, 6) 
then 
>0 when 6,(r) <6 < 6(r) 


v(r,0) <0 when 6:(r) <6< 4:(r) + 2z. 
We may define 6,(7) = 6,(r;f) and 6.(r) = 62.(r;f) so that 


(1. 1) 


(1. 2) 0<6(r) S22, 0 < 6.(r) —O(r) < 2m. 


When f(z) is real on the real axis (a real) then f(z) belongs to the sub-class 
of (S), consisting of typically-real functions defined by W. Rogosinski.? In 


this case, 


1 National Research Fellow. 
2 See W. Rogosinski, “ Uber positive harmonische Entwicklungen und typisch-reelle 
Potenzreihen,” Mathematische Zeitschrift, Band 35 (1932), pp. 93-121. 
465 


466 M. S. ROBERTSON. 
6,(r) =0, 6.(r) =r. 


We shall show in this paper that if f(z) is a member of (S) then the 
coefficients a, of f(z) satisfy the inequalities 


| an | Sn? for all n 


and the equality is attained for any fixed n by only one function of class (8), 
namely (z + «2*)/(1—ez)*, (e—= +7). If further, f(z) is an odd function, 
then 

|an for all n. 


and the equality sign is attained by the function (z + 2*)/(1—2?)?. If f(z) 
is not necessarily odd but is real on the real axis then 


| an | Sn for all n, 


and the equality sign is atttained by z/(1—z)*. We shall show also that if 
f(z) belongs to (S) lim f(re?*) exists and is finite for almost all 0. 


00 
If g(z) =z+ Se,z" is regular and univalent for | z| <1 then it has 


been conjectured * that | ¢, |<. This is known to be true in case g(z) is 
star-like in the unit circle, or when KV g(z)/z = } for | z| <1, or when there 
exists a complex constant @ so that Razg’(z)/g(z) = 0 for | z| < 1, or, finally, 
when g(z) is real on the real axis. We shall show here that the conjecture is 
also true when g(z) has the property that it maps | z|—r <1 for every r 
near 1 into a contour which is convex in one direction, i. e., every straight line 
parallel to this direction may cut the contour in not more than two points. 
The equality sign is attained for any fixed n for essentially only one function 


of this class, 
z/(1— real). 


2. A representation for functions of class (S). Suppose f(z) is a 
member of (S) satisfying A (2) and hence (1.1) and (1.2). Let 


62(r) + 


= 5 — 1—s<r<l, 
F, (2) =f (refz) + 27 sin 
If f(re*9z) = P(r, 6) 4. iQ(r, 0), 


® See L. Bieberbach, Sitzber. kgl. Akad. Berlin 1916, pp. 940-955. 
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then from (1.1) 


{42(7) —6,(r)} {&(r) —A(r)} 
(2.1) Q(r, 6) >0 when 5 5 


2 
F,(e) = {P(r, 6) + iQ(r, 6)} = 271 sin 6 + 27 sin G 62(r) 


F,(e”) = 2Q(r, 6) [ sin 6 —sin &(r) 
= 0 for all 6 by (2.1). 


Hence #F,(z) = 0 for |z| is regular on |z| F,(0) 40; 
and since the minimum of a harmonic function occurs on the boundary we have 
(2. 2) for 1. 


Let {ri} be a sequence of values of r tending to 1 so that 


(2.3) lim 6,(ri) = lim 6.(7;) = B. 


On account of (1.2) we have 
2, 0S B—aS 2z. 


with «x so chosen that 0S p< 2x. Let y 


Let p= 


Then Let 


F,(z) =lim F,,(z) = f(—ietz) - 


F,(z) is regular for | z| <1, and by (2. 2) 
RF,(z) =O for |z| <1, F,(0) =sin »—icos yp, whence = 0, 


equality holding only when F(z) reduces to either + 1% or —i. In this case 
f(z) has the form In any case we have OS 
If sinn we let 


F(z) = (sin [Fi (ie#z) + p]. 


If sin —0, we may take F(z) ==1. In both cases F(z) is regular for 
|z| <1, F(0) =1, RF(z) > 0 for | z| <1, and 


(2. 4) f(z) = hy (cosp + isin»: F(z)) 
where 
hy(z) =2(1 — 2z cosy + 2)”, 


| 
| 
f 
3 
* 
? 
be 
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Since @RF(z) =O the function {1+ F(z)}" is bounded in the unit 
circle, and so tends to a limit, different from zero, for almost all values of 6 as 
r—1(z=—re%). Hence lim F(re**) exists, and is finite for almost all values 


rl 


of 6. Therefore lim f(re‘) exists, and is finite for almost all values of 0. 


rol 


3. Univalent functions convex in one direction. Let 


(3. 1) g(z) =2+ 3 


be a member of a class (¥) of functions regular for | z | < 1 which are uni- 
valent and convex in one direction. Without loss of generality we may assume 
that this is the direction of the imaginary axis. We suppose then that there 
is a positive 6 = 8(g) so that for every 7 in the open interval 1—8 << r<1 
g(z) maps |z| =r into a contour C, such that every straight line parallel 
to the imaginary axis cuts C, in not more than two points. If g(z) is regular 
on |z|—=1 we may take 60 in our definition. It is readily seen that a 
necessary and sufficient condition that g(z) map each circle | z | =r on con- 
tours C, which are of the type described above is that for every r in the 
interval 1— 6 < r < 1 there should exist two real numbers 6,(7) and 6,(7) 
satisfying (1.2) so that @g(re*’) is a monotone decreasing function of @ in 
the interval (6,,@,) and a monotone increasing function of 6 in the comple- 
mentary interval (6.,6, + 27). But since 


— — Mae”) 


it follows that g(z) is a member of class (F) if, and only if, zg’(z) belongs 
to class (S). If zg’(z) belongs to (S) then g(z) is univalent. For if not, let 


9 (41) = 9(Z2) = Wo 


for two points z, and 2, (2:22) lying within | z|—r where r is in the 
interval 1—8<r<1. Then as z describes the circle | z|—r enclosing 
z, and Zo g(z) describes a continuous closed contour (C, which must consist of 
at least two loops* about the point wo. If this were the case a straight line 
parallel to the imaginary axis would cut C, in more than two points, which is 
a contradiction. Hence g(z) is univalent for | z| < 1. 

We may then represent g(z) in the form 


an 


1 — 2ze-** cos vy + 


*See for example Titchmarsh, The Theory of Functions, 1932, p. 201. 
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where F(z) = 0 for |z| Conversely, if F(z) 
is an arbitrary function with positive real part aa regular for | z| < 1, and 
p. any parameter satisfying the inequalities 0 S » Sz, then the function g(z) 
formed by the expression (3.2) is univalent for | z| <1 and is the limit of 
functions gn(z) each of which is regular and univalent for | z| <1, has at 


most either a simple pole or two logarithmic singularities on | z|—=1, and 
which map | z | = 1 on a contour convex in the direction of the imaginary axis. 


For let {rn} be a sequence of values of tending to 1 as n—> co and define 
gn(z) by the equation 
1 
0 


1 — cos vy + 


(3.4) g(z) =lim gn(z) uniformly in any region interior to the unit circle. 


CO 

F(rnz) is regular for | z| <1, zg’n(z) is regular on | z| 1 save for either 
one pole of multiplicity 2 (v0) or two simple poles. From § 2 we see that 
29’n(z) maps | z | = 1 into a contour which is cut by the real axis in not more 
than two points. Hence gn(z) maps | z| 1 into a contour convex in the 
direction of the imaginary axis and g,(z) is univalent for |z| <1. It follows 
by the theorem of Montel ® that g(z) is also univalent for | z| <1. 

If in particular g(z) is also real on the real axis, then p= 7/2, v= 7/2 
and (3.2) takes the form 


(3. 5) g(z) - (Sa 


We may employ here the Stieltjes formula due to Herglotz ° 


27 | e~t 
(3.6) P(e) aa (6) 


where a(6) is non-decreasing in (0,27). (3.5) can then be written in the 


form 
(3. 7) g(z) log 1 — sin 6 


when the fact is used that g(z) and F(z) are real on the real axis and an 


integration is performed. 
4. The coefficients of functions of classes (S) and (F). If in the repre- 
sentation (2. 4) 


F(z) —1+ 


n=1 


5 See P. Montel, Bulletin de la Société Mathématique de France, t. 53 (1925), p. 253. 
*See G. Herglotz, Leipziger Berichte, vol. 63 (1911), pp. 501-511. 
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since @ F(z) = 0 for |z| <1 we have | b, | =2 for all n. If 


f(z) = 2+ Sana" 


a comparison of coefficients on both sides of equation (2.4) yields 


sin nv n sin ky 
(4. 2) lan |< sin nv sin ky ] 
sin v k=2 sin v 
where sin p = 0, sinv= 0. 
(4. 3) | dn | Sn+2sin ) + n? sin 
sin p 5 = SIN n* sin p 
(4. 4) | dn | Sn? for all n. 
The equality sign | a, | =n? is attained for a fixed n only when vy =0 or =, 
p=7/2. In this case 
2F'(z) 
2) = == ti 
f( ) (1 ez)” (e ) 
mn? =| dn | =| Dna + 2ebn2 +: |. 

Equality can occur only when = (k =1,2,---+,n—1). In this case 
f(z) must have the form 

n 
(4. 5) f(z) => + ay, +° 

k=l 


However, since 
0 
is univalent and | c, | = 2, g(z) must be of the form 
g(z) =2/(1— real 


as L. Bieberbach has shown.’ 
Hence (4.5) reduces to 


Hence | a, | =n? for a fixed n only for the function (4.6). 
Again, if f(z) is any odd function of class (S) then B —a=7z, v= 7/2. 


Consequently, from (4.2) we have 


7 See L. Bieberbach, loc. cit. 


n=2 
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(4.7) | | S14 2nsinpS2n+1. 


If v 0 or z, we also have from (4. 2) 


| 


where 


~> | sin ky |. 


OO n 


It will follow from the following lemma, due to T. Gronwall,® that 


—— 4 sin 
n vr Sinv 


Lemma. I[f 


then 
M (6) =lim 


n->0O 


exists and 
M(0) =2/x 
if 0/x is irrational ; 


I ot 
M < 2/nr,k and r (k <1) 
positive integers prime to each other. 
If 
ie, @) 
g(z) =z2+ 


n=2 
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is a member of class (FY) then, as we have seen, zg’(z) belongs to (S). Hence 


(4.9) | cn | Sn for all n 


and equality is attained for any fixed n only by the one function of class (¥), 


namely 
z(1— (e== +7). 


For this particular class of univalent functions this constitutes a proof of the 


Bieberbach conjecture for the coefficients of a univalent function. 


5 See T. Gronwall, “ On a theorem of Fejér’s,” 7'ransactions of the American Mathe- 


matical Society, 1912, pp. 445-468. 
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If g(z) is an odd function of class (¥) with coefficients con, then from 
(4.7) and the fact that zg’(z) belongs to (S) we have 


(4. 10) | Comer | S1. 


All the members of class (¥) which are real on the real axis and convex 
in the direction of the imaginary axis (a direction perpendicular to the line 
on which the coefficients lie) are given by (3.7) and conversely. The coeffi- 
cients cy of g(z) in this case are then given by the formula 


Wr sin 6 


1 T gj P 
0 


whence | cn | =1 and equality is attained by 
2/(1 +2), z/(1—2?). 
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ON NON-HOMOGENEOUS LINEAR DIFFERENTIAL EQUATIONS 
OF INFINITE ORDER WITH CONSTANT COEFFICIENTS. 


By R. D. CARMICHAEL. 


Introduction. The methods of this paper are suggested by the stimu- 
lating memoir of A. Hurwitz + in which is proved the theorem of C. Guichard ? 
that for every integral function the equation y(z + 1) — y(xz) = 
has a solution which is itself an integral function. The method also owes 
much to the remarkable contributions of 8. Pincherle * to the theory of func- 
tional equations, contributions which now extend over a period of nearly 
fifty years. 

In § 1 a formal solution of the differential equation (3) is given and a 
sufficient condition is set forth (Theorem I) to ensure that it shall be an 
actual solution. The remainder of the paper consists mainly in presenting 
effectively workable hypotheses under which this sufficient condition is certainly 
realized. The maximum simplicity in the formulation of these hypotheses is 
attained in Theorem VII of § 8, and this theorem is effectively supplemented 
by Theorem VIII. Auxiliary classifications of integral functions are indicated 
in §§ 3 and 4. The former is classic, but the latter seems to be new. It is a 
classification which appeared to be demanded by the course of the argument; 
it seems to be of interest for its own sake. Attention is called particularly 
to the invariant point property of integral functions indicated in this con- 


nection in § 4. 


1. The first general theorem. Let F(z) and ¢(2) denote two given 
integral functions, neither of them being identically equal to zero, and write 
their power series expansions in the forms 


(1) F(z) 
(2) => sva"/v!. 


p-0 


We consider the problem of constructing integral functions y(z) satisfying 
the linear differential equation 


(3) doy + ay’ + ay” $(2) 


1A, Hurwitz, Acta Mathematica, vol. 20 (1897), pp. 285-312. 
2C. Guichard, Ann. Ec. Norm. Sup. (3), vol. 4 (1887), pp. 361-380. 
28. Pincherle, Acta Mathematica, vol. 46 (1925), pp. 341-362. 
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of infinite order with constant coefficients. We shall say that F(z) is the 
characteristic function belonging to equation (3). 

Let 7 be a given positive number. Let {Av} and {pv} (v=0,1,2,-° - -) 
be two infinite sequences of positive numbers such that + S py S Av for every». 
For each particular value of v let Cy be a closed contour of finite length en- 
circling the point O and lying in the ring p S|z2|=As, and let Cy pass 
through no point at which F(z) vanishes. Let 7 denote the sum of the 
(convergent) series in the relation 


(4) Ty S| | 


k=0 


It is obvious that 7, is bounded away from zero. 
We introduce the functions 


1 dz 
(5) = si 
where vy and n take independently the values of the set 0,1,2,: - +. For their 
k-th derivatives with respect to « we have 
1 
(6) vn (7) Qari (2) 
We have 
From (6) we have 
| dz | 
8) P® (a =- = 
Let us define y(z) by the relation 
er dz 
( ) > (z) = =2 (z) 


subject to appropriate conditions of convergence to be indicated later. 
Using the notation thus described, we shall prove the following general 
theorem : 


TueorEM I. A sufficient condition that y(x), as defined by (9), shall 
be an integral function satisfying (3) is that the series 


shall be convergent for every positive number p. 


00 dz | 
10 ePry Sv f 


he 


elr 


ral 


all 
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Let S be any preassigned finite closed region of the z-plane. Let p be 
the maximum value of |x| for z in 8S. Since by hypothesis series (10) is 
convergent and since 7’y is bounded away from zero, it follows that the series 
obtained from (10) on replacing Ty by 1 is convergent. From this fact and 
from relation (8) with n =v and k = 0 we see that for all 2 in S the series 
in (9) is dominated term by term by a convergent series of constants. Hence 
that series is absolutely and uniformly convergent in S and y(z) is an integral 
function. Moreover, y“’(2) may be formed from (9) by term-by-term 
differentiation. 

If we proceed formally we have by aid of (7) the relations 


(11) Yay” (xz) (x) 
k=0 k=0 


co co 


p-0 k-0 

= — = ¢(2). 
p-0 Vi 


From (8) it follows that the series in the third member of (11) is dominated 
term-by-term by the series 


(12) S| |S] ae | | dz | 
p=0 k=0 Cy | (z) 


From the fact that F(z) is an integral function it follows that the series here 
denoted by the second summation sign is convergent. Employing (4), we 
may then write the series denoted by the first summation sign in the form 


. | dz | 


For all x in S this series is dominated term-by-term by the series in (10). 


It follows that the repeated series in the third member of (11) is absolutely 
and uniformly convergent in S. Therefore the repeated series in the second 
member of (11) is absolutely and uniformly convergent in S and its sum is 
equal to that of the series in the third member. Thence it follows readily 
from (11) that y(az) is a solution of (3). 

These results imply Theorem I. 


Corotiary. The k-th derivative of y(x) is dominated as follows: 


(14) |y(x)|< 


| 
iMe 


| dz | 
p|x\r yk | k 0, i. 2, 


Vv. 
n- 
he 
| 
_| 
| 
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2. Consequences of Theorem I. We shall now prove the following 
theorem, retaining our previous notation and employing additional hypotheses : 


THEOREM II. Let '(z) be a function of exponential type. Let dv be 
further restricted by the condition y= a(v+1) (v=0,1,2,-- -), where a 
is a given positive constant. Let the defined elements be so related that a 
positive constant B exists for which the relations 


(15) | F(z) | < (v= 0, I, 2, hy 


are satisfied. Then the function y(x), defined in (9), is an integral function 


satisfying equation (3). 


It is sufficient to show that the series in (10) is convergent. Since F(z) 
is of exponential type, say of type g, we have for every positive e a constant K, 
such that 


00 
| F(z)| | (ly | | < K,eelal, 
p=0 


Then, since Av < a(v +1), we have 
< K +1), 


Thence, by aid of (15), we see that series (10) is dominated term-by-term 
by the series 
From (2) and the integral character of ¢(a) it follows that the last foregoing 
series is convergent for every positive number p. Hence the same is true of 
series (10). Therefore Theorem II is established. 
Let a, a, b, c be given constants, aa, and take py—a(v+1), 
v=a(v-+1). Then, if for every v of the set 0,1,2,--- the length of Cy 
does not exceed b”** and if | F(z)| > c+ for every point z on Cy, it is easy 
to show that the hypotheses of Theorem JI are satisfied. It is obvious that a 
suitable constant b exists whenever the paths Cy are circles about 0 as center 
and having radii limited by the implied conditions. This yields one of the 
simplest special cases of the theorem. 
For the case when F(z) = e* —1 we may take the path C, to be a circle 
of radius r(2v-++1). Then it is easy to show (by aid of the periodicity 
properties of F(z) ) that a constant M exists such that | F(z)| > M whenever z 


rN 
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is on acircle Cy. By taking py = Av = + 1) one may readily show that 
the required conditions are satisfied for the application of Theorem IT and 
hence that the corresponding equation (3) has a solution y(z) which is an 
integral function. This implies that the equation y(z +1) — = 
has a solution y(z) which is an integral function, the proof in this case being 
essentially that of Hurwitz (loc. cit.). 

In a similar way it may be shown that the difference equation 


y(x +n) + + ++ = $(2) 
with constant coefficients has a solution y(z) which is an integral function 
provided that ¢(2) is an integral function. Here the function F(z) may be 
written 


F(z) +. Ch = II — px) *, 
k 


where the p; are constants and the ¢; are positive integers. Suitable contours 
Cy may be readily defined such that F(z) is again bounded away from 0 for 
all z on all Cy and such that Theorem II becomes applicable. In fact, the 
same method may be extended,* but with increased difficulty, to the more 


general case of the equation 
coy (a) + + am) = 
where the c’s and @’s are constants and ¢(z) is an integral function. 

3. Integral functions of class C(t,q). With a view to the extension 
of Theorem II it is convenient to separate certain integral functions into 
classes and to note some properties of the several classes. 

Let ¢ be a given positive number. Let g(z) be an integral function having 


the power series expansion 
00 
g(z) => eve’. 
y=0 
We shall say that g(z) is of class C(t,q) if and only if 


lim sup | (v!)/tev q < ow. 
v=00 


We shall need the following known theorem ® concerning these functions: 


4See R. D. Carmichael, Transactions of the American Mathematical Society, vol. 
35 (1933), pp. 1-28. 

5 This theorem belongs to the classic theory of integral functions of order t and 
normal type or minimal type. For more general results of a similar character see a 
forthcoming paper on invariant point properties of integral functions under the joint 
authorship of R D. Carmichael, W. T. Martin and M. T. Bird. 
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Necessary and sufficient conditions in order that an integral function g(z) 
shall be of class C(t,q) are the following: 

(a) numbers o (zero or positive) shall exist for which it is true that for 
every positive number ¢ there exists a positive number Neo, depending on e and 
o but independent of z, such that for all (finite) values of z we have 


| g(2) | Neo (ore) 
(b) the least possible value of such numbers oa is q. 


4, Integral functions of class K(s). Let s be a given positive number 
not less than 1. Let w(x) be an integral function having the power series 
expansion 


=> > ove’. 


We shall say that y(a) is of class K(s) if and only if 


lim ov’ * = 0. 

It is obvious that the class K(s,) contains the class K(s.) if 1 Ss, < 
If w(x) is of class A(s) then for every positive number e there exists a 


positive number Le, independent of v, such that 


| Ov | < Lee’. 
Hence, from the relation 


n)! 
(x) /n _ Oven 
vin! 


p=0 

we have 
! 
(v+n)# (v + n) 


vin! | 


GO 
lyw™(a)/n!| << Le De 
Now, since s = 1, we have 


v r)! 


when n + v= 1, where 8 is any positive number whatever. Therefore if we 


take « less than 1 (as we shall) we have 
a0 


| (x) /n! | < Lee (1 + 8)" + | |’, 


whence it follows that 
lim | y™ (x) /n! = 0. 


00 
y=0 
p=0 


nd 


yer 
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This property, for c=0, is the defining property for the class K(s). 
This defining property associated with the point 0 therefore persists for all 
other finite points. Moreover if it holds for z=, it clearly holds also for 
z=0. It therefore exhibits an invariant point property of the functions of 
class K(s). 

We shall now prove the following theorem : 


A necessary and sufficient condition that the integral function w(x) shall 
be of class K(s), s = 1, is that the series 


ov| 


shall converge for every finite value of a. 
In the proof of this theorem it is convenient to use the following lemma: 


Lemma. Let s be a positive number not less than 1. Let 


be a series in which u,=0. Define p by the relation 


lim sup (uv)”" = p. 
Then the given series is convergent if p <1 and dwergent tf p > 1, while for 


p =1 there is no test. 


The usual proof for the classic case s =1 of the lemma holds without 
essential modification in the general case: it is therefore left to the reader. 

From the lemma it follows at once that the series in the theorem con- 
verges for all finite « if p(x) is of class K(s). On the other hand, if the 
series converges for all finite z it follows from the lemma that 


lim sup | ov |"* | 


for all finite 2, whence we see that y(z) is of class K(s). The theorem is 


therefore established. 


5. Generalization of Theorem II. We shall now use the notation of 
§ 1, with the implied hypotheses, in proving the following generalization of 
Theorem II: 


(2) 

for 

| | 

ies 

So. 

re 
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THeEorEM III. Let F(z) be an integral function of class C(t,q). Let 
(x) be an integral function of class K(s). Let dv be further restricted by the 
condition Ay = a(v +1)% (v=0,1,2,- +), where ts a gwen positwe con- 
stant and o verifies the relation 1 =o min(s, s/t). Suppose that s=t and 
s=21. Let the defined elements be so related that a positive constant B exists 


for which the relations 


diz Pet 


are satisfied. Then the function y(z), defined in (9), is an integral function 


satisfying the differential equation (3). 
In view of Theorem I it is clearly sufficient to prove that the hypotheses 
here involved imply the convergence of the series in (10). 


From the hypothesis on /’(z) and from the theorem in § 3 it follows that 
for every positive number e there exists a positive number Ke such that 


| F(z) | > | Oy | | Z ig Kee t© '|2|'/t, 


Then, since Ay < a(v + 1)%, we see from (4) that 


Ty Ke (gre) 


Thence, by aid of (16), we see that series (10) is dominated term-by-term 
by the series 

| Sy | a(v+1)® pat(q+e) Q(v+1)® 

p-0 Vv 


From (2) and from the fact that ¢(z) is of class K(s) and from the theorem 
of §4 it follows that the foregoing series is convergent for every positive 
number p. Hence the same is true of series (10). Theorem III is therefore 
established. 

By specialization of the hypotheses in Theorem III we obtain the fol- 
lowing theorem which is often more convenient in use than the more general 


theorem: 


THeorEM IV. Let F(z) and be integral functions of classes C(t, 7) 
and K(s) respectwely, where s 1s not less than t and not less than 1. Let o 
be such that 1=oZmin(s,s/t). Let a, a, b, c be gwen positive constants, 
asa. If for every number v of the set 0,1, 2,- - - there exists a contour Cv 


v=0 
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encircling the point 0 and lying in the circular ring a(v-+1)S|2|Sa(v+1)? 
and having a length not exceeding b*?* and if | F(z)| > c@* for every 
point z on Cy, then the function y(«), defined in (9), is an integral function 


satisfying equation (3). 


To prove this theorem we show that the hypotheses imply those of Theorem 
III. We take py =a(v+1), A—=a(v+1)%. Then, since the hypotheses 
in Theorem IV imply that 


| 
{ dz | \ 
| F(z)| (bc) 


it is sufficient to observe that a positive number £ obviously exists such that 


in order to recover all the hypotheses of Theorem III. Hence Theorem IV 
is established. 


6. Another Consequence of Theorem I. We shall now prove the fol- 
lowing theorem: 


THEOREM V. Let F(z) and $(2) be integral functions of classes C(t, ¢) 
and K(s), respectively, where s is not less than t and not less than 1. Let o be 
such that 1 min(s,s/t). Let Co,C,,C2,- + be a sequence of circles 
about 0 as center and of radii oo,01,02,: ° +, respectively, and let them be 
such that no one of them passes through a point at which F(z) vanishes. 
Moreover, let us suppose that positive constants a and a exist such that 
a(v+1)SaSa(v+1)% Then, if a positive constant K exists such that 
the relations 
(17) (v=0,1,2,- ++), 
are satisfied, the function y(a), defined in (9) is an integral function satis- 


fying equation (3). 


We shall show that this proposition is a consequence of Theorem I. We 
take py =Av ov. Then Theorem I implies the truth of V provided that 
the series 


00 ld 
(18) | Sy | | 


p=0 
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converges for every positive value p, the symbol 7y being defined by the relation 
Ty => | | 
k=0 
3ut series (18) is dominated term by term by the series 


| sy | 


p=0 y! 


(v + 1)-"-"1y! 


Now take the [(v + 1)*]-th root of the v-th term of this series, noting that 
for Ty we have from its definition and the theorem of § 2 a relation of the form 


t t 
“ en! (ate) (v+1)8/t 


and employing the usual asymptotic form for v!; as v becomes infinite this 
root approaches the limit 0. Hence from the lemma in § 4 it follows that 
series (18) converges for every positive value of p. Therefore the theorem is 
established. 

We shall now show that the following theorem is a corollary of the 


preceding : 


THEorEM VI. Let F(z) and $(z) be integral functions of classes C(t, q) 
and K(s), respectively, where s is not less than t and not less than 1. Let o 
be such that 1 min(s,s/t). Let m(r) denote the minimum value of 


| F(z)| on the circle |z|—=r. Let oo,01,02,° + + be a sequence of positive 
numbers such that a(v-+1) Sov S +1)’, where a and « are given posi- 
tive constants and aa. Let Cy denote the circle |z| ov. Suppose that a 


positive number L exists such that the relations 
(19) m (ov) (v=0, 25° 


are satisfied. Then the function y(x), defined by (9), is an integral function 
satisfying equation (3). 


This theorem is seen to follow from the preceding by observing that con- 
ditions (19) imply conditions (18) and also imply that Cy passes through 
no point at which F(z) vanishes. 


7. Auxiliary properties of integral functions. Let F(z) be an integral 
function of class C(t,q). In case F(z) has zeros away from the point 0 we 
denote these by a, %,- - - in order of increasing moduli. If the number of 
zeros is infinite, then it is a classic result that the series 


i 
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00 1 
(20) 
n=1 Xn 


converges for every positive number e. Moreover, we have the following well- 
known theorem: ° 
Let & be any positive number. For each 7 inclose the zero a; by a circle 
with a; as center and of radius | Ohi the’ Then in that part of the finite plane 
which is exterior to all these circles we have for every preassigned positive «€ 
and for | z | sufficiently large, the relation 
(21) | F(z) | > etl 
Moreover, it is known,’ and indeed is implied by the convergence of the 
series in (20), that for every positive e there exists a positive number M, such 
that | On ‘nae < M,./n. If we write k =k,(/ + €) we then have the existence 
of Me, such that | a |* << Man. If we take k, > 1 (and this we do) and 
write 
Le = 2M x 
n=1 


we have 


2 >> | Zn Dee 


n=1 


Therefore from the proposition associated with (21) we have the following 
theorem : 


If F(z) is of class C(t,q) and « is a positive number, then a number L 
exists (L = Le) such that in every interval of length L sufficiently far out 


on the positive axis of reals there exists a value r such that 
(22) | F(z)| > ell for —r. 


8. Two additional existence theorems for equation (3). We shall 
now employ the theorem at the end of § 7 in obtaining from Theorem VI the 


following more simply formulated proposition : 


TuHeEoreM VII. Let F(z) and (x) be integral functions of classes 
C(t,q) and K(s), respectively, and let t be less than s (s=1). Then the 
differential equation (3) has a solution y(ax), defined in equation (24) below, 


such that y(x) is an integral function. 


See Encyklopidie der Mathematische Wissenschaften, Band p. 436. 
7 See Encyklopddie der Mathematische Wissenschaften, Band p. 434. 
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Let the positive number e be such that ¢-+-e< s. Let a and @ be two 
positive numbers such that a< a. Then from the result at the end of the 
preceding section it follows that for sufficiently large values of v we have on 
each interval (a(v-+1),a(vy-+1)) a number oy such that 


»| 


(23) | F(z)| |z| 


We denote by Cy the circle | z | — ov, defining ov conveniently for values of »y 
| | fo) 


smaller than those involved in (23). We write 


Sy et*dz 


x 
( 4) oni Cy (z) 
For o in Theorem VI we take the value o—1. Then the hypotheses of 
Theorem VI are satisfied when v is sufficiently large, and hence for all values 
of v when oy is suitably defined for an appropriate finite number of values of v. 
Therefore Theorem VII is established. 


CoroLtiary. If o(x) is an integral function and if F(z) 1s of class 
C(t,q) with t <1, then the differential equation (3) has a solution y(z) 
which is an integral function. . 


Whether the corollary holds when ¢ 1, and more generally whether 
Theorem VII holds when ts, I have not been able to determine. That 
there are cases when ¢ =s and when the conclusion holds is shown at once 
by the theorems for difference equations cited in the latter part of § 2. These 
involve cases in which t==s=—1. But our method does not seem to yield 
the conclusion of Theorem VII when ¢ = s unless some additional hypotheses 
are placed on F(z). The result associated with (21) seems not to be suffi- 
ciently restrictive for this purpose, since we seem to need an inequality more 
effective than (22). The nature of the additional information required is 
indicated by the further hypotheses on F(z) introduced in the following 
theorem. 


THEOREM VIII. Let F(z) and $(x) be integral functions of classes 
C(t,q) and K(t), respectwely, where t = 1. Let 00,01, 02,° be a sequence 
of positive numbers such that a(v-+1) Sov a(v+1), where a and « are 
gwen positive constants and a<a. Let Cy denote the circle |z| =ov. 
Suppose furthermore that F(z) is such that the ov may be chosen (subject to 
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the named conditions) so that a positive constant M and a non-negative con- 
stant N exist such that 


(25) | F(2)| > M 


for all z on the circles Cy. Then the function y(x), defined by (9), is an 
integral function satisfying the differential equation (3). 


This theorem is an almost immediate corollary of Theorem VI. In the 
latter theorem we take s =t, whence we must have o—1. Then in the two 
theorems the constants oy belong to the same intervals. Using the symbol 
m(r) of Theorem VI, we see from (25) that 


m (ov) >M e-Noy' M > 


where L is a sufficiently large positive number. Hence we have recovered all 
the hypotheses of Theorem VI. Therefore Theorem VIII is established. 


9. Further properties of the solution of Equation (3). In all the 
cases treated we have shown that the solution y(az) is an integral function. 
The corollary to Theorem I gives upper bounds to the values of | y™ (z)|, 
(i =0,1,2,- - +), valid in the general case of §1; and this may obviously 
be specialized so as to yield more precise inequalities under the additional 
hypotheses involved in the less general theorems. We shall now show that 
there is a class of cases, depending on the nature of the characteristic function 
F(z), in which additional information concerning y(x) may be obtained 
directly from the convergence of the series in the left member of (3). 

Let us suppose that F(z) is of class C(t,q) with q greater than 0 and 
let the coefficients dy, have a certain character of regularity implied 
by the required condition that 


q, 


(26) lim | (v!)*/! av 


the superior limit in the defining condition of the class C(t,q) being thus 
replaced by an actual limit. Then the condition 


lim sup | wy (x)| = 1, 
v=00 


necessary for the convergence of the series in the left member of (3), may be 


written in the form 


lim sup av: y (x)| S 1. 


| 

3 
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Then from (26) we see that for any solution y(x) of (3) we must have 
lim sup y | Sq". 
When ¢=1 this does not yield any information beyond that implied by the 
fact that the given solution y(z) is an integral function. But when ¢ > 1 
it does give such additional information; in fact, it implies that the solution 
must then be of class C(1—t",q,) where 0=q, gq". Under the named 


conditions every solution of (3) must be of the class indicated. 


UNIVERSITY OF ILLINOIS. 


ON GENERALIZATIONS OF SUM FORMULAS OF THE 
EULER-MACLAURIN TYPE. 


By Marton T. Birp. 


Introduction. We seek solutions F(z) of the difference equation 
(0.1) A = + ©) —F(2)]/o= 


where $(z) is a known function. By the method of symbolic operators intro- 
duced by Lagrange’ (see also Pincherle)? we see that a formal solution is 
afforded by the expression 


F(z + oy) = ( 1)" 


Carmichael * has emphasized the fact that by this procedure classes of solutions 
of the equation (0.1) may be made to depend upon suitable expansions of the 


expression 
g(D) = wer? (ee? — 1)", 


Such considerations lead to the introduction of the function Av,-(y) by 
means of the Laurent expansion (see Von Koch)* 
(0. 2) (e% —1)- -> (y)2", < | WZ | 2(r + 1)z, 
p=- 
(r = 0,1,2,---). 


It is convenient to define ¢” (x) by means of the equation 


(x) = fs (nat (v= 1, 2, 3,° 


where a@ is in the region of continuity of ¢(2). We may transform ¢‘~” (2) 


into the alternative form 


1J. L. de Lagrange, ‘Sur une nouvelle espéce de calcul, rélatif a la différentiation 
et 4 l’intégration des quantités variables,” Nouveaux Mémoires de L’Académie Royale 
des Sciences et Belles-Lettres a Berlin (1772), pp. 185-221. 

28. Pincherle, “ Funktionaloperationen und -gleichungen,” Hncyklopddie der Mathe- 
matischen Wissenschaften, II A 11, pp. 761-817. 

*R. D. Carmichael, “ The present state of the difference calculus and the prospect 
for the future,’ The American Mathematical Monthly, vol. 31 (1924), pp. 169-183. 

* Helge Von Koch, “On a class of equations connected with Euler-Maclaurin’s sum- 
formula,” Arkiv fér Matematik, Astronomi Och Fysik, vol. 15 (1921), N:o 26. 
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With the foregoing definitions in mind one is led to contemplate 


(0. 3) F(x + oy) = r(y)o™ (2) (r= 0,1,2,-° 


as a possible solution of equation (0.1). In the following sections this will 

be exhibited as an actual solution. However, we shall need to know more 

properties of the function Ay,,(y) and the expansions associated with it. 
From the generating equation (0.2) it follows that the function Ay,,(y) 


satisfies the following relationships: 


0, 
(0.4) =<1, v=0 (r =0,1,2,° °°); 
y’/v!, v=1,2,3,--- 


(0.5) DyAvai,r(y)= Av,r(y) (v=0,+1,+ 
(0.6) (v=0, +1, + 


Furthermore, if we introduce the symbol [y] to represent the largest integer 


that does not exceed y we have 


p-1 
(0.7) + = troy (py) 
°°). 


If C, denotes a circle with center at the origin and of radius 2ar + 6, 
0<8< 2z, then it follows from (0.2) that Av,(y) has the alternative 
definition 


(0. 8) Avr(y) = 
C 


(y= 0, + 1, + 2,- 1, 2,- 


This latter equation enables us to relate the function Av,r(y) with the 
Bernoulli-Hurwitz ° function and enables us to deduce the relation 


+ 


2S cos (2kry — vr/2), 
k=-r 


k=1 
(y= —1,— 2, 

(0.9)  Avr(y) = J y 1+ 2 2 cos Rhary 
v=0), 


Avo(y) + 2 -” cos (2kry — vr/2), 
kat 
(v=1,2,3,---), J 


5A. Hurwitz, “Sur l’intégrale finie d’une fonction entiére,” Acta Mathematica, 
vol. 20 (1897), pp. 285-312; vol. 22 (1899), pp. 179-180. 


+00 
v=-0O 
+r r 
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The equation (0.8) also permits us to deduce the following lemma in the 
manner of Carmichael ® or Lindelof: 7 
Lemma. For every positive & less than 2m there exists a constant Ks, 
depending on § alone, such that 


| Avai,r(y) | Ka(2ra elvl@rmd —0,+1,+2,---,r=— 0,1,2,---), 


for all finite y. 


In the study of the given difference equation for real variables it will be 
convenient to associate with Av,-(y) for real values of y the periodic function 


Av,r(y). It is defined by the equation 


Av,r(y) = Avr(y—[y]), 2, 3,° ‘,r=0, 1, 


In order to proceed with rigor we shall have to discuss separately the situa- 


tions in the real and the complex domains. 


I. REAL VARIABLES. 


1.1. The modified Euler-Maclaurin expansion formula. Let us assume 
that x, y, z are real variables and that » is positive. Furthermore, let us use 
m, n-+ 1 to represent positive integers. Let us consider a function (2) 
which together with its first m derivatives is assumed to be continuous for 

Let us contemplate the function 


Pap f Av,r(y—t+2)o™ (a+ ot) dt, (v=—n,—n-+]1,:- -,m), 


where r is a fixed non-negative integer and z, x, y are such that 0=2=1, 
bSaeSc—o,b=r+oySc. Integrating by parts we have at once from 


(0.5) the relationship 


= Py-1,r {A vr pr? (x wy ) Avr(y)pr? (x -+- w2) }, 
If we replace v by —n + 1,—n-+ 2,- + -+,m—1,m successively in this last 
equation and add the resulting equations we have 


®R. D. Carmichael, “Summation of functions of a complex variable,” Annals of 


Mathematics (2), vol. 34 (1933), pp. 349-378. 
7 Ernst Lindeléf, Le Calcul des Résidus, et ses Applications a la Théorie des Fonc- 


tions, Paris 1905. 


e 
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m-1 


(1.1) Pm» =P n+ 2 { (@ + oy) — Avar,r(y) (4 + 02) }. 


If we difference both members of this equation with respect to z and set z equal 
to zero in the result we have as a consequence of (0.4) an expansion which 


we incorporate in the following theorem: 


THEOREM 1.1. Let $(x) together with its first m, m = 1, derivatives be 
continuous for « in the interval bSexSec,b+oSec. Then $(2) has the 
expansion 

m-1 
y 
(1. 2) + oy) = Ava r(y) AG™ (x) — Rn + Rn 
v=-n 
for w» positive, r and n non-negative integers, and for x and y such that 


where 


J Amr(—t)o™ (a + wy + ot)dl 


0 


Amr(y t) (x +wo + wt ) (x wl) |dt, 
0 
R»= ont f | A.nr({z + oy}/o)p™ (t) dt. 


We shall designate the expansion (1.2) the modified Huler-Maclaurin 
expansion formula (see Euler,” Maclaurin®). This expansion is true in- 
dependently of the value of n and so nm may be taken equal to zero without 
loss of generality. 

Derivation of expansion formulas by integration by parts was studied by 
Darboux '° but the ideas presented by Noérlund '! suggested the foregoing 
derivation. 

If z is positive and m is a positive integer all the hypotheses of Theorem 


1.1 are met if = — 0 =c—v». In that case we have 
(2) 2%e**, (v =0,1,2,° °°). 
Furthermore, if a is taken to be negative infinity we have 


(a) = 1, 9,3,+ - -). 


Leonhard Euler, “ Methodus generalis summandi progressiones,” Commentarti 
Academiae Scientiarum Imperialis Petropolitanea, vol. 6 (1732-33), pp. 68-97. 

® Maclaurin, A Treatise of Fluxions, Edinburgh 1742. 

10°G. Darboux, “ Sur les développements en série des fonctions d’une seule variable, 
Journal de Mathématiques Pures et Appliquées, Paris (3), vol. 2 (1876), pp. 291-312. 

11N, E. Noérlund, “ Mémoire sur le calcul aux différences finies,”’ Acta Mathematica, 


vol. 44 (1923), pp. 71-211. 


” 
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Consequently, we have as a special case of Theorem 1.1 the expansion 
m-1 
~ = y 
(1. 3) —1) + Bm + Ba 
v=-n 
for w and z positive, for r,n, m — 1 non-negative integers and for real finite y 
where 


eytl 
Bn = Amr(y — t) — (eo? — Am+(y — t) e*tdt, 
0 


1.2. The modified Euler-Maclaurin sum formula. The formula (1.3) 
might be used in place of (0.2) to suggest a solution of the difference equation 
(0.1). Using the suggested expansion we are led to contemplate the function 


m-1 


(1.4) + oy| lo) = = (yo (x) 


Am,r(y — (a + ot) dt 
0 
00 
amet f A m,r(— (2 +- wy -+- wt) dl 
0 
+o A_n,r({a — t + wy}/o) (t) dt 


as a consequence of the usual interpretation of the symbolic operators involved. 
As a result of equation (1.1) it can be shown that F(a + owy|w) is actually 
function of « + wy and, furthermore, that it is independent of the value of n 


so long as n is a non-negative integer. Moreover, we can prove the theorem: 


THEOREM 1.2. Let (2) together with its first m, m = 1, derivatives 
be continuous for x such that «x = b and, moreover, such that for a particular 


non-negative integral value of r the integral 


mr (— (x + ot) dt 


converges for x in the intervalb Then the function + wy|o) 
exists and affords a solution of the difference equation (0.1) for positive o 
and non-negative n and for x and y such that x= b and oy=—b. 


It is readily seen that the hypotheses imply the existence of F(a + wy|o). 
That F,(2 + y|\) satisfies the given difference equation is a consequence 


of Theorem 1.1 all of whose hypotheses are satisfied. 
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We shall designate the solution (1.4) the modified Fuler-Maclaurin sum 
formula (Clearly some distinction must be made between formula (1.2) and 
formula (1.4)). This formula is true independently of the value of n and 
without loss of generality n may be taken to be zero. For extensive references 
to the literature of the Euler-Maclaurin formulas one might see Burkhardt,’? 

tunge-Willers,’* Norlund,’* and Walther.*® 


If we introduce the function 


+ wy) = on f A_nr({z—t + wy}/o) (t) dt 
m-1 y 


it is clear that we may write the function F,(z + wy|w) in the form 
(1. 5) F, (2 wy|o) = Q,(« wy ) 
+ oy + 0) —A + oy + s0)} 


8-0 


so that the modified Euler-Maclaurin sum appears as a particualr modified 
progressive sum of ¢(z). It is the only solution of (0.1) having the property 
lim {F(z + wy + hw|o) —Qr(a+ wy + hw) } == (), 


Let ¢(z) together with its derivatives of all orders be continuous for x 
such that «= b and, moreover, such that the integrals 


t)o (x + wt) dt, (v=N+ 1,N+2,-- ), 


converge for z in the interval b= x=b-+ and possess finite limits as o 
approaches zero. Then, considered as a function of », F(x + wy|w) is such 
that 


4- wy|w) ~ om f —t wy} (t)dt 
m-1 


+ (y)o™ (2), wo > 0. 


v=-n 


12H. Burkhardt, “ Restglied der Euler-Maclaurinschen Summenformel,” Encyklo- 
pidie der Mathematischen Wissenschaften, It A 12, Nr. 105, pp. 1324-1337. 

18C, Runge-Fr. A. Willers, “ Die Eulersche Formel,” Encyklopddie der Mathe- 
matischen Wissenschaften, II C 2, Nr. 9, pp. 91-96. 

14N, E. Norlund, “ Einfache Summen,” Encyklopddie der Mathematischen Wissen- 
schaften, II C7, Nr. 10, pp. 711-716. 

15 Alwin Walther, “ Numerische Integration,’ Pascals Repertorium der Héhern 
Mathematik, 2 Auflage 1929, I 3 XXIII, 4, pp. 1200-1210. 
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As a consequence of the property (0.7) of the Bernoulli-Hurwitz function 
the modified Euler-Maclaurin sum enjoys the relation 


p~1 
(1. 6) + wsp|o) = pF op) 


whenever the left member exists. 
Let (x) together with its first m, m = 1, derivatives be continuous for x 
such that x = b and, moreover, such that for a particular non-negative value 


of r the integral 


Ane(—1)6™ (w+ ot at 


converges uniformly for z such that b = x2=b-+o. Then we have 


Let (a) together with its first m, m = 1, derivatives be continuous for x 


such that « = b and, moreover, such that the series 


(2 + 50) 


converges uniformly in the intervalb [2=b+o. Then, if F,“(z|w) denotes 
the modified Euler-Maclaurin sum of ¢“ (2), the first m derivatives of the 
modified Euler-Maclaurin sum of ¢(z) exist and are such that 


(1.8) PF,“ (zlo) =P + + oy —a}/o) (a), 
--,m). 


Under the conditions named in the foregoing paragraph together with the 
condition that #(x) have a zero of order m at some point a, a = b, the modified 
Euler-Maclaurin sum of ¢ (x) equals the p-th derivative of the modified 
Euler-Maclaurin sum of 

The proofs of the theorems listed above follow from Theorem 1. 2 and the 
properties of the Bernoulli-Hurwitz function by allowing y to be the variable 
of integration, summation, and differentiation. 

As an example of the modified Euler-Maclaurin sum let us take $(z) 
equal to z4/p!, » = 0. It is clear that all the conditions of Theorem 1.2 are 
satisfied if m is taken to be » +1. Then if a is taken to be zero we have 


F,(z|o) = A 


| 
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and the Bernoulli-Hurwitz function itself is seen to be the sum of 2 afforded 
by the modified Euler-Maclaurin sum formula. This leads us to expect the 
Kuler-Maclaurin sum is intimately related to a modification of Noérlund’s ™ 
»rincipal sum. We propose to indicate this relationship more precisely in the 
next section. 

1.3. Modified principal solutions. Under suitable hypotheses $(z) 
has the expansion 

1 


+ sw) p(t) dt + 2 cos[ (x2 — t)/w] p(t) dt 


8wW 


and consequently ¢(z + sw) is approximated by the quantity 


ot + 20S o(t)at 
8W k=1 


Now a solution of (0.1) is afforded by the series 


(1.9) + sw) 


if it converges; if it diverges one might naturally contemplate the difference 


Aor({a — t}/w)o(t)dt 3 + sw) 


=U 


in order to find a valid solution of (0.1) (see Kronecker).'®° Norlund ‘* has 
contemplated the difference for the special case where r is zero. 

If we follow the procedure which Noérlund has given for the special case 
we would define the modified principal solution F(z|) to be the limit of 


F,.(x|w;7) as 7 approaches zero where 


co 
7) Ao,r( {a — t}/o) e-' (t) dt — + sw) > 0. 
a £=0 


The relations (1.6) and (1.7%) which held for the modified Euler- 
Maclaurin sum are seen to hold for the modified principal solution as a 
consequence of this definition. 

Furthermore, the procedure of Nérlund leads to the theorem: 


*® Leopold Kronecker, “ Ueber eine bei Anwendung der partiellen Integration niitz- 
liche Formel,” Sitzungsberichte der Kéniglich Preussischen Akademie der Wissenschaften 
zu Berlin (1885), pp. 841-862; Leopold Kronecker’s Werke, vol. 5 (1930), pp. 267-294. 


\ 
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THEOREM 1.3. Let together with its first m, m 1, derivatives 
be continuous for c = b and such that for a fixed value of r the integral 


in Amr(— (x wt) dt 


converges uniformly for x such that bSaSb+o. Then the modified 
principal solution exists as a continuous function of x and is afforded by the 


modified Euler-Maclaurin sum formula 


Fy (a+ wy|w) = f, Ao,r({a@ —t + wy}/o) p(t) dt + Avr(y) (x) 
Am r(y jem (x wt) dt 


for c¢=b,0=y=1 provided a= b. 


Solutions valid for x S 6 would be obtained by proceeding from the series 


wo > sw) 
rather than from the series (1.9). 


II. CompLex VARIABLES. 


fe shall confine attention to integral functions. <A classification of in- 
We shall confine attention t tegral functio1 \ classification of i 
tegral functions developed in an unpublished paper by Carmichael, Martin, 


and Bird is used. 


2.1. A classification of integral functions. If the sequence of positive 


numbers fo, ¢;, f2,- - - has, in addition to the property that 
(2. 1) lim == co, 


the property that for every analytic function F(x) we have 


lim sup | (ao) /n!|!/" = lim sup | /n 


n-—>0O XO 
for any two regular points xz) and x, of F(z), then we shall say that {t,} is an 
I-sequence. If {tn} is an I-sequence and F(z) is an analytic function such 
that at the regular point 2) we have 


lim sup | (x9) /n!|1/" = q, 0=q< 


OO 
then F(z) is an integral function and we shall say it is a function of sort {tn}, 


type q. 


1 
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It is convenient to introduce the particular function L(x) of sort {tn}, 
type 1, defined by the expansion 


6) 


v=0 


It is also useful to introduce the sequences {An} and {py} such that 


No = to, Ai = An = tn/tn-1, (n = 2, 
po = lo, (t,,)*/*, (n = 1,2, 


We have the following theorems: 


THEOREM 2.1. A necessary and sufficient condition that a sequence {tn} 
shall be an I-sequence is that it shall satisfy condition (2.1) and the condition 


lim (tn y(n) (a)/n ! 


CoroLitary. A necessary condition that {tn} be an I-sequence is that 


lim pn = &. 


A sufficient condition that {ty} be an I-sequence is that 


lim A, = ©. 


THEOREM 2.2. Let F(x) be any integral function. If F(x) is a poly- 
nomial then F(x) is of sort {tn}, type 0, for every I-sequence {tn}. If F(x) 
is not a polynomial then there is associated with F(x) an I-sequence {tn} such 
that F(a) is of sort {tn}, type 1. 


Corotuary. In order to classify all integral functions it is sufficient to 


consider only the I-sequences {tn} for which pn is monotone. 


THEOREM 2.3. Let {tn} be an I-sequence such that pn ts monotonic. 
Then if F(x) is of sort {tn}, type q, we have for every positive « an Me such 
that 

(x)/n!| < Me(q+e)"(1 + 1/8)"£([¢ + + 8] | |) 


for every finite x and positive 8. 


THEOREM 2.4. Let F(x) be a function of sort {tn}, type gq. It is neces- 
sary and sufficient in order that the derivative of F(x) be a function of sort 


{tn}, type q, that 
lim (An)?/" = 1. 
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2.2. The generalized Euler-Maclaurin expansion formula. We con- 
sider x, y, 2 and w as complex variables. We shall assume the line integrals 
are taken along straight line paths. Let us assume that m and yw are non- 
negative integers such that » equals or exceeds m. 

As in Section 1.1 let us consider the function 


y 
Av,r(y—t + (2 + ot) dt, (v—=0, 1, 1, 2,°°°). 


If we integrate by parts and then replace v by m+-1,m+2,:--,u-+1 in 
the result we have upon addition 


Pasar = Pr (@ + oy) — (@ + }, 
(r= 0,1,2,- °°). 


Let us difference both members of this equation with respect to z and then 
set z equal to zero. For abbreviation we use 


[APy,r] 2-0, (v 0, 2, 0, A, 2, 
Then we have the formula 


0, 
+ wy), m=0 
(r= 0,1, 2,-- -). 


Let the integer r depend upon v for its value and let us designate this 
relationship by the notation ry, v=0,1,2,---. If we have 


Ty = Tm, (v= 


the preceding formula assumes the form 


v=m 


m > 0, 
o(z + wy), m = 0. 


Let us arrange successive values of ry which are equal in groups. Let us 
designate the number in successive groups by 1, ve —v1, v3 —v2,° It is 
eonvenient to adopt the convention that 


f(k) = Sf f(b), 


k=r+1 k-0 


Now let us take m equal successively to 0, 11,- + -,vj; where 


vj NM < Vj41 
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and let us take » equal successively to vj —1,v2—1,---,n. If we add the 
resulting expansions we obtain as a consequence of the properties of the 


Bernoulli-Hurwitz functions the expansion 


(2.2) + oy) + Ava ry (y) (2) + 


p-0 


where 
(2.3) = Ansr,(y —t + of) dt 
1 
Ane,r,(y —t) 6 (2 + ot) dt}, 


( 


1 
0 
42350 ¥ (2kr)-’ cos [2kr(y—t) —va/2]o™ (x + of) 
vy k=ry-y+1 
In this latter integral vy runs over the values 0,1, with r_, equal 


to zero. 
We shall refer to (2.2) as the generalized Euler-Maclaurin expansion. 


Let us assume that ¢(2) is of sort {tn}, type g, where {t,} is an I-sequence 
such that p, is monotonic. Let us assume that is held fixed while 2 and y 
are confined to the finite regions XY and Y of the complex plane. Then the 
lengths of the paths of the integrals in (2.2) as well as the absolute values 
of each of the quantities y—?t-+ 1, y—t, r+ ot are dominated by the 
constant a. Furthermore, as a consequence of Theorem 2.3 and the Lemma 


in the Introduction we have 


lim sup <1 


if rz is suitably restricted. Indeed it is sufficient that we have 
q| S (tm +1)/(m +1) S [log pra]? 


where & is any positive constant less than 1 and y is any positive constant. 
The proof is facilitated if a division of cases is made at 


where € is any positive constant which satisfies the inequality 
— log(1+y) <0. 
If we restrict the sequence {t,} to be such that 


lim (A,)'/* = 1, 


n 
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under the conditions named above we also have 


lim sup | "Ansar, (y) (2) <1, 


Consequently, we have the theorem: 


THEOREM 2.5. Let $(x) be a function of sort {tn}, type q, where {tn} 
is an I-sequence such that py is monotonic and 


lim (An) ?/* = 1, 


% 
Then for x,y confined to finite regions X,Y and for a fixed value of oa, 
$(x) has the expansion 


2. 5) + oy) = lim + wo” Avis r, (y) Ad™ (x) 


v=0 


where for all n greater than some fixed value we have 


q\o| (1+ y)/(2repna) S (tr +1)/(n +1) S [log 


and where the integral In,;,r, 1s defined in the preceding remarks. This ea- 
pansion converges uniformly in the regions indicated. Furthermore, this 


expansion is unique for any particular sequence {rn}. 


In particular, one may choose r, to be n. This is the choice Hurwitz ° 
made in his study of the equation (0.1) for integral functions. 

For functions of exponential type q (see Carmichael),’* An 
it is sufficient according to Theorem 2.5 to define r, by the inequalities 


(q | | q | | /2m. 


In such a case Theorem 2. 5 recovers the theorem of Carmichael * for expansions 
of functions of exponential type q in series of Bernoulli-Hurwitz functions. 
For the case where An = n/t, 1 = t < ow, it is sufficient that 


(q | | <t = | | /2m) (quel, 2, + +). 


When q is different from zero this gives expansions of functions of order ¢, 


normal type (see Bieberbach).’* 


17 R, D. Carmichael, “ Functions of exponential type,” Bulletin of the American 
Mathematical Society, vol. 41 (1934), pp. 241-261. 

18 Ludwig Bieberbach, “ Grundbegriffe,’ Encyklopidie der Mathematischen Wissen- 
schaften, II C4, Nr. 29, pp. 429-431. 
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2.3. The generalized Euler-Maclaurin sum formula. In this section 
we propose to modify the results of Guichard,’® Appell,?° Hurwitz,® Weber, 
Barnes,** Carmichael ** so that instead of finding an integral solution of the 
equation (0.1) when the known function is integral we shall find an integral 
solution of the same character as the known function. 


We state the result in two theorems: 
THEOREM 2.6. Let $(x) be an integral function of sort {tn}, type q, 
0<q< «, where {tn} is an I-sequence such that 


lim An = ©, lim sup (Anii1/An)”" = 0e <e. 


n> 


Then there exists a solution of the difference equation (0.1) which is of sort 
{tn}, type q, and indeed one such solution is afforded by the function 


(2. 6) = > (0) (2/w) 


p=0 
where r, is the integer defined by the relation 
tn =[q | n/2drn], (n =0,1,2,° °°). 


THEOREM 2.7. Let (a) be an integral function of sort {tn}, type q, 
0<q< ~, where {tn} is an I-sequence such that 


lim n/An =7T 0. 


Then there exists a solution of the difference equation (0.1) which is of sort 
{tn}, type q, and indeed one such solution is afforded by 


9G. Guichard, “Sur la résolution de l’équation aux différences finies G(a-+ 1) 
—G(x) =H(a),” Annales Scientifiques de VEcole Normale Supérieure (3), vol. 4 
(1887), pp. 361-380. 

20 P. Appell, “Sur les fonctions périodiques de deux variables,” Journal de Mathé- 
matiques Pures et Appliquées, Paris (4), vol. 7 (1891), pp. 157-219. 

*1 Heinrich Weber, “ Uber Abel’s Summation endlicher Differenzenreihen,” Acta 
Mathematica, vol. 27 (1903), pp. 225-233. 

22 E. W. Barnes, “ The linear difference equation of the first order,’’ Proceedings 
of the London Mathematical Society (2), vol. 2 (1904), pp. 439-469. 

*°R. D. Carmichael, “On the theory of linear difference equations,” American 
Journal of Mathematics, vol. 35 (1913), pp. 163-182. 
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where r is the integer defined by the relation 
r=[q|o| 7/27]. 


It is clear that Theorem 2.6 for the special case An» = LS t< 
refines the result which Whittaker ** has given for functions of order t¢. 

Obviously, if the series (2.6) converges it defines a solution of (0.1). 
It follows from the hypotheses of Theorem 2.6 that we have 


lim n/An = ©. 


Consequently, rn becomes infinite with n (although not necessarily monotoni- 
cally) and for any positive numbers 6, 8’ we have the inequalities 


+8< (q | | N/An) + (q 28) | | 
(Tn 1) > (q | | n/Xn) (q—%)| 7) | n/Xn 


for all n after some fixed value. This together with the Lemma of the Intro- 
duction and Theorem 2.3 enables us to prove that the series (2.6) converges 
absolutely and uniformly for z confined to a finite region X. 

Consideration of the successive derivatives of the integral function defined 
by the series (2.6) proves that the function is of sort {tn}, type not exceeding 
q. We are led to a contradiction of our hypotheses if F'(2|w) is of sort {tn}, 
type less than g. This establishes Theorem 2. 6. 

The proof of Theorem 2.7 follows the same method. 


Corotiary. The solutions F(x|w) defined in Theorem 2.6 and Theorem 
2.7 are such that we have 
F(c#—o|—o) =F (alo). 
This is an immediate consequence of the relation (0. 6). 
2.4. Modified principal solutions. In a manner analogous to that found 
in Section 1.3 we may modify Norlund’s definition of principal solution in 
the complex domain. With this modification many of Norlund’s results may 


be extended. In particular, we have the theorem: 


TuHeorEM 2.8. Let o(a) be an integral function of exponential type q, 
0Sq< w. Then the modified principal solution F,(x|w) exists as an analy- 
tic function of «x for all finite x and of » for all in the interior of the circle 


24. J. M. Whittaker, “On the asymptotic periods of integral functions,” Proceedings 
of the Edinburgh Mathematical Society (2), vol. 3 (1932-33), pp. 241-258. 
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with center at the origin and of radius 2(r + 1)x/q with a neighborhood about 
the origin deleted if r > 0 (If ¢ =0, the region of validity is the w-plane with 
a neighborhood about the origin deleted). Furthermore, tf w 1s confined to 


the annular ring 


2rr | o|g<2(r+1)z, 


the modified principal solution is of exponential type q. 
Corotuary. Under the conditions named in the preceding theorem the 


modified principal solution may be exhibited in the forms: 


F,(z\o) = — t}/w) p(t) dt 


-a-coi 
f + wot — dt, 


: r+wt 
{rese(2r + 1) dt, 
(2. 8) F,(2|o) Aor — of (2) 


in + — o(x — tot) (1 — dt, 


— + (2), 


oo 
(2. 9) F,(2\w) = (0) Avis. (2/o), 


v=1 
where a is an arbitrary constant, « is a positive constant less than one, and 
C, is the contour through the point —« along a line parallel to the axis of 
imaginaries and traversing it in the negative sense. In the last formula we 


have taken the arbitrary constant equal to zero. 


We might refer to (2.8) as the modified Abel sum formula (see Abel,” 


also Plana) .*° 


*° Niels Henrik Abel, “ Solution de quelques problémes a l’aide d’intégrales définies,” 
Magazin for Naturvidenskaberne, Christiana (1), vol. 2 (1823), pp. 55-63; Oeuvres 
Completes de Niels Henrik Abel, Ed. 2, vol. 1, Christiana (1881), pp. 11-27. 

26 Plana, “ Note sur une nouvelle expression analytique des nombres Bernoulliens, 
propre & exprimer en termes finis la formule générale pour Ja sommation des suites,” 
Memorie della Reale Accademia delle Scienze di Torino, vol. 25 (1820), pp. 403-418. 


le, 
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The formula (2.9) was exhibited as a solution of the difference equation 
(0.1) in Theorem 2.7%. In this connection one is led to contemplate as a 
possible solution of equation (0.1) the function defined by the series 


Fy (a+ wy|o) = + wy}/w)(t)dt + (2), 
(r == 0,1,2,---). 


If ¢(x) is of exponential type q this function exists as an analytic function 


of x, y, o. If we restrict » to the annular ring 
S | w | qgq<2(r+1)z 


it is seen that f(a + wy|w) affords a solution of exponential type q con- 
sidered as a function of x or of y. This can be established independently of 
the definition of principal solution. 

It is well to note that the modified principal solution extends the range 
of validity of solutions in the w-plane. This is rather nicely exhibited by 
consideration of the particular function ¢(2) = e'. 

The extension of our results to functions of two or more variables in the 
way in which Norlund,*? Baten,?* and others have led is direct but the results 


become very involved. 


SOUTHWESTERN COLLEGE, 
WINFIELD, KANSAS. 


27 N. E. Noérlund, “ Mémoire sur les polynomes de Bernoulli,” Acta Mathematica, 
vol. 43 (1922), pp. 121-196. 

28 W. D. Baten, “ A remainder for the Euler-Maclaurin summation formula in two 
independent variables,” American Journal of Mathematics, vol. 54 (1932), pp. 265-275. 
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ON A FUNDAMENTAL THEOREM IN MATRIC THEORY 


By C. C. MacDurree. 


1. The following theorem was first proved by Muth? when A is a bilinear 
form in 2n contragradient variables. It was given for a general matrix by 
Kreis,* and by a number of later writers.* It is believed, however, that the 


present proof is the shortest. 
Let A be a matrix of order n with elements in a field }* having the single 
elementary divisor (A —a)” where a is in %*. Let ¢ be any polynomial with 


coefficients in 
THEOREM 1. Jf the first number of the sequence 
$'(4), (a),° (a), 1 
which is not 0 is the i-th, define q and r by the relations 
n=gq+tr 


Then $(A) has the elementary divisors [A— (a) ]%* taken r times and 
[A taken 1—r times. 


Let A be taken in the Jordan normal form. Then 


Ao A An-1 || 
0 || 
0 a | 


where a) = $(@), ai = (1/i!)¢ (a). Using the notation of Turnbull and 


Aitken,’ write 


$(A) +4,U + 4,0? 
where 


1 Presented to the American Mathematical Society, April 10, 1936. 

2P. Muth, Journal fiir reine und angewandte Mathematik, vol. 125 (1903), p. 291. 

8H. Kreis, Contribution a la théorié des systémes linéaires, Zurich, 1906, p. 47. 

*A number of other references are given by N. H. McCoy, American Journal of 
Mathematics, vol. 57 (1935), pp. 491-502. 

5 Turnbull and Aitken, Canonical Matrices, Blackie and Son, 1932, p. 62. 
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If aj =a, =0, a; = 0, then 


The nullity (order minus rank) of U* is h, so the nullities of the powers of 
$(A) —a,J are 
t, 24, +, gt, n, 


and the Weyr characteristic® of $(A) relative to the root a—¢(a) is 
(1,1,°° +,1%,7). The Segre characteristic of ¢(A) is the conjugate partition 
of n, namely (¢-+1,---,q-+1,94,:--,q) where the number of q + 1’s is . 
This proves the theorem. 


2. McCoy’ has recently extended this theorem to matrices having ele- 
ments in a general field. The following proof, using results from algebraic 
number theory, is more direct. 

Suppose that % is any field, and that the matrix A of order n has elements 
in % and that the polynomial ¢ has coefficients in %. In the polynomial ring 
[A], let A have the single elementary divisor [p(A)]* where p(A) is irre- 
ducible of degree h, n = hk. 

Let (A) —0 be the equation of degree h obtained by applying ¢ as a 
Tschirnhausen transformation to the roots of p(A) =0. That is, the roots of 
& = 0 are the functions ¢(A) of the roots of p(A) =0. Then 


(2) @(A) = 1", 
where (A) has coefficients in %, is irreducible in %, and h = mt. 
THEOREM 2. If the first function of the sequence 
which is not divisible by p(A) is the i-th, define q and r by the relations 


Then has the elementary divisors [y(A) taken mr times and [p(A) 
taken m(i—r) times, where w(d) ts defined by (2). 


Consider extended to a field %* in which 


® Turnbull and Aitken, loc. cit., p. 80. 
™N. H. McCoy, loc. cit. McCoy’s treatment is more explicit in actually exhibiting 


the transforming matrix. 


r 
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Then A has the elementary divisors (A—Aj;)*. Since p(A) is irreducible, 
'? (Aj) =0 if and only if p(A) divides ¢‘” (A). Thus for each elementary 
divisor (A—Aj;)*, the same 1, g and r are obtained. Then by Theorem 1 the 
elementary divisors of relative to are [A — $(A;) repeated r times 
and [A $(A;) repeated 1— r times, (7 = 1, -,h). 

It may not be true that the ¢(A;) are distinct, but if they are not, they 


fall into ¢ sets of m = h/t equal values each, and the product 
= [A — $(A;) ], 


where $(A;) ranges over ¢ distinct values, has coefficients in % and is irre- 
ducible in 

The invariant factors of #(A) are the same for % as for %*, and by the 
usual rule for forming them from the elementary divisors there are mr of them 
of the form [y(A)]%* and m(t—r) of them of the form [y(A)]% Since 
W(A) isirreducible in %, these are the elementary divisors of ¢(A) relative to %. 

The function y(A) is readily calculated as follows. Let B be the com- 
panion matrix of p(A) =0. Then =| ¢(B) —AI|.° Then y(A) is 
@(X) divided by the g.c. d. of and ®’(A). 


THE UNIVERSITY OF WISCONSIN. 


° See any standard work on algebraic number theory, as E. Landau, Einfiihrung in 
die elementare und analytische Theorie der algebraischen Zahlen und der Ideale, Teubner 
1918, p. 11, Theorem 33. Or L. W. Reid, Elements of the Theory of Algebraic Numbers. 
Maemillan 1910, p. 273. 

°C. C. MacDuffee, “The theory of matrices,” Ergeb. Math., II, vol. 5, Springer 
1933, p. 24. 


A GENERALIZED LAMBERT SERIES.' 


By Mary CLEOPHAS GARVIN. 


I. Introduction. In 1%71 Lambert? introduced the series 


= 
— and > ——. 
n=1 n= — 2" 


It seems probable that he made a complete study of the more general series 
now known as the Lambert series: 


n 


n=1 
About a century later Weierstrass * treated the series 
gn 
1 -+- gen 
He showed that its region of convergence consists of two distinct parts, the 
interior and the exterior of the unit circle, in each of which the series repre- 
sents a function which cannot be continued over the boundary | z |= 1. 


In 1907 Hansen ‘* set up the series 


It reduces to the Lambert series with coefficient unity when r = 1 and ¢t = 0, 
while the difference of two series of this type gives that of Weierstrass. 

Knopp, in 1913, published an extensive treatment of the Lambert series, 
_In which he discusses its region of convergence and shows that under certain 
restrictions placed on the coefficients a,, the function represented by the series 
cannot be continued beyond the unit circle.’ 

1 This paper was presented to the American Mathematical Society on June 20, 1934 
under the title, “On the convergence of a generalized series and the relation of its 
coefficients to those of the corresponding power series.” 

2 J.H. Lambert, Anlage zur Architektonik, vol. 2, Riga, 1771. 

*L. Weierstrass, “ Zur Functionentheorie,” Monatsberichte der Berliner Akademie 
(1880), pp. 719-743. 

*C. Hansen, “ Démonstration de l’impossibilité du prolongement analytique de la 
série de Lambert,” Oversigt over det kgl. danske videnskabernes selskabs fordhandlinger 
(1907), pp. 1-19. 

°K. Knopp, “ Ueber Lambertsche Reihen,” Journal fiir Mathematik, vol. 142 (1913), 


pp. 283-315. 
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The purpose of this paper is to present a series which includes the three 
above mentioned as particular cases and to show how some remarkable proper- 
ties of these series can be extended to a much larger class. 


II. Definition of the series; its convergence. The series which we shall 


study is: 
00 ghn 
(2.1) On jen 


n=1 
where A and yp are any positive integers. We shall refer to it briefly as the 
F-series. It reduces to the Lambert series L(z) when A= » = 1, or to L(z*) 
when A=y—k. The series of Weierstrass is the difference of two series of 
type (2.1): 


1 + 2° n= l—z L — 
Finally, if a, is any constant c, we obtain 
(2.3) 


This is Hansen’s series if c = 1. 
It is important at the outset to determine the exact region of convergence 


of the F-series, and for this we have the following 


THEOREM 1.° (A) Jf Sa, diverges, and (i) p >A, the F-series and the 
power series a,2" converge and diverge at the same points within the unit 
circle, while for values of z beyond the unit circle the F-series and the power 
series Sanz" converge and diverge together. 

If Xa, diverges and (ii) pA, the F-series and San,z" converge and 
diverge at the same points when |z| <1, but the F-series diverges for every 

(B) If Sa, converges and (i) »=X, the F-series converges for every z 
whose modulus is not equal to unity. 

If Xan converges and (ii) » <A, the F-series converges for all |z| <1, 
but converges and diverges at the same points as 3an20" when | z| > 1.7 


The proof of this theorem is left to the reader. It is easily shown that 
its results can be extended to series in which A= 0 or » < 0 or both.® 


* Throughout the remainder of this paper all summations, unless otherwise specified, 


are to be taken from n = 1 to n= ©, 

™This theorem does not exclude the possibility of convergence at some points on 
the unit circle, but such cases will not be considered. 

® In establishing further properties of the series it will not be necessary to take into 
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By means of Weierstrass’s M-test the uniform convergence of the series 
is established, so that we have 


THEOREM 2. The F-series converges uniformly in every closed sub-region 
lying completely within one of its regions of convergence and including no 
point of modulus unity. 


Whenever the /’-series converges for values of z such that | z | > 1, a relation 
can be set up between the sum of the series for a point z outside the unit circle 
and the sum of some typical F-series at a point 1/z inside it. IfA < p we have: 


An 1 n 
1 — gin ] (1/z)#" 


while for » =A this becomes: 


An / n 
(2. 5) 1 gun — 1. (1/z)# 


When A > pw we can use a lemma similar to that developed by Ananda-Rau ® 


for the Lambert series, and obtain the relation: 


where k =A —p, f(z*) = 3a,2", and q is the smallest positive integer for 
which qu > k. 

Hence we may limit our considerations to the region of convergence of the 
F-series which lies within the unit circle. The radius of this region is r= 1. 


III. Lxpansion as a power series; inversion of a power series. Every 
term of the F-series is analytic in | z| <r and the series is uniformly con- 
Therefore the theorem of Weierstrass *° on double 


vergent in |z|p<r. 
series may be applied to obtain the expansion in power series of the function 


represented by the F-series in |z| <r. The result is: 


An 
n — SA no", 


(3.1) 


consideration any but positive values of \ and yu since a series in which \=0, or w < 0 
can be transformed in such a way that the theorems developed for positive values will 
be applicable. 

®K, Ananda-Rau, “ On Lambert’s series,” Proceedings of the London Mathematical 


€ 


Society, ser. 2, vol. 18 (1920), p. 3. 
10K. Knopp, Theory and Application of Infinite Series, Blackie and Son, Ltd., 


London and Glasgow, 1928, p. 430. 


510 MARY CLEOPHAS GARVIN. 


where A, is the sum of all the coefficients a, whose subscript & is such a divisor 


of n that n= Ak (mod pk), or, to borrow a notation from Knopp, An = > dx. 
k\n 


In order that a power series may be expressed as an F-series it is necessary 
and sufficient that the coefficients a, be known in terms of the A’s appearing in 
the power series. If we consider the case in which d and yp are relatively prime 
or are multiples of relatively prime integers, we shall find by expanding the 
series that the a,’s of the F-series are not in general uniquely expressible in 
terms of A’s. Similar results are obtained when A is a multiple of p. But if 
(m =—1,2,3,° every a, is a unique sum of certain A’s in the 


power series 3Ajnz". Thus we have 


THEOREM 3. The necessary and sufficient condition that.a power series 


SAyn2*" be expressible as an F-series is that p be a multiple of x. 


To determine the form of the relation which expresses any given a, in terms 
of A’s, we shall introduce an inversion function denoted by k(n). Let {n} be 
a set of positive integers defined by n= 1 (mod m), where m 1, 2,3,-- -, 
each value of m determining a particular set {n}. We shall call the k-divisors 
of any integer n those divisors which satisfy the congruence n/k = 1 (mod m). 
For the elements of the set {n}, R(n) is defined to be an integer, positive or 


negative, such that 


(3. 2) + R(n) = it a>1, 
where 1, ky, k2,- - +, are the k-divisors of n. 


When m = 1, R(n) reduces to the Mébius function p(n),*! for then {n} 
is the complete set of positive integers and the k-divisors are all the factors 
of n. When m= 2, R(n) may be defined similarly to the Mobius function, 
{n} being the set of all the odd positive integers whose k-divisors are the odd 
factors of n. 

We can now show that if Ay, = a, the inverse relation is given by 


kin 


dn = > R(n/k) An. 


Since Ay. = } ax, it follows that 
K\|k 


E(n/k) Au = R(n/k) ae. 
K\k 


kin kin 


‘1 A, F. Mobius, “ Ueber eine besondere Art von Umkehrung der Reihen,” Journal 
fiir Mathematik, vel. 9 (1832), p. 105. 
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For a fixed x, the coefficient of ax is 


K\n/k K\n/k 


since a given dx will have as coefficient only those terms of the sum > R(n/k) 
k|n 
for which & has the factor «, that is, k =«K. But by the definition of R(n), 


the sum > R(K) vanishes unless n/« = 1, that is, n =«, in which case the 
K\n/k 


coefficient of ad is unity, since R(K) = R(1) =1. Hence 


(3. 3) R(n/k) Aye = an. 


k\n 


Thus any power series 3A)nz*" can be expressed as an F-series in which 


pw is a multiple of A and dy is given by (3.3). 


IV. Lvxistence of natural boundaries. Knopp has shown that when a, = 1 
in the Lambert series the function represented by the series cannot be continued 
beyond the unit circle. This property can be extended to series having p=A=k 
and also to those in which p»p 2 A, as given in the following theorem, the method 


of proof being that of Landau as presented by Knopp.’” 


TrEorREM 4, Jf in the F-series a, =1 and (i) pS, the series repre- 
sents a function F(z) which cannot be continued beyond the unit circle; 
(ii) >A, tt represents two functions in <1 and |z|>1 respectively, 
both of which have the unit circle as a natural boundary. 


The proof of this theorem consists in showing that F(z) becomes infinite 
as Z—> %, % being one of a set of points everywhere dense on the unit circle. 
If we take z to be a rational point, namely, z = e?™'"’/!, where | is any 
positive integer except one of the finite number of factors of yw, and I’ is rela- 
tively prime to 1, Landau’s method can be applied. 

For values of a, other than unity, Knopp '* has demonstrated that under 
certain restrictions placed upon a,, Lambert’s series represents a function for 
which | z |= 1 is a natural boundary, and a parallel to his theorem can be 


developed for the F-series. 


THEoremM 5. If the coefficients dn of the F-series are such that the radius 
of convergence of Sanz” is unity, and also such that for an integer | (except 
the finite number of factors of w) the series 


12K, Knopp, Ueber Lambertsche Reihen, p. 291. 
43 Thid., p. 292 


MARY CLEOPHAS GARVIN. 


[q = 0, 1, 2, ,(I—1)] 


converges, and if for such an 1 and an I’ relatively prime to 1, % = ett /I, 
then for all positive values of X and p 


An 
lim (1— 2) 


v=00 
If this be true for an infinite number of V's and if Saw/lv 0, then the 
v=1 
function represented by the F-series cannot be continued beyond the unit circle. 


Proof. We wish to determine 


ghn ghn 
lim { 1 — — } Sa, ————_ or _lim (1 — p)2an 5 


2-2 Zo — — gen 


Following Knopp’s procedure at this point, let us break up the series into 3, 
and according as n=0 or #0 (mod/). Then if n=l, 


Alv 
lim (1—y) Saws (y = p*') 


Since } aww/lv is convergent, it follows that the entire series on the right is 
p= 


uniformly convergent in if is 
uniformly bounded for every and for every v=1.%* Now for 


since v(y/#)” is a null sequence and therefore bounded. For y = 0, 


14K. Knopp, Theory and Application of Infinite Series, p. 346. 


= <— k, 
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and for y= 1 it is equal to unity. Thus for every 0<y<1 and for every 
v=1 


l+y+y'+: 


where K is the larger of the two quantities 1 and k. Hence the series is 


uniformly convergent in 0 and 


1 
lim (1— p)3, = — lim — 
1 


Knopp’s method may be applied to show that 


or that for every g = 1,2,-- (1—1) 


) 1 ~ div 


Thus we have 


If this be true for an infinite number of /’s and = aiw/Ww 0, then all 


the rational points defined by z are singular points ae the function repre- 
sented by the F-series cannot be continued beyond the unit circle. 

We have taken into consideration the radial approach of z to z from 
within the unit circle, and have therefore shown that when the F-series con- 
verges for | z| <1 the function which it represents has the unit circle as a 
natural boundary. However, whenever the F-series converges for |z| > 1 
it can be expressed in terms of some other F-series convergent for | z| < 1, 
to which the theorem applies. Thus, if the series converges for | z| <1 and 
also for values of z such that | z| > 1, it will in general represent two func- 
tions, neither of which can be continued across the unit circle. 


NoTrRE DAME COLLEGE, 
SoutH OHIO0. 
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GEODESIC CONTINUA IN ABSTRACT METRIC SPACE. 


By Orrin Frink, JR. 


Menger has treated the subject of geodesics in abstract metric space. 
(Mathematische Annalen, vol. 103 (1930), pp. 466-501.) In Menger’s work, 
a geodesic is an arc whose length, properly defined, is less than or equal to the 
lengths of comparison arcs. Existence theorems for geodesics, with more 
general end conditions than those of Menger, can be proved ‘by showing that 
the length or linear measure function is lower semicontinuous. 

This method of approach to the subject of geodesic arcs by means of lower 
semicontinuity is subject to the difficulty that the limit set of a convergent 
sequence of arcs is not necessarily an arc. Such a limit set of arcs is, however, 
always a continuum, which suggests generalizing the notion of a geodesic arc 
to that of geodesic continuum. <A geodesic continuum may be defined as one 
whose length, or linear measure, is less than or equal to the linear measures of 
comparison continua. 

Menger has shown (loc. cit., p. 477) that one of his definitions of length, 
called “ Lingeninhalt,” which is defined for continua as well as for arcs, is 
lower semicontinuous. However, this particular definition of length, while 
satisfactory for arcs, has disadvantages when applied to continua in general. 
For, as can be seen from an example given by Menger (loc. cit., p. 476), the 
Liingeninhalt of a set consisting of the two diagonals of a unit square is 3, 
while each diagonal by itself has a Liingeninhalt equal to 72. Menger does 
not use his theorem on lower semicontinuity in proving his existence theorems. 

In the present paper a form of the Caratheodory definition of linear 
measure, appiicable to metric sets in general, is used, rather than any special 
definition of length suitable only for arcs. It is shown that for continua, the 
Caratheodory linear measure is lower semicontinuous. This, taken together 
with some results on the compactness of collections of continua, leads to 
existence theorems for geodesic continua with rather general end conditions. 
(See Theorems 4, 5, and 7 below.) Aside from the gain in generality due to 
the end conditions, it is interesting to note that many of the functionals of the 
calculus of variations, defined in terms of an integral J, become cases of the 
Caratheodory linear measure function when the metric of the space is redefined 
in terms of J. (Morse, Calculus of Variations in the Large, p. 208; Menger, 
Fundamenta Mathematica, vol. 25, p. 441.) 
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DEFINITIONS. 


Two sets A and B are said to be adjacent if they have a point in common, 
or if either contains a limit point of the other. Note that a set is connected 
if it is not the sum of two non-empty sets which are not adjacent. 

The distance AB between two closed sets A and B is the greatest lower 
bound of numbers « such that A C U(B,e«) and BC U(A,«), where U(A, €) 
means the e-neighborhood of A. (Hausdorff, Mengenlehre, 2nd ed., p. 146.) 

An e-partilion of a set A is a collection of a finite number of subsets 


A;, Az, + +,An of A, whose logical sum is A, the diameter d(A,) of each 
subset being less than e«. The subsets A,,- - -,An are called the subdivisions 


of the partition, and their number, n, is called the degree of the partition. The 
sum of the diameters of all the subdivisions is called the diameter sum of the 
partition, and is less than ne. 

The (Caratheodory) linear measure m(A) of the set A is the greatest 
lower bound of numbers / such that for every « > 0 there exists an e-partition 
of A whose diameter sum is </. If there is no such number 1, then m(A) 
is said to be infinite. (Caratheodory, Gotlinger Nachrichten 1914, pp. 404- 
426.) A more general form of the Caratheodory definition, where the number 
of subdivisions is allowed to be countably infinite, is not needed for continua, 


with which this paper is chiefly concerned. 


LEMMAS. 


The first five lemmas are stated without proof. 


Lemma 1. Lvery subdivision of a partition of a connected set is adjacent 
to at least one other subdivision of the partition. 

Lemma 2. If A and B are adjacent, then d(A+ B) =d(A) + d(B). 

Lemma 3. The diameter sum of a partition is not increased if the parti- 
tion is altered by replacing two adjacent subdivisions by their logical sum. 

LemMA 4, d[U(A,e)] Sd(A) + 2e. 

Lemma 5. If the sets B,, Bn are each adjacent to A, and are 


each of diameter less than e, then 
d(A+B,+ Bn) < d(A) + 2%. 


The next lemma states a property of partitions of connected sets that does 
not hold for disconnected sets. This accounts for the fact that the linear 
measure function is not a lower semicontinuous function of sets in general, 


but only of connected sets. 
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Lemma 6. If A is connected, and m(A) < l, then for every « > 0 there 
exists an e-partition of A of diameter sum < l, every subdivision of which is of 
diameter = «/4. 


Proof. Since m(A) <I, by definition of linear measure there exists an 
«/2-partition of A of diameter sum </. The idea of the proof is to combine 
adjacent subdivisions of this partition, using Lemma 3, until all subdivisions 
are of diameter = «/4. Accordingly, let two adjacent subdivisions of diameter 
< «/4 be replaced by their logical sum, and let this step be repeated until 
no two adjacent subdivisions are each of diameter < «/4. It follows from 
Lemmas 2 and 3 that the new partition is still an ¢/2-partition of diameter 
sum < 

The new partition may still have subdivisions of diameter < «/4, but by 
Lemma 1 each such subdivision must be adjacent to one of diameter = «/4. 
The next step is to replace such a subdivision of diameter = «/4, together with 
all subdivisions of diameter < «/4 adjacent to it, by the logical sum of all 
these subdivisions. This step is repeated until no subdivisions of diameter 
< «/4 remain, which is one of the things to be proved. The resulting partition 
is an e-partition by Lemma 5, although it may no longer be an ¢/2-partition. 
By Lemma 3, its diameter sum is still <J. This completes the proof of 


Lemma 6. 


Lemma 7. Jf A is a connected set, and m(A) <l, then for every e > 0 
there exists an e-partition of A whose diameter sum is < l, and whose degree 


is < 4l/e. 

This follows from Lemma 6. For if the partition provided by Lemma 6 
were of degree = 41/e, then since the diameter of each subdivision is = «/4, 
the diameter sum of the partition would be = 4l/e-«/4—=J1, contrary to 
Lemma 6. 

THEOREMS ON LOWER SEMICONTINUITY. 

THEOREM 1. In a metric space, if A is any set of linear measure = l, 
then for every 6 > 0 there exists a 8 > 0 such that if C is any connected set 
for which A C U(C,8), then m(C) > 1—8@. 


This theorem states that connected sets sufficiently close to a fixed set 
have a linear measure not much less than that of the fixed set. 


Proof. Since m(A) = 1, it follows from the definition of linear measure 
that for 6 > 0 there exists an e > 0 such that no e-partition of A has a diameter 
sum </—6/3. For otherwise m(A) would be =1— 8/3. 
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Now choose the 8 required by the theorem such that 8 < «/4 and 
8 < (e€:6)/48/. For this choice of 8 it must be shown that if C is any con- 
nected set such that AC U(C,8), then m(C) >1—6. Suppose on the 
contrary that m(C) =1—6. Then by Lemma? there exists an (€/2)-partition 
of C whose diameter sum is < 1— 26/3, and whose degree is < 8l/e. Let 
{C;,} be the subdivisions of this partition, and n its degree. 

sy hypothesis A C U(C, 8), hence the sets {A - U(C;, 8)} form the sub- 
divisions of a partition of A, also of degree n. To estimate the diameter sum 
of this e-partition of A, note that from Lemma 4 it follows for any particular 
subdivision A-U(C;,8) of this partition that d[ A -U(C;, 8) ] S d(Cx) + 26. 
Hence the diameter sum of this partition of A exceeds the diameter sum of the 
partition of C’ by at most 2né8, there being n subdivisions. Since n < 8l/e, 
and 6 < (e:6)/48/, it follows that 2né < 0/3. 

That is, the diameter sum of the partition of A exceeds the diameter sum 
of the partition of C by less than 6/3. But the diameter sum of the partition 
of C was <1— 26/3. Hence the diameter sum of the partition of A is 
< 1— 6/3, contrary to the assumption above that no such partition exists. 


This contradiction proves Theorem 1. 


THEOREM 2. Jn a metric space whose elements are continua of some 
other metric space, the Caratheodory linear measure function is lower semi- 


continuous al every element of the space. 


Proof. To prove lower semicontinuity at an element A it must be shown 
that if m(A) = 1, then for every 6 > 0 there exists a 8 > 0 such that if C is 
another element (continuum) of the space, for which the distance AC <8, 
then m(C) >1—6. Theorem 1 supplies just such a value of 8, since if 
AC < 8, by definition of the distance AC it follows that A C U(C, 8), which 
is the condition of Theorem 1. Since the sets A and C are continua, C’ is 
connected, and both A and C are closed, so that the definition of distance 


between closed sets applies. 


APPLICATIONS OF LOWER SEMICONTINUITY. 

To derive an existence theorem for geodesic continua from Theorem 2, 
it is sufficient to show that the collection of admissible continua, among which 
one of minimum linear measure is to be found, is closed and compact, in which 
case the theorem applies that a function lower semicontinuous on a closed and 
compact set attains its minimum value for some element of the set. 

Hausdorff has shown (Grundziige der Mengenlehre, 1st ed., p. 302; 
Mengenlehre, 2nd ed., p. 150) that the space of all continua of a compact 


~ 
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metric space is itself a compact metric space. Hence the collection of all 
continua of a compact metric space which satisfy given end conditions is closed 
and compact provided the limit element of any convergent sequence of the 
collection also satisfies the end conditions. 


THEOREM 3. In a metric space, if the closed set A is the limit of the 
sequence of closed sets {C,}, and every set C, of the sequence has at least one 
point in common with the closed and compact set B, then A has at least one 
point in common with B. 


Proof. Suppose A and B have no common point. Then, since A and B 
are closed, and B is compact, there exists a -neighborhood U(A, 8) of A which 
contains no point of B. Since A is the limit of the sequence {C,}, there exists 
a C, such that C,; C U(A,8). But this is impossible, since C, contains a point 
of B, and U(A,8&) does not. This proves Theorem 3. 


CoroLLARy. All continua of a compact metric space which have at least 
one point in common with each set of a collection of closed sets, constitute a 
compact metric space. 


This follows from Theorem 3. For, the collection of all continua having 
at least one point in common with one fixed closed set C, of the collection of 
closed sets {C’,}, is closed by Theorem 3. Hence the logical product of all such 
collections is closed. But this logical product is just the collection of continua 
mentioned in the corollary. Being a closed subset of the compact metric space 
of all continua, its elements constitute a compact metric space. Similar results 
may be found in R. L. Moore’s Foundations of Point Set Theory, Chapter 5. 

As a consequence of the corollary, together with Theorem 2 and the 
property that a function which is lower semicontinuous over a compact space 
assumes its minimum, we have 


THEOREM 4. In a compact metric space, if there exists a continuum of 


finite linear measure which has at least one point in common with each set 


of a collection of closed sets, then there exists a continuum of minimum linear 
measure having this property. 


Each closed set of the collection mentioned in Theorem 4 corresponds to 
an end condition on the geodesic continuum. If the closed set consists of a 
single point, it is a fixed end point condition; otherwise a variable end point 
condition. In particular, if each closed set of the collection consists of a single 
point, the end conditions amount to requiring that the continua being con- 
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sidered all contain the set A (consisting of all these single points). The set A 
is arbitrary. This proves 


~ 


THEOREM 5. In a compact metric space, if there exists a continuum of 
finite linear measure containing the set A, then there exists a continuum of 
minimum linear measure containing A. 


A more general type of variable end condition, corresponding to the end 
conditions of Morse, The Calculus of Variations in the Large, pp. 19 and 65, 
is obtained if in addition to the condition that the continuum have a point, 
say cr, in common with each set C; of a collection {C,} of closed sets, it is 
required that certain relations hold between the endpoints {c,}. Such relations 
between the endpoints are most conveniently described in terms of the notion 
of the product space P of the closed end sets {C;}. 

Suppose in the compact metric space M there are given n such end sets 


+,Cn, no two having a point in common. To every selection 
(C1,° * *,¢€n) of points, one from each of the end sets corresponds 
a point of the product space P. The points (¢,,: ¢n) corresponding to 


will be called the codrdinates of z. The notions of neighborhood and distance 
in the product space are defined in the usual way. 

Now let Q be any closed set of the product space P. A continuum K of 
the original compact metric space M is said to satisfy the end condition Q if 
K contains all the coordinates (¢,,- - -,¢n) of at least one point 7 of Q. This 
type of end condition is stronger than that of Theorem 4, since K is still 
required to have at least one point in common with each end set, and in 
addition the end points must satisfy the condition of being the codrdinates of 
some point + of Q. What is now needed is the result that the collection of all 
continua satisfying an end condition @ is closed and compact. 


TuHrorEM 6. If Q is a closed set of the product space P of n mutually 
exclusive closed sets Cy, + +,Cn of the compact metric space M, then the space 
of all continua of M which contain all the codrdinates (¢,,- + -,¢n) of at least 
one point x of Q, is a compact metric space. 


Proof. Suppose the continuum K is the limit of the convergent sequence 
of continua {K,,}, and suppose each continuum K, of the sequence satisfies 
the end condition Q. It must be shown that K also satisfies the end con- 
dition Q. For each m, let rm be the point of Q corresponding to Km. Then 
Ky» contains all the codrdinates of am. Since Q is closed and compact, the 
sequence {2m} contains a subsequence {zmj} converging to a point of Q. 
It will now be shown that K contains all the codrdinates of +. Let cp be the 
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p-th coordinate of a, and ¢p; be the p-th codrdinate of wmj. Since the sequence 
{mj} converges to z, it follows that for every p the sequence {cp;} converges 
to cp. Now since K is th» limit of the convergent sequence of continua {K»;}, 
every 6-neighborhood of K contains all except a finite number of the continua 
{Kmj}, and hence every 8-neighborhood of K contains all except a finite number 
of the points {cpj}. Since K is closed, it follows that K also contains the limit 
Cp Of the sequence {cpj}. This is true for every p, hence K contains all the 
coérdinates {cp} of x, and therefore satisfies the end condition Y. This proves 
that the collection of all continua of M which satisfy the end condition Q, 
is closed, since any limit continuum of the collection also satisfies the end 
condition Q, and is therefore a member of the collection. Since the collection 
is a closed subset of the compact metric space of all continua of M, it is itself 
a compact metric space. 


THEOREM 7. If Q is a closed set of the product space P of n mutually 
exclusive closed sets (C;,:--,Cn) of the compact metric space M, and if 
there exists a continuum of M of finite linear measure which contains all the 
coordinates of at least one point of Q, then there exists a continuum of mini- 
mum linear measure having this property. 


This follows from Theorems 2 and 6. 

In the existence Theorems 4 and 7, if there are more than two end sets 
C,, it cannot be expected in general that the geodesic continuum whose 
existence is asserted will be an arc. However, it is interesting to note that 
in the important case where there are just two end sets C, and C2, the geodesic 
continuum must be an are. To show this, it is sufficient to show that the 
geodesic continuum is locally connected and irreducible between its endpoints 
(Hausdorff, Mengenlehre, 2nd ed., p. 222). It follows from a theorem of 
R. L. Moore (Foundations of Point Set Theory, p. 95, Theorem 8) that a 
continuum of finite linear measure is locally connected. For Moore’s theorem 
asserts that if the continuum KX is not locally connected, then K contains 
infinitely many mutually exclusive subcontinua, each of diameter greater than 
a fixed constant. From this it follows that the linear measure of K is infinite. 
That a geodesic continuum with two end conditions is irreducible between its 
endpoints follows from the fact that it is geodesic. For, any proper sub- 
continuum of K is necessarily of smaller linear measure than K. This proves 


THEOREM 8. A geodesic continuum with two end conditions is an ar¢. 
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PROOF OF THE IDEAL WARING THEOREM FOR EXPONENTS 
7-180. 


By L. E. Dickson. 


1. If q denotes the greatest integer < (3/2)", then 2”¢g —1 is a sum of 
[= 2" + q—2, but not fewer, n-th powers (Lemma 1). The ideal Waring 
theorem states that every positive integer is a sum of J n-th powers; for ex- 
ample, 4 squares, 9 cubes, 19 fourth powers. Proofs for squares and cubes are 
classic. For n = 20, proof has been found, but not yet published, by use of a 
“constant ” far exceeding our new constant NV in Theorem 1, and the use of more 
or less extensive tables. 

Using the new N, we here prove without any tables the ideal Waring 
theorem for 9 =n = 180, and by use of tables also for n=7 and 8. For 
n =6 we cannot attain the ideal 73, but reach 115 (the best earlier result 
being 160). 

Part I. Asymptotic THEorY.’ 


2. If (#] denotes the distance from z to the nearest integer, let 
t= y" — t~0 


1 


IIA 


This sum is double of that obtained when t > 0. When ¢ and y, are fixed there 
is a single real positive y. Thus y” — y,” has at most Y sets of integral solu- 
tions y, y;, each chosen from 1,---,¥. Hence 


< Y31/(at], 


summed for certain integers {2=1, tS Y". Let 1 be the absolutely least 


residue of al modulo g. By A, § 13, 1/(at] < 2q/i, where i= |J1| and the 
values of i are in (1,1) correspondence with those of ¢>0. In ascending 
order of magnitude, the values of 1 are = 1,=2,---, terminating at or 


before Y". Hence 
yn 
< (1/j) S2¥q(1 + log ¥*), 
j=l 


as is shown by comparing the sum (for j= 2) of the rectangles under the 


curve y = 1/a with the area = integral from 1 to Y". 


1We avoid the divisor function in §13 of our exposition and generalization of 
Vinogradow’s theory, Annals of Mathematics, vol. 36 (1935), pp. 395-405, cited as A. 
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Since we are dealing with intervals of the second class, g << tr = 2mnP"4, 
Hence (92) of A becomes 


| VySy |? < (a2"Rh" + 4mnP"4(1 + log ¥")), 
in which we have dropped the subscript k + k, of a. By (9), A, 
(1) J=m/ (ar), 
(2) 1+ log log C+ (n—1)f log P 
will be later verified to be = P*. By (7), A, RSP. Hence 


| SV ySy |? << 4 
< 8mnP?*"-4, 


since the latter exponent of P exceeds n(1—/f) by more than z in view of 
f =4v,v—1/n. Hence by A, (103), and the line below it, we see that (88) 
gives 

(3) | H.| << D = 3(8mn)3, 


By (A), (7), (9), (19), (24), 
(4) R>V1I2PM, Y> XE 


while X, exceeds the last product with P replaced by R, and x by x1, since we 
assume that k; =k. Note that 


(5) 


Multiply and divide (3) by X(X,K#Y)3 and apply (4). Thus 


4D Q(n-1-0)/4 
(6) 
(7) 2J =o(3 —f) —g, g= 4 + (1—»)f. 


The Waring theorem is true for every integer = No, if the integral 
I(N,.) > 0. By the above and A, (89), the condition is 


(8) > 
For P large, this holds if J << 0. This is true by (52) if 


(9) r(i—v)F<1, r= (3—f)n/9. 
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But r increases with f since 

dr/df = (n/g*) (8n — 7/2 + 38v+2) > 0. 
Since (9,) is equivalent to 
(10) k > log r/{— log (1—v)}, 


k will be a minimum if r and hence f is. But f=4v. Hence we employ the 


minimum f, viz., 
(11) 


The resulting value of r in (9) is 
(12) r=n?(6n—1)/(n—d), d =1 2n’z. 


For a small z, say v*/24, let ky be the least integer k satisfying (10). 
Then all sufficiently large integers are sums of 4n — 2 + 3h, n-th powers. 


3. Results which are better for universal theorems are obtained by taking ? 
k = 2k , whence k exceeds the double of the second member of (10). By the 
definition (5) of o and (10), loge is just < logn—2logr. Hence 


S (6n — 1)?’ —f) < Gn*(6n—1) 
Take z= v*/24. Thenl1<d<2. Thus 
(12d —1)n > 11n > 24 > 6a’, (n — d)*/(6n —1) < nf6, 


= 
9n 
if (2n —9)? = 90 and hence if n= 10. Thus (8) holds if 
(13) logio P = 2n loge C1/Cs, n = 9, 
since it is readily verified if n = 9. 
4, Evaluation of cs. Let S denote the singular series and 
n= 4, s = 4n, b (1 + 


Then * § > by, where, if the products range over the primes p indicated, 


2 We discard (119) of A, whose object was to make o very small, a property first 
used in § 18, which is to be omitted now. We may omit the condition s 270. 

’ Landau, Vorlesungungen iiber Zahlentheorie, vol. 1, p. 303; James, Transactions 
of the American Mathematical Society, vol. 36 (1934), pp. 408, 434-435. 
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p > 2, 


The second factor exceeds the like product over all primes. Hence its 
reciprocal is 


| +f = 3. 
1 
The reciprocal FR of the first factor is 


R < Qn(4n-1) II Q-n(2n-1) 


log R < 2n* log 2 + n(2n—1)0(b), < (6/5)ab + 3 log? b+ 8 logb +5, 


where * #(b) is the sum of the natural logarithms of all primes S b, and 
.92129---. Letn=9,s = 36. We increase 2n —1 to 2n, which more 
than compensates for dropping term 1 in b. Then 


log n = n/9M, log b S 72/31-n/9M < .6n, M = 4343. 
Thus log F will be < n> — 2n? if, after cancelling n?, 
1.3863 + 2{(6/5)an"?/*! + 1.08 n? + 4.8 n + 5} < — 2. 


Multiply the combined constant term by 17/9 and likewise for the 
resulting terms in n and n?. It suffices to verify 


2.4 < 62312 log 2.4 a = .8446 < .4410 = log(.62312 - 9?1/*"). 


When s increases, the exponent of n in 6 decreases, whence log FR decreases. 
Hence, if n=9, s=4n, then log < By A, =v(1/3)"by. 
Hence 


— log ce, << A+ n> — 2n?, A =logn-+ nlog 3 + log 3 < .18184 n’. 


5. Evaluation of C,. Restrict attention to the classic Waring problem. 
Then «=x,;=—1, m=3"", a=1. We increase C, by suppressing terms 
Thus 

C; 12(8n 1/29 (n-1) (3/2) (1-v)/2_ 


We increase C, by suppressing the denominator. Thus 


logio Cy < 1.538073 + (1/4) (n — 1) 1.25527 + ((3/2)n —1)log n. 


4Landau, Handbuch ... Verteilung der Primzahlen, vol. 1, p. 91. 
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Take n=9. Then logn=n/9. Multiply the combined constant term by 
1= 7/9 and likewise for the combined term in n. Hence 


logio Cy < .20420 n?, loge C1 < (1/2) n?, n = 9. 


6. The constant N. Hence loge C1/cy < n> if n=9. Thus (13) holds 
if logio P= 2n°. To verify that (2) is = P*, it suffices to use our least P. 
Then (2) is << 3n°< P*=10"/?, Finally, P is the greatest integer S (1/3) N.’. 
Thus (13) holds if logy) No = 2n’. 

In A, (120), logio Cis < (1/2) = (1/2) log c, < 2n*. Hence in 
(85) the term c,P~ is insignificant. Likewise for c;P-9 in (87). 


THEOREM 1. Let ky be the least integer exceeding (10) with r as in 
(12). Take k = 2ko, logipN =2n". If n=9, every integer = N is a sum 
of 4n—2-+ 3k integral n-th powers = 0. 


Part II. THe IpEAL WaArinc THEOREM. 
Write 3" = 2q+r,0Sr< 2". Then g =[(3/2)"]. 


LemMA 1. All positive integers S 2"q are sums of I = 2" + q—2 in- 
tegral n-th powers = 0. But 2"q—1 is not a sum of I—1 n-th powers. 


Let BS=2"g—1. Then OS yS2"—1, and 
Thus B is a sum of «+ yS 2"—1+q—1 =I powers. 


Lemma 2. All integers in the interval (2"q,2"q + 2”) are sums of 
E n-th powers, where E = max(q + r—1,2"—r). 


First, 2"q,- -,2"¢ +7r—1 are sums of g + powers. Second, the 
integers + 7 = 3",- +, 2" + 2"—1—3"—r-+ 2"—1 are sums of 
2”—~r powers. Third, 2"q + 2” is a sum of g-+ 1 powers. But if r—1, 
n would be divisible by 2"? since 3 belongs to the exponent 2”-* modulo 2”, 
whence n = 4. 


Lemma 3. Let L, p, n, z be positive integers. If all integers in the 
interval (L, L + p"z) are sums of m integral n-th powers = 0, then all in 
the interval (L, L + p"z-+ p") are sums of m +1 powers. 


Proof is needed only for integers g satisfying 
+ pm. 


Since g — p” is in the first given interval, it is a sum of m powers. Hence 
g is a sum of m + 1 n-th powers. 
By induction on v, Lemma 3 yields. 


ts 
d 
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Lemma 4. Let L, p, n, z, v be positive integers. If all integers in 
(L,L-+ pz) are sums of m integral n-th powers 20, then all in 
(L,L + p"(z+v)) are sums of m+ v n-th powers. 


Taking p = 2, z =1, and applying Lemma 2, we get 


Lemma 5. All integers in (2"q,2"(q+y)) are sums of E+y—i 
n-th powers. 


Take y=1+ 4. Then y > (3/2)", 2"y > 3". This proves 


Lemma 6. All integers in (2"q,2"q + 3") are sums of E+ q n-th 
powers. 


This and Lemma 4 with p= 3, z = 1, yield 

Lemma 7. All in + 3"(1+ ¥)) are sums of E+q+4. 
Take v = [(4/3)"]. Then 1+ (4/3). This proves 

Lemma 8. All in (2"q, 2"q + 4”) are sums of E+ q+ [(4/3)"]. 
By induction, we get 


THEOREM 2. All integers in the interval (2"q,2"¢g-+(n+1)") are 
sums of 


n-th powers, and hence are sums of HL + q + (n—2)[(4/3)"] powers. 


8. Ascent. Let v= (1—I1/L,)/n, If all integers between 
l and LZ, inclusive are sums of Q n-th powers = 0, then ° all between / and L; 
inclusive are sums of Q + ¢ n-th powers, where 


t 
(15) log =(—*4) (log + n log v) — n log v. 
The interval in Theorem 2 includes (1, Zo), where 1 = 3" and 
Lo = (n+1)". The above inequality reduces to v(n + 1) = 1 and hence to 


which holds if n=4. Let n211. Then v ~1/n to seven decimal places. 
By the series for log(1 + 2), log ZL, —n log n is the product of n by 


* Dickson, Bulletin of the American Mathematical Society, vol. 39 (1933), p. 711. 
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log(1 + 1/n) > M(1/n — 1/2n?), M = 4343, 


where (as henceforth) we use logarithms to base 10. 
We desire that L; > N, for N in Theorem 1. This holds if 


n 1 


Let n= 14. Then (16) follows from the like inequality with the de- 
nominator 2n replaced by 28, and hence if 


n 
n—1 


t log > .67904 + 7% log n. 


The coefficient of ¢ is the product of the modulus M by 


1 1 1 1 
loge (14+ 5) > 5 


Hence Li > N if 


(17) t > M-'n(.67904 + 7% log n), n= 14. 


9. First, let H=2"—r. By Theorems 1 and 2, all integers = 2"q 
are sums of 
t+ (n—2)[(4/3)"] 
n-th powers, where ¢ is the least integer satisfying (17). This number is 
q—2, if 


(18) r/2" = F(n), F(n) =t/2" + (n—2)/q. 
But if EH = g + r—1, the like conclusion holds if 
(19) r/2"°=1— F(n) — g/2". 


For n = 14, ¢ = 281 and these limits are (14) = .058388 and .923851. 
Since F(n) decreases when n increases, the ideal Waring theorems holds for 
any n = 14 for which r/2* lies between these decimals. Now q is the integral 
part and 7/2” the decimal part of (3/2)". By adding the latter to one half 
of itself we get (3/2)"**. In this way we form a table of values of (3/2)" 
for successive n’s. The above condition is seen to hold for n = 15-21, but 


not for n = 14. 
When n = 14, g = 291, r = 15225, 2" = 16384, ¢ = 281, 


| 
h 
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Hence (14) is < 16104. Adding ¢, we get 16385 < J = 16673. 

Hence the ideal Waring Theorem holds for n = 14-21. 

For n=16, the decimal in (17) reduces to .677034. We _ get 
F(21) = .00403868, ¢/2*! = .00237799. Hence the ideal Waring theorem 
holds for any n= 21 for which the decimal part of (3/2)” lies between 
.00403868 and .99358333. This is true if 21= n= 162. But for n = 163, 
the decimal part is .9955. 

For n = 163, F(n) begins with 28 zeros, while ¢/2" begins with 19 zeros, 
and hence (19) with 19 nines. Our condition holds on to n = 180. 


THEOREM 3. The ideal Waring theorem holds for exponents 14-180. 


10. When n 11, the least integer ¢ satisfying (16) is 184. Since 
211 — 2048, = 86, r= 1019, we have = 1104. The final sum in Theorem 
2is 1397. This plus ¢ is 1581 < J = 2132. 


11. When n = 12, ¢ = 228. The limits (18) and (19) are .13318 and 
83533. For n = 12 or 13, the decimal part of (3/2)” lies between these limits, 


12. When n = 10, log v = 2.9999990 and (15) gives 
0457575 t = 7.684117, ¢ = 168. 


Since = 57, r= 681, we get H =737. Then (14) is < 842. This plus 
t is 1010 < J = 1079. 


13. When n =9, = 38, r = 227, = 285, 
log v = 1.045673, 05115251 = 7.366816, 


[(4/3)"] =13,  [(5/4)"] = (14) < 828+ 13 +6 XK 1 = 378, 
t+ 378 = 523 < J = 548. 


14, For n=7 and 8, it is not possible to prove that J = 143 or 279 
powers suffice by the preceding method, but is possible by use of results from 
tables. 

When n = 7, s = 28, we perform the calculations in § 4 (without approxi- 
mations) and get 


loge 1/b, < 21589.453, logy cy = — 9380.362. 


Choose z = .00001. By (10) and (12),4 = 38. We take k = 39, which gives 
4n—2+ 3k =143=—J. By (5) and (6), o=.01714655, log C, = 11.34357. 
Then (7) and (8) give 


i 
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— J = .0055, log log P > 6.2324, log log N = 7.0775. 


But ° 44 seventh powers suffice from 1 = 14 782 969 to Lo, where 
log Ly = 13.8435104. 


Here v= 1/n to 7 decimal places. By (15) with t = 99, log log Li = 7.52688. 
Thus L; > N. Hence every integer = / is a sum of 143 seventh powers. The 
same is true for integers =1/ (Bulletin, loc. cit., p. 713). 


15. Ifn=6,s = 24, we find as in §§ 4, 5 that 
log 1/b4 < 2n® — 2n? + log 3, log Cy < .6n?, log C1/¢y < 2n’, 


where the logarithms are natural. 
Let n =8 and take z = .00002. By (10) and (12), k= 46. We take 
k = 83, for which 4n — 2 + 3k = 279 =J. Then 


log o = 4.089754, —J—=.0271531, log log N = 6.92353. 


Every integer * between / = 2 460 866 and 2851491 is a sum of 81 eighth 
powers. By ascent, all from / to Ly = 2 235 617 & 10° are sums of 102. By 
(15), Lr = N if 

057992 + .909806 = 6.92353, t= 104. 


Hence all integers = / are sums of I eighth powers. But (Bulletin, loc. cit., 
p. 713), J powers suffice from 1 to far beyond I. 


16. For n= 6, take z= .00002. Then k= 31. For k =31, 
o = 0210635,  —J—=.0039946, log log P > 6.2280972. 


Adding log 6 to the last, we get log log N. In his Chicago Doctor’s thesis, R. 
C. Shook proved that every integer between 1 = 2120044 and Ly = 516798 X 10° 
is a sum of 33 sixth powers. Apply (15), where v =1/n to 7 decimal places. 
Thus L;=N, if t—77%. Hence 110 powers suffice from 1 to N. But 
4n —2 + 3k —115 suffice after N, while (Shook) 86 suffice before 1. 


* Dickson, Researches on Waring’s Problem, Carnegie Institution of Washington, 
1935, p. 81. 
7A. Sugar, Chicago Master’s dissertation, 1934. 
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SOLUTION OF WARING’S PROBLEM. 


By L. E. Dickson. 


I shall prove the Waring theorem in its original sense, in contrast to an 
asymptotic result. For every n >‘6 I shall evaluate g(m) such that every 
positive integer is a sum of g(m) integral n-th powers = 0, while not all are 
sums of g—41. Since this paper is a sequel to my preceding one, I shall 
continue the numbering of formulas, sections, theorems and lemmas. 


1%. If [x] denotes the greatest integer = 2, write 


qg=[(8/2)"], f=[(4/3)"], 9=[(5/4)"], s=f+ 29, 
[=2"+q—2. 


Lemma 9. If all integers in the interval (L,L + 2") are sums of m 
n-th powers, then all in (L,L + (n+ 1)") are sums of 


(20) +L (n+ 1)"/n"]. 
This follows from Lemma 4 as in the proof of Theorem 2. 


Lemma 10. If n=35 and all integers in the interval (L, L + 2") 
are sums of m n-th powers, then every integer = L is a sum of m+ q-+s—2 
n-th powers. 


Apply* §8 with n= 35. We get (17) with the decimal replaced by 
.66950. Let ¢ be the least integer satisfying (17). We shall prove that the 
sum of ¢ and (20) is<m+q-+s—1. Cancel m, q, f, g and multiply by 
(4/5)". In the resulting inequality every term decreases when n increases since 
this is true of p", np”, nlogn: p",if0< p< 4/5andn=6. Hence it suffices 
to verify the initial inequality when n = 35, whence t= 912. S. S. Pillai’ 
stated Lemma 10 with an undetermined limit for n, which exceeds 300 for his 
constant 8, and is about 180 for our smaller constant N. We have 


(21) 3" == 2"q + 1, < 


1 With 1 = 3” replaced by 1 = 4n, whence in the inequality displayed below (15), 
3 is replaced by 4. The new inequality holds if »=5. To explain these replacements, 
note that, in the proofs of Lemmas 12 and 14, L < U3n, U< 1+ 8/4=h, whence 
L < h3n = (3/4)4n. For Lemma 11, L < 3n. Hence for all three lemmas, the second 
interval in Lemma 9 includes (n+ 1)7). 

2? Annamalai University Journal, vol. 5 (1936), pp. 145-166. His auxiliary Lemma 
13 must be altered as to the definitions of the r;. 
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Lemma 11. n= 35 and sSrS2"—q—s, every positive integer 
is a sum of I n-th powers. 


The integers 2"q,- - -,2"q are sums of +rS 2"—s n-th powers. 
The integers = 2"q + r= 3" and < 2"(q¢ +1) and hence S 3" 4+ 2™— r—1 
are sums of 2”— r= 2"-—¢ powers. Finally 2"(¢-+1) is a sum of g+1 
powers. Applying Lemma 10 with L = 2"q, m= 2s, we see that every 
integer = 2"q is a sum of J n-th powers. Apply also Lemma 1. 


LemMA 12. If n= 35 and r<-s, every positive integer is a sum of 
I n-th powers. 


Since 3 belongs to the exponent 2”? modulo 2", r=1 in (21) would 
show that n is divisible by 2"-*, whence n S 4. If r= 3, then 3"! = 4q2" +- 1, 
which was seen to be impossible unless n—1= 4. Evidently r is not even. 
Hence r = 5. 

For +, u(38"— 2"¢) —1—ur—1, 2"qu+~ is a sum of 
qu+ 2S qu+ur—1 n-th powers. If 2" > ur, there exist integers = 3"u and 
S 2"Gqu + 2" — 1 = 3" + 2"— 1 — wr, and each is a sum of w+ 2"—1—ur 
n-th powers. The latter and qu + ur—1 will both be S 2” —s if 


(22 s/(r—1) Su (2"—s)/(g +1). 


We decrease r to 5 on the left and increase r to s on the right and obtain the 


subinterval 


(23) 8/4 Sus (2°—s8)/(q+s). 


Thus any wu satisfying (23) will satisfy (22). The last fraction in (23) is 
< 2"/r since g +s >s > r, whence our former condition 2” > ur is satisfied. 

18. There will exist an integer u satisfying (23), if the difference between 
the limits is = 1 and hence, if 


= P, P= 2s + 87/4 (1+ 4s)q. 
But g < (3/2)", s < 3(4/3)". Hence 2" = P, if 
2" > 24(4/3)" + 9(16/9)”" + 4(3/2)". 
Multiplication by (9/16)” yields the equivalent inequality 
(9/8)" > 9 + 24(3/4)" + 4(27/32)". 


This holds if n — 20 and hence if n = 20. 
Thus all integers in (2"qu, 2"qu + 2”) are sums of 2”—s n-th powers. 
By Lemma 10, every integer = 2qu is a sum of J n-th powers. 
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19. To complete the proof of Lemma 12, it remains to prove that every 
positive integer < 2"qu is a sum of J n-th powers. By Lemmas 1 and 2, 
this is true for integers < 3". It remains to prove it for integers between 3” 
and 3"U, where U is the least integer wu satisfying (23). 


Lemma 13. All integers in (3"w, 3"w + 2”) are sums of M n-th powers, 
where M is the maximum of A =2"— wr + w—1 and B=w(q-+r). 


For, those = w3" + 2” — wr — 1 are sums of A powers. The next integer 
is equal to 2"(qw +1). To this we have to add 1,- - -,wr—1, and obtain 
3"w + 2” —1 as the final sum. 

When w = U —1, we shall prove that B S A, viz., 


(24) 2" = + 2wr—w +1. 


By definition of U, U—1<s/4. Employ W=[h], h = 3(4/3)". Then 
W>U—1if 
W+1>h21+58/4, 


which holds since n = 35. In (24) we replace w by h, increase r to 3(4/3)" 
and q to (3/2)", and suppress 1—w. Thus (24) holds if (9/8)" = 18, 
which is true for n = 25. 

We may therefore take M = A in Lemma 13. Hence by Lemma 4, all 
in (3"w, 3"%w + 2"(v-+1)) are sums of A + v n-th powers. But A+vS/] 
if vSwr—w+q—1. For the largest such 1, 


+ 2"(y +1) = 3"(w +1) + 2"(wr—w) —r > 3%(w +1). 


But (24) implies the like inequality for a smaller w. Hence all integers in 
(3"w, 3"(w + 1)) are sums of J n-th powers for w—1,2,---,U—1. 


Lemma 14. If n= 35 and 2"»>—q—s <rS2"—q—5B, every positive 
integer is a sum of I n-th powers. 


For -, 3% — 2"(ug + u— 1) —1 = 2% — u(2"—r) — 1, 
2"(ug is a sum of C = —1) — 2 n-th 
powers. The integers = and S 2"(ug + u) —1 + —1 
are sums of D =u -+ u(2"—r) —1 n-th powers. Then C and D are both 
S 2"—s if 


(25) s/(2"—r—q—1) SuS (2"—s)/(2—r +1). 


We increase r to 2” — g — 5 on the left and decrease r to 2" — g —s-+ 1 on 
the right and obtain (23) as a subinterval. 
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Note that the greatest x is positive if wS (2"—1)/(2"—r), which 
follows from (25). The discussion in § 18 applies also here and shows that 
every integer = 3"u is a sum of J n-th powers. 


20. We shall prove that the latter is true also of the integers in 
(3"w, 3"(w -+1)) for w—1,---,U—1, where U is the least integer u 
satisfying (23). We shall later restrict n so that 


(26) 2° + (w+1)s. 
Then 2" > wq + ws, whence 
wr > w(2"—q—s) > (w—1)2*, w(2"—r) <2". 


As explained in various recent papers, my method to obtain the minimum 
decompositions of integers in J = (3"w, 3"w + 2") is here based on the 


equations 
Diff. Wt. 


w{— 3" + (¢ +1)2"} =w(2"—1r) 2"—w(2"—1r) wq 


To Diff. + Wt.— 1 we add w (since w3” must be added to get decompositions). 
For j S w —1, the largest sum is F = 2”— r + (w—1)(q+1). For our 
final equation, the sum is G=2"—w(2"—r) +wq+w—l1. Then® 
G=Fif (w+1)r=2"w—q. By an hypothesis in Lemma 14, this follows 
from (26). This proves that every integer in the interval J is a sum of G n-th 
powers. Hence all in (3"w, + (y+ 1)2") are sums of G+ y powers. 
Use the largest y for which G++ yS I. The interval now ends with 


+ 2"{w(2"—r) + (1—w)q—w} = (w + 1)3" 


if the number in brackets is = 1-+ gq and hence is = (3/2)". The condition 
is w(2"—_ r—q—1) > 0 and is satisfied. 

For W below (24), W >U—1=2w. Hence (26) follows from the like 
inequality with w replaced by W, and q increased to (3/2)", and s increased to 
(4/3)" + 2(5/4)". Division by 2"/4 yields 

1 = 4(2/3)" + 8(5/8)" + 3(8/9)" + 6(5/6)". 
The second member evidently decreases when n increases. But the inequality 
holds if n = 23 and hence if n = 23. 


This proof of Lemma 14 is readily extended to r = 2" — q — 1,1 = 3 or 4, 
by employing (25) instead of (23), and using s < (4/3)" + 2(5/4)* in § 18. 


* Expressed untechnically, the minimum decompositions are free of terms 3. 
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Lemmas 11-14 yield 


THeEorEM 4. If n= 35 and rS 2" —q—8, every positive integer is a 
sum of I n-th powers. 


This inequality has been verified for 4 = n 180. 


21. Letr=2"—q. Ifr—2"—1, (21) gives 3°*=1 (mod 2"). Since 
3 belongs to the exponent 2"-*, 2n is divisible by 2"-?, but is less than it if 
n=6. Next, if r—2"—3, (21) gives 38™*—4(q +1)2"—1, whence 
n—1=5. Since r is odd, we conclude that r= 2”—5. Thus 


(27) R= 2"—r, 


Since many integers < 4" require more than J summands (§ 22), we 
shall make our ascents from an interval containing 4". Let 


(28) 4" == 3"f + 2% + j, OS2h+ < 3%, >. 

Then f = [(4/3)"]. Fortunately we can determine h and j in terms of q, 7, f. 
In (28) replace 3" by its value (21). Then 7 + fr=0, 7 —fR=0 (mod 2"). 
But fR S fq < (4/3-3/2)". Hence gR and 7 are numbers z for which 
0=2< 2. Thus |j—fR| <2". The multiple j —fR of 2” is therefore 
zero. Eliminating 3", 7, r from (28) by use of (21) and (27), we get 
4" 2"(f¢ +h-+f). Hence 


(29) 
For these values, the first inequality (28) is satisfied. 
If = max (A = 2"— f(q— —1,2"—fE), every integer in the 

interval (3"f + 2"h, 3"f + 2"(h + 1)) is a sum of F n-th powers, as shown by 
3"f + 2"h + 2, (c=0,1,---,fR—1), 

By Theorem 2, all in (4", (n+ 1)”) are sums of (14) n-th powers. 

| Let n= 35. Let ¢ be the least integer satisfying (17) with the decimal 

replaced by .66950. 

i First, let H = 2"—fR. Then all integers = 4" are sums of 


Since K < (n — 3) (5/4), this sum is < J if 
(t+ 2) (3/4)" + (n —8) (15/16). 


The latter decreases when n increases. For n = 35 it becomes F = 4.3816 
since {== 912. Hence it holds when n = 35. 
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Second, let H = A. Then all integers = 4" aresumsoft+A+q+/f+K 
powers. This will be =/J, if f(q—R—1)2Z2ti+1+4K. If n=35, this 
holds if R—1=.21. Hence if n = 35, it holds if RS q—2. 


THEOREM 5. If n=35 and r=2"—q-+ 2, every integer = 4" is a 
sum of I n-th powers. 


22. Minimum decomposition of integers between 3" and 4" whenr = 2" — q. 
My general theory (§ 20) here has the peculiarity that there is no effective 
equation. For, such an equation is a multiple of (gq + 1)2" = 3" + 2"—r, 
The weight q + 1 of the left member is => the weight 1 + 2" —r of the right. 
Expressed otherwise every minimum decomposition of an integer < 4" is a 
normal decomposition 3" + 2"y + z in which z, y, z are integers = 0 and 
z is a maximum, so that 2"y + 2 < 3", 2 < 2". Comparison with (28) and 
(21) givest=f,ySq. 

If y=q, thenz<r. But r=2"—5 ($20). Hence S<I+f—3. 

Leta=—f. ThenySh. ButhSq. If y=h, then < fR < 2", and 
S=I1-+f, with equality only when h = q, fR =2"—1. Next, ifySh—1, 
and only when y=hA—1, h—q. 

Finally, if ¢=f—1 and y=q—1, thn SS/J+/f—1. 

Hence if r= 2” —q, every integer S 4” is a sum of J +f n-th powers. 
The integer 3"(f—1) + 2"(¢—1) + 2"—1 is a sum of J + f —1, but not 
fewer, n-th powers. Only in the special case h = q does there exist an integer 
requiring J +- f powers. 

These results and Theorem 5 yield 


THeorEM 6. If n2=35 and r=2"—q+2, then g(n) =I+f or 
I+ f—1 according as 


23. To prove Theorem 6 also when r = 2"—gq-+ 1, whence R ~q—1, 
we permit J + f — 1 summands instead of J in the second case FH = A of § 21. 
The condition is now f(q—R) 2t+2+K, which holds if g—R=.21 
and hence if R= q—1. 

For r= 2"—q (or R=q) a like proof applies if we permit J + f(1-+ d) 
summands, where d —.21 if n= 35, d=.001614 if n= 180. But if we 
permit only J + f —1 summands, we must start our ascents from an interval 
beyond 4”. 


24, There remain only the cases r = 2" — —1, 1, 2. 

If r= 2"— —1, (21) gives 3" = 1)(2"—1). Hence 2*—1=3', 
tn, 3?t=1 (mod 2"). Since 3 belongs to the exponent 2’, the latter 
divides 2¢. But 2¢S 2n < 2%? ifn=6. Hencet=—0,n—1. 
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ON THE NUMBER OF REPRESENTATIONS OF AN INTEGER AS 
A SUM OF 2h SQUARES.’ 


By R. D. JAMEs. 


1. Introduction. Let N(2%m, 2h) denote the number of representations 
of an integer 2°m, «= 0, m an odd? integer > 0, as a sum of 2h squares, 
Both the arrangement of the squares and the signs of their square roots are 
relevant in counting the representations. Let M(2%m, 2h, 6) denote the number 
of representations of 2%m as a sum of 2h squares, exactly 6 of which are odd 
and occupy the first b places in the representations. Further, let 

é-(m) = (—1|d)d’, or(m) —2 a, 
where (—1|d) = (— 1)” is the Jacobi symbol. 

In thi8 paper we prove the following results. 


THEOREM 1. Fora =3,h = 2, we have 


(1.11) M(2%m, 2h, 4s) 2% 


For h= 2 we have 


M (2% *m, 2h, 4v 


(1.12) M(4m, 2h, 4s) = 228 


M (2m, 2h, 4v + 2 
(2m, + 2). 


For hh = 2 and m=1 (mod 4) we have 


(1.13) M(2m, 2h, 4s + 2) — 278+ > 2h, 4v +1) 
8/2SvS(h-s-1)/2 — 

For hh = 2 and m=3 (mod 4) we have 
h— 


1.14) M(2m, 2h, 4s + 2) — 2781 
(8-1) /2<vE(h-s-2)/2\ 20 — 8 1 


2h, 4v + 


1 Presented to the American Mathematical Society, November 30, 1935 and December 
31, 1935 under the titles “ The number of representations of an integer as a sum of six, 
ten, or fourteen squares ” and “The number of representations of an integer as a sum 
of twelve, sixteen, or twenty squares.” 

* Throughout this paper m will always denote an odd integer. 
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THEOREM 2. Let a and B be integers such tht«=B+2=2. Then, 
gwen the integers As(h), Ss (h—1)/2, there exist integers Ay(h, B), 
(A—1)72, OS BS such that 
(1.21) DS Av(h,B)M(2™!m, 2h, 40). 

1SeS(h-1)/2 1SvS(h-1)/2 


The integers Ay(h, 8) are defined by the formulas 


Ay(h, 0) = Av(h), 
min (2v,h-2v) 20 


Moreover they satisfy the equation 


(1. 23) Az(h). 
ISvS(h-1)/2 1SsS(h-1)/2 
THEOREM 3. Fora=0,m>0,t=1 there exist integers B(t), yr(t), 
such that 


B(t)N 4¢ + 2) —4[(—1)*(—1|m)27#@» 4+ 1]&+(m) 


(1. 31) 
= D yr (t) M(2%?m, 4t + 2, 4t—4r), 
r=0 
with 
t—1 
(1. 32) yr(t) 


THEorREM 4. there exist integers A(t), ur(t), 
such that 


A(t) N (2%m, 4t + 4) 
Q(2t+1)a __ Q2t+2 1 
(1. 41) — 22t+8 [ — (—1)# (mM) 


t-1 
= pr (t) M (2%?m, 4¢ + 4, 4r + 4), 


with 


(1. 42) (2) == (), 


Theorem 1 is proved by a straightforward examination of the relations 
between M(2%m, 2h, 4s) and 2h, 4v). Theorem 2 is a consequence 
of Theorem 1. In applications the condition (1.23) is the important part 
of this theorem. Theorems 3 and 4 depend on results from the theory of 
theta-functions. They are obtained in the usual way by equating the coeffi- 
cients of two power series representing the same function. The conditions 
(1.32) and (1.42) are interesting results. 

As examples of the application of the above general theorems to particular 
problems we quote the following results. 
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THEOREM 5. For no «=1 is an equation of the form 
N (2%m, 14) = be(a)&(m) 
valid for all odd integers m with be(«) independent of m. 


THEOREM 6. For no «= 1 is an equation of the form 
N (2%m, 4¢ + 4) = Cots (%) (m), (¢ = 3,4, or 5), 
valid for all odd integers m with Cets1(«%) independent of m. 


Theorems 5 and 6 are extensions of results proved by E. T. Bell.* He 
showed that no equations of the form N(m, 4t + 2) = bot:(m), t= 3 or 
N (2m, 4t + 4) = Cots102t41(m), t = 8 are possible for all odd integers m with 
bot and Cot,, independent of m. J. W. L. Glaisher* gave results of the type 
of Theorems 5 and 6 but without proof. 


2. Proof of Theorem 1. For a, b, h, and s integers such that 0 S 2s Sh, 
0Sa58 2s, 0Sb=h— 2s let May(2%m, 2h, 4s) denote the number of solu- 
tions of the equation 


48 2h—48 
(2. 11) m= + 
i=1 j=1 
with the added restrictions 
(2. 12) x, odd, yj even; 
(2 13) Top-1 + Lop = 2 (mod 4), = 1,- 
Top-1 + Top = 0 (mod 4), "+, 2s) 5 
(2. 14) Yov-1 + Yov = 2 (mod 4), (v==1,---,b); 
Yov-1 + Yov = 0 (mod 4), (v=b+1,:--,h—2s). 


We have the following result. 
Lemma 1. Fora=—1 we have 


Mav(2%m, 2h, 4s) = M(2%m, 2h, 2s + 2b). 


8 Journal of the London Mathematical Society, vol. 4 (1929), pp. 279-285; Journal 
fiir die reine und angewandte Mathematik, vol. 163 (1930), pp. 65-70. 

‘Quarterly Journal of Mathematics, vol. 38 (1906-7), pp. 178-237; Proceedings of 
the London Mathematical Society, Series 2, vol. 5 (1907), pp. 479-490. 
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Proof. Write 


Xu eu), 4); 
Xp = 43(Lop-1 — Top), (u=a+l1,- 2s); 
X = $(Yov-1 + Yor), (v= -,b); 
(2. 21) Yov)> (v= -,b); 
Vu =43(Lop-1 + Loy), (u=a+1,---, 2s); 
Y = $(Yav-1 + Yov), 28); 
Y 2842v-2) = (Yov-1 — Yoav), (v=) -,h—2s). 


Using (2.12), (2.13), and (2.14) we find that the X’s are odd integers and 
the Y’s are even integers. It then follows from (2.11) and (2.21) that 


2h-28-2b odd, 
Conversely write 
Top = Xp — 
Cop-1 = Xp + (u=a-+1,---, 2s); 
(2. 23) Top = Yu— Xp, (u=a+1,:--,2s); 
Yov-1 = + X (v 
Yor = X 2842v-1 — X 28425 (v b) 
Yov-1 = Y ogs2v-2b-1 + Yossov-2bs (v h— 2s) 
Y 2842v-20-1 — Y 26+2v-2b; (v =b + h— 28). 


Then from (2.22) we obtain (2.11) with the restrictions (2.12), (2.13), 
and (2.14). It is easily seen from (2.21) and (2. 23) that distinct solutions 
of (2.11) give rise to distinct solutions of (2.22) and conversely. Hence 
the number of solutions of (2.11) with the restrictions (2.12), (2.13), and 
(2.14) is equal to the number of solutions of (2.22). Equation (2. 22), 
however, has M(2%*m, 2h, 2s + 2b) solutions and the lemma is proved. 

The proof of Theorem 1 now proceeds as follows. To obtain the solutions 
of (2.11) with only the restrictions (2.12) we must add up the number of 
solutions Mq,(2m, 2h,4s) for 0S aS 2s, and 0=b=h— 2s, taking into 
account the fact that a different arrangement of the 2’s and y’s constitutes a 
different solution. Thus each solution of (2.11) with the restrictions (2.12), 
(2.13), and (2.14) counts ee times as a solution of (2.11) 


with only the restriction (2.12). Hence by Lemma 1 we have 
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Qs 
M(2¢m, 2h, 4s) — ) Map (24m, 2h, 4s) 
a= ~ b=0 
h-2 
(2. 24) > M 2h, 2s + 2b) 


) M (2%"*m, 2h, 2s + 2b). 


A sum of 2s + 2b odd squares is congruent to 2s + 2b (mod 4) and a sum 
of even squares is congruent to 0 (mod4). Therefore if «=3 we have 
M (2% m, 2h, 2s + 2b) =0 unless 2s + 2b =0 (mod 4), that is, 2s + 2b = 4v. 
Then from (2.24) with 2b replaced by 4v— 2s we obtain (1.11). 

The remaining formulas are proved in exactly the same way. The only 
changes are that we must have 2s + 2b6—4v+ 2, 4v+ 1, and 4v+3 in 
(1.12), (1.13), and (1.14), respectively. 


3. Proof of Theorem 2. From Theorem 1 we have 


Ag (h) M (2m, 2h, 48) 


1SeS(h-1)/2 


Hamm, 2h, 4v) 


ISeS(h-1)/2 /2SvS(h-s)/2 


— M(2m,2%h,4) TD Ag (h) 


(h-1)/2 1=s=min (2v,h-2v) 
= > 2h, 4v), 
1SvS(h-1)/2 
where 
h— 
ISvS(h-1)/2 1S8s=min (2v,h-2v) 20 — 


1Se<(h-1)/2 8/2SvS(h-s)/2 \2U — 8 


A,(h). 


1SeS(h-1)/2 
This proves (1.21) and (1.23) for the case B —1. 
We complete the proof by induction. Assume that we have 
A,(h) M (2%m, 2h, 4s) 
= > Av(h, B—1)M (274m, 2h, 4v) 


1SvS(h-1)/2 


1SeS(h-1)/2 


with 
A,(h, 8B —1) 2(h-1)(B-1) > A,(h). 
1SvS(h-1)/2 1S8S(h-1)/2 
Then, using Theorem 1 with a replaced by «—-+1 we obtain (1. 21), 
(1. 22), and (1. 23). 


4, Proof of Theorems 3 and 4. The methods of proof of Theorems 3 and 
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4 are similar and we give the details only for Theorem 3. The elliptic func- 
tion dn(u, &) has the expansion ° 

(4. 11) dn(u,k) =1 + | 


where the d,(¢) are integers > 0. In the usual notation for the theta-functions 


we have 
=9o(z,q) =1+ (— 1)*y” cos 2nz, 
=02(2,q) = 2> cos (2n + 
(4. 12) =1+ 2 da" cos 


= 9,(0), 0, = 2 
n=0 
a=1 


The function dn(u,k) is related to the theta quotients by the formulas 


(4. 13) dn (9422, 022/022), 
(4. 14) Vs an(id, 0° /8,*). 


2 
It follows from (4.11), (4.13), and (4.14) that 


(2) Ds 1) 4r9 4t-4r 
( 


We can, however, obtain these expansions in another way. It is known 
that ° 


(4. 81) 1+ q” (—1|r) cos (2na/r) | 


(4. 32) [ cos xz | \, 


n=1 

where the summation for + is over all odd divisors of n. By expanding the 
cosines in (4.31) and (4.32) and then comparing the result with (4.21) 
and (4.22) we obtain 


5 See, for example, Tannery and Molk, Lléments de la Théorie des Fonctions 


elliptiques, Paris (1902), Vol. 4, p. 92. 
° EH. T. Bell, Messenger of Mathematics, vol. 49 (1919-20), pp. 78-84. 


z 
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t-1 oe) 

(4. 33) > 22t+2 2 q” (— 1|7) 
r=0 n= 


co 

(4.34) Sd, + 4(—1)* Sqn [ | 
r=0 n=1 

We use these formulas to prove the following result. 


Lemma 2. Fora2Z0,m>0,t=1 we have 


t-1 
(4.41) Sid,(t)M(2%?m, 4t + 2, 4¢—4r) — 1|m) éo(m), 
r=0 


t 
(4.42) Sh-(t)M(2%?m, 4¢ + 2, 4t—4r) = 4&+(m), 
r=0 
where 


(4. 43) ys d.(t). 


Proof. From (4.12) it follows that 


4r+2 


(oe) 4t-4r 
> 
n=0 


le 
= M(n, 4t + 2,4¢—4r). 
n=0 


(4. 44) 


Since a sum of 4¢ — 4r odd squares is congruent to 4t — 4r = 0 (mod 4) and a 
sum of even squares is congruent to 0 (mod 4), we have M(n,4¢ + 2,4 — 4r)=—0 
unless n is divisible by 4. Hence (4.44) becomes 


co 
(4. 45) — (4n, 4t + 2, 4t —4r). 
n=0 
Comparing (4.45) and (4.33) for n = 2¢m we obtain 
t-1 
(4.46) d,(t)M(2%?m, 4¢ + 2, 4¢—4r) = 274? (— 1|r) (2¢m/r)?*, 
r=0 


where the summation for + is over all odd divisors of 2m, that is, over all 
divisors of m. To complete the proof of (4.41) it remains to show that the 
right sides of (4.41) and (4.46) are equal. We have’ 


(— 1|r)(m/r)* = (—1|m) 2 (— 1|(m/r) ) (m/r)** 
1m) (— 1|d)d?* — 


To prove (4.42) we first employ the well known relation #:* = #,* — 0,4 


"It is a property of the Jacobi symbol that (—1| PQ) = (—1]|P) (—1]| 9). 


| 
if 
if 
| 
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and substitute for #.*'-*" in (4.34). On expanding and collecting terms we 


obtain 
S he > Sal], 


where the h,(t) are given by (4.48). The proof then proceeds in a similar 


way to that for (4. 41). 
Theorem 3 now follows immediately. In Lemma 2 multiply (4.41) by 


(—1)* and add the result to (4.42). This gives 


((—1)!de(t) + hie (t)) M (282m, + 2, 4¢ — 4r) 
+ M(2%?m, At + 2,0) — (—1)*(—1]m) 1] (m) 


If we write B(t) = h(t), yr(t) =— {(—1) *d,(t) + A,(t) } we obtain (1.31) 
of Theorem 3 since M(2%?m, 4¢ + 2,0) = N(2¢m,4t-+ 2). It remains to 


prove (1.32). We have 

a(t) (—1)* (77°) 


— (—1) 4} 


(—1)*d,(t). 


Hence 


t-1 t-1 t—1 
yr(t) =— (—1)‘d,(t) — = (0), 

As remarked above Theorem 4 is proved in a similar way. The dif- 
ference is that we use the functions #)(r)/0)(x) and ¥2(x)/d.(x) instead 

5. Proof of Theorem 5. From Theorem 3 with t =8 we have 

B(3)N (2¢m, 14) + 4[ (— 1]m) 2° — 1] 
5.1 2 
= yr (3) M(2%?m, 14, 12 —4r), 
r=0 

2 
with Syr(3) =0. Then, from Theorem 2 with h = 1%, a replaced by « + 2 

r=0 
B=a, A.(7) =ys-2(3), the right side of (5.1) becomes 


544 R. D. JAMES. 


8 

(5. 2) > Av(7, «)M (4m, 14, 4v), 
v=1 

where 


8 2 
= 2% y-(3) = 0. 
v=1 r=-0 


By applying first (1.12) and then (1.13) or (1.14) of Theorem 1 the ex- 
pression (5.2) further reduces to 


8[ {25541 (7, a) + 25642(7, + 256A5(7, «) }{M(m, 14, 5) + M(m, 14, 9)} 
A,(%, a) {M(m, 14, 1)+ M(m, 14, 13) }] 
or 


16[{23A,(%, «) + 2442(7%, a) + «) }{M(m, 14, 3)+ M(m, 14, 11)} 
+ {210A,(%, @) + 208A2(%, 192A5(7%, }M(m, 14, 7)] 


according as m=1 (mod 4) or m=3 (mod4). Finally, with the condition 


3 
> Av(7, «) = 0, these expressions become 


v=1 


8A,(%, a) [M(m, 14, 1) —M(m, 14, 5) —M(m, 14, 9) + M(m, 14, 13)], 
— [144A, (7, «) + 128A2(7%, a) ][M(m, 14, 3)— 2M (m, 14,7) + M(m, 14, 11)] 


in the respective cases. Hence from (5.1) we obtain 


B(3)N (29m, 14) + 4[(— 1|m)2°*° — 1] 


(5. 4) = [9(«)/9(0) ][8(3)N (m, 14) + 4[(— 1]m)2°— 1] éo(m)], 
where 
8A,(7,@), m = 1 (mod 4), 
g(a) + 128A2(7, «)], = 3 (mod 4). 


Since it is known that N(m,14) —bgée(m) is impossible*® with b, in- 
dependent of m it then follows from (5.4) that there is no @ for which 
N (2%, 14) = (m) is possible. 

Theorem 6 is proved by precisely similar arguments but using Theorem 4 
instead of Theorem 3. 
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NEW RESULTS FOR THE NUMBER g(n) IN WARING’S PROBLEM.* 


By H. 8S. ZucKERMAN. 


I. Introduction. Waring’s problem deals with the representation of 
positive integers by sums of positive or zero integral n-th powers. The number 
g(n) is defined as the minimum s such that 


(1) m= integers, = 0, 
has at least one solution 2, for every integer m > 0. The number 
G(n) is the minimum s such that (1) has at least one solution for every 
sufficiently large integer m. We shall define G(n,c) as the minimum s such 
that (1) has at least one solution for every integer m=c. Then 


g(n) 4 G(n, 1), G(n, c+ 1) = G(n, c), G(n) = lim G(n, c). 
c=00 
A decomposition of m is a representation of m as a sum of positive integral 
n-th powers, in the form (1) with the added restriction 2; > 0. The number 


of n-th powers, s, is the weight of the decomposition. 
Let us consider the m in the range 0 < m < 3". Write 


3% q,r integers, O<r< 2". 


In any decomposition of m each x; is either 2 or 1. Then the decompositions 


of m of minimum weight are given by 
m==y2"+2, 052<2" fo OSy<q 0OS2<r for y—q 


of weight y+ 2. Since r< 2"—1 the maximum weight for any m in the 
range 0 << m < 3” is 
I=q+2"—2, 


which is the weight of the decomposition of g2"—-1. Therefore 
g(n) =I=q+2"—2 


and, since 3” is a decomposition of 3" of weight 1, J n-th powers suffice to 
represent all integers in the range 0 < mS 3". 


* Presented to the American Mathematical Society April 6, 1935 and December 31, 
1935. 
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I. Vinogradow ” has proved that 
G(n) S [n(6 log n + log 216 + 4)], n>3 
by proving the existence of a number V» such that 
(2) G(n, Vn) S [n(6 log n + log 216 + 4) ]. 


In parts IV and V of the author’s doctor’s dissertation at the University 
of California the Vinogradow proof is reproduced and the constants deter- 
mined as they occur. In some cases proofs are supplied for results which 
Vinogradow states without proof. In part V we conclude that (2) holds if 


(3) log Vn == 18n214"*/8, n > 4. 


The upper bound (2) for G(n, Vn) is less than J for n > 7. 

In part II of this paper we develop a method for dealing with the integers 
between 3" and V, without the use of tables. In part III we apply this 
method for some values of n to obtain upper bounds for g(n) using the 
results of part V of the author’s dissertation and the fact that J n-th powers 
suffice to represent all integers between zero and 3". In the cases where this 
upper bound is equal to J we then have g(n) —J. It has been known for a 
long time that g(n) =I when n= 2 or 3 but this is the first time the 
formula g(n) —J has been proved for other values of n. The results are 
tabulated at the end of part III. 


II. Decomposition of integers between 3" and Vn. We define the 
integers q, Tr, u, Vv, W, by 


(4) = g2" = u3" + 02" + w, 


Then we have 


(5) (k-—ax)4" + (1+ uaz + br)3" + (m + vax — 2” 
= k4" + 13" + m2" + (br —aw)z. 


We take &, 1, m, a, b, x to be integers, andx=0. If k Zaz, l= — — bz, 
m = — vax + qbx the left member of (5) is a decomposition of 
k4” +- 13" + m2" + (br —aw)z of weight 


?I. Vinogradow, “On Waring’s problem,” Annals of Mathematics, vol. 36 (1935), 
pp. 395-405. 
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k+1l+m—aze-+ uar + br + vax — 

If br > aw we can obtain a decomposition of any integer between 

m2"+ (br—aw)e and k4"+-13"-+ m2"+ (br—aw) (4+1)—1 


inclusive by adding 1” at most br —aw —1 times to the decomposition of 
k4m + 13" + m2" + (br—aw)z. Then the highest weight in this interval is 


k+l+m-+ (—a+ua+ va— qb)x + br—aw —1. 


We now let x take the values 0,1,- - -, [2"/(br—aw)] and obtain decompo- 
sitions for every integer between 


k4” +13" m2" and k4"-+ 13"+ (m+ 1)2"+¢ 

inclusive, where 

= [2"/(br — aw) |] (br — aw) + br —aw —1—2"=0. 
The greatest weight in this interval is 

k+1+m-+ max (0,—a-+ua+b + va—qb) [2"/ (br—aw) | + br—aw—1. 
If br < aw we can obtain a decomposition of any integer between 
13"-+ m2"—(aw—br)x and k4"+-13"+ m2"—(aw—br) (4—1)—1 
inclusive by adding 1” at most aw — br —1 times to our decomposition of 
k4 + 13" + m2" + (br—aw)z. 

Then the highest weight in this interval is 

k+1+m-+ (—a+wua+ b+ va— + aw — br—1. 


We now let x take the values 0,1,- - -, [2"/(aw — br)] and obtain decompo- 


sitions for every integer between 
k4" + 13" (m—1)2"+y and k4"+ 13" + m2" + aw —br—1 
inclusive, where 
= 2" — [2"/ (aw — br) | (aw — br) S aw — br —1. 
The greatest weight in this interval is 


k+1+m- max (0,—a+ua+b-+va— qb) [2"/(aw—br) ] +aw—br—1. 
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In both cases we must have k Zaz, 1 =— uax — bx, m= — var + qbz. 

Hence we take 
k = max (0, a) [2"/| br —aw |], 1 = max (0, —ua— b) [2"/| br — aw |], 
m = max (0, gb — va) [2"/| br —aw |]. 

Let W be the greatest weight in the interval. Then, in both cases, we have 
W = {max (0, a) + max (0, — wa— b) + max (0, gb — va) 

+ max (0,—a-+ ua + b + va— gb) }[2"/| br — aw |] + | br—aw | —1. 

We proceed to show that changing the signs of both a and 6 leaves W 
and the interval invariant. Let W, be the value of W for a= A, b = B and 


let W. be its value for a= — A, b =— B. By choice of notation we can make 
Br> Aw. Let LZ, be the lower end of the interval for a—A, )—B; 
L, for a—=—A, b=—B. Let U, and Uz be the two upper ends of the 


intervals. Then 
W, = {max (0, A) + max (0,— wA — B) + max (0, gB— vA) 
+ max (0,—A+uA+ B+ vA — QB) }[2"/(Br— Aw) ] + Br—Aw—1, 
W. = {max (0,— A) + max (0, uA + B) + max (0,—qB-+ vA) 
+ max (0, A—uwA— B—vA + }[2"/(Br— Aw) ] + Br—Aw—1. 
Since max (0, «) — max (0,— a@) =a, we have 
W,—W.= (A—uvwA—B+ qB—vA—A+UA+B+0A— QB) 
X [2"/(Br— Aw)] =0. 
Also, we have 
L, = max (0, A) [2"/(Br—Aw) ]4" + max (0,—uA 
+ max (0, gB — vA) [2"/ (Br — Aw) ]2*, 
= max (0, — A) [2"/(Br—Aw) ]4" + max (0, uA + B) [2"/(Br—Aw) ]3" 
+ max (0, — gB + vA) [2"/(Br— Aw) ]2"—2" + y, 
yp = 2" — [2"/(Br— Aw) ](Br— Av), 


and hence 


L, — L, = {A4" + (— uA — B)3" + (qgB— vA)2"}[2"%/(Br— Aw) ] 
+ 2" — 2" + [2"/(Br— Aw) ]|(Br— Aw) 


B) [2"/(Br—Aw) ]3" 


by (4). Finally, we have 


U,=—L,+2"+ ¢, 
L, + Aw + Br—1—y, 
= [2"/(Br— Aw) ](Br— Aw) + Br— Aw — 1 — 2", 
= [2"/(Br— Aw) ](Br— Aw) + Br— Aw—1— 2" 
— [2"/(Br— Aw) ](Br— Aw) = 0. 
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Therefore = Ui; = U2, W, = Wz, so that the value of W and the 
interval remain unchanged when we change the signs of a and b. Hence we 
can, without loss of generality, choose a and b so that br >aw. Then 


‘ W = {max (0,a) + max (0,— ua— b) + max (0, gb — va) 

(6) + max (0,—a-+ ua+ b + va — gb) }[2"/(br — aw) ] + br — aw —1, 

k = max (0,a)[2"/(br—aw)], 1—max(0,—ua—b) [2"/(br—aw) ] 
(7) m = max (0, gb — va) [2"/ (br — aw) ], 
and the interval is 
(8) k4" + 13" + m2" to k4" + 13" + (m+ 1)2"-+ @ inclusive, 
(9) = [2"/(br — aw) ] (br — aw) + br — aw — 1 — 

For each value of n we choose values for a and b to make W small and 

then determine the interval over which W suffices by (7), (8) and (9). Call 


this interval J,. We then make ascents from J, using the two following 
theorems proved by L. E. Dickson.° 


THEOREM 1. If every integer >1 and =@ is a sum of k —1 integral 
n-th powers = 0, and if m is an integer for which 


then every integer >1 and Sg+(m-+1)" ts a sum of k integral n-th 
powers = 0. 
THEOREM 2. Let 1 be an integer =0. Let 


(1 —1/Io)/n, Ln > l, = Dy. 


Compute Li by log Li = (n/(n—1))*(log Lo +nlogv) —nlogv. If all 
integers between | and Ly inclusive are sums of k integral n-th powers = 0, 
then all integers between 1 and L; inclusive are sums of k +t integral n-th 
powers = 0. 


To take care of the integers between 3” and J, we use either a result 
proved by L. E. Dickson‘ or, if possible, choose a pair of values for a and b 
so that the interval 7, includes the number 3” and then ascend from J, to J. 


*L. E. Dickson, “ Recent progress on Waring’s theorem and its generalizations,” 
Bulletin of the American Mathematical Society, vol. 39 (1933), pp. 701-727, Theorems 
10 and 12. 

‘Ibid., Theorems 5 and 6. 
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III. The special case n=15. We shall now apply the method of part 
II to the case n 15. We have 


2" — 32 768, 3" —14 348 907, 4% —1 073 741 824. 


By division we obtain 


= 4387, r—29291, u=—74, v= 363, w= 27922, 
+ 2%— 2 = 33208. 


Taking a = 0, b = 1 we find, by (6), (7), (8), and (9), 
W = 29727, I,: from 3%— 29291 to 3" + 29290. 
Taking a = 1, b = 1 we find 


W — 3093, I,: from 23-4"-+3-3"-+ 388-2"-+ 10431 to 
23-4" + 3-3" + 389-2" + 10518. 


That is, 29727 fifteenth powers suffice to represent every integer between 
3" — 29291 and 3"-+ 29290 and 3093 suffice to represent every integer 
between 


23-4" + 3-3" + 388-2"+ 10431 and 23-4"-+ 3-3" -+ 389-2" 10518, 


Starting from J, we ascend by Theorem 1, applying it 437 times with 
m=1, 74 times with m = 2, and 23 times with m=38. Then 


29727 + 437 + 74 + 23 = 30261 


fifteenth powers suffice to represent every integer from J, to Iz. 

Ascending from I, we apply Theorem 1, 436 times with m —1; 73 times 
with m2; 27 times with m=—8; 14 times with m—4; 9 times with 
m==5; 6 times with m=6; 5 times with m=; 4 times with m=8; 
3 times with m = 9; and 2 times each with m = 10, 11, 12, 13,14. We have 
then applied the theorem 587 times. Hence 3093 + 587 = 3680 fifteenth 
powers suffice to represent every integer from 


23-4" + 3-3" + 388-2" -+ 10431 to 
2°15" + 23-4" 3-3" + 388-2" 4 10481. 
We now apply Theorem 2 with 
[= 23-4" +4 3-3" 388-2" + 10431, Lo—1+2-15", k= 3680, 


and 
v= (1— (1/L,))/15 = 0.066. 


NEW RESULTS FOR THE NUMBER g(”) IN WARING’S PROBLEM. 551 


Then 
log Li = (15/14) * (log Ly + 15+ log v) — 15: logy 
log log Li > .02996¢ — .521 (logarithms to the base 10) 


and all integers between / and ZL; are sums of 3680 + ¢ integral fifteenth 
powers = 0. If we choose t = J —k = 29523 we have 


log log L: > 883 (logarithms to the base 10). 


in the introduction we showed that J n-th powers suffice to represent every 
positive integer = 3". Hence, since J, includes 3", we have that every 
integer m, 

0<m<10™, 


is a sum of J = 33203 integral fifteenth powers = 0. 
By the results of part V of the author’s dissertation we have the following 
inequality for the Vinogradow constant when n = 15. 


log log Vis < 319 (logarithms to the base 10). 


If we choose t — 10665 we have 


log log L: > 319 (logarithms to the base 10) 


so all integers between / and V;5 are sums of 10665 + 3680 = 14346 integral 
fifteenth powers = 0. For n = 15 the inequality (2) is 


G(15, Vis) S 384. 
We now have the following results. 


G(15, 10°") < 384, G(15, 24-4") 14345, 
G(15, 3") < 30261, g(15) < 33203. 


The second inequality follows from the facts that all integers between J and 
Vis are sums of 14345 and all integers greater than Vis are sums of 384. 
We have replaced the value of J by a larger value. 

Since J = 33203 we have g(15) =I = 33203. 

Let L be the value of ZL; obtained by setting t—I—k. By treating 
other values of n as we did n = 15 we obtain the following results. In the 
cases n == 17 and n = 20 we cannot find a suitable interval J, so we use 
L. E. Dickson’s result referred to above. 
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List of results for various n from 14 to 20. 


n = 14, 
Use a=0,b=—1 and a=—1, b=—=—1. 


log log L > 249, log log Vis < 278, g(14) S17555, g(14) =I — 16673, 


G(14, Vis) S 352. 


n= 15. 
Use b=—1 and a—1, b—1. 
log log L > 883, log log Vis < 319, g(15) =I = 33203, 


G(15, 3") S 30261, G(15, 24:4") = 14345, G@(15, Vis) S 384. 


n= 16. 
Use a=0,b—1 and a—1, b—1. 
log log L > 1630, log log Vic < 363, g(16) =I = 66190, 


G(16, 3") 56526, G(16,12-4") 20974, G(16, Vis) S416. 


n=17. 
Use a=0, 
log log L > 2464, log log Viz < 409, g(17) =I = 132055, 
G(17, 3-3") < 53984, G(17, Viz) S 448. 


n = 18. 
Use a=0, b=1 and a=2, 
log log L > 2472, log log Vis < 459, g(18) =I = 263619, 


G(18, 3") < 236932, G(18,3-4") < 182522, G(18, Vis) S 480. 


n= 19. 
Use a=0, b=1 and a—1, d—1. 
log log L > 5339, log log Vig < 511, g(19) =I = 526502, 


G(19, 3") = 443926, G(19, 2-4") 320864, G(19, Vis) S513. 


== 20). 
Use a=1, 
log log L > 20042, log log Voo < 566, g(20) =I = 1051899, 
G(20,8-4") S177571, G(20, Voo) S 546. 


The logarithms above are all to base 10. 
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ON WARING’S PROBLEM WITH POLYNOMIAL SUMMANDS. 


By Loo-Kene 


1. Introduction and notation. Let 
P(h) = Gh* + 


be an integral-valued polynomial with a > 0; 
rp,s(n) =r(n) =the number of solutions of the diophantine equation 


(1) m= + P(he) P(e), be ZO (i= 8); 
k=integr=3; s =2K(k—2) +5; 


d==the least common denominator of °°, &} 
the canonical product of n = - pe't; 
6; =a positive integer or zero such that pi | d, pid }d; 


Ap,s(q,7) =A(q) = (1/q"*)  Sp%p-4, where the summation is taken 
p 
over all g-th primitive roots p of unity; 

S(j, P, 8, x) S(j, A) Ap,s(q, )) 

S(j, 


jw = the greatest real root of P(x) =] if there is any; 


nw 


— 


h=0 


1 Research fellow of the China Foundation for the Promotion of Education and 
Culture. 
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q* 
Sp = 
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Throughout the paper « denotes an arbitrarily small positive number and 
C1, +, denote positive numbers depending at most on P, s and «. 

It is to be noticed that if P(x) is a polynomial with integral coefficients, 
then SG; reduces to that treated by Landau? (1), (2). 

We shall prove the following result : 


THEOREM 1. We have 


-8a ps(1 + a) sa-1 sa-1-a/K+e 
| rp,s(n) — P(sa) | < Cin 


The method used is due to Gelbcke (3) for P(x) —=a*. We shall omit 
proofs of results when the method of proof differs only slightly from that given 


by Gelbcke. 
2. Lemmas for polynomial P(x). 


Lemma 1. The necessary and sufficient condition that a polynomial P(z) 
of k-th degree in the rational field be integral-valued is 


where 


a! 

and the a;’s are integers. [Hilbert (7) ]. 
LemMMA 2. The necessary and sufficient condition that there do not east 
integers u and 1(> 1) such that 
P(x) =u (mod 
for all values of x, ts 

where P(x) 1s given by (2). 


Lemma 3. Jf all sufficiently large integers are sums of:s values of P(h), 
h = 0, then they are also sums of s values of the polynomial Q(h) = P(h —t), 
where t is a positive integer. 

Proof. If 
n=P(h,) +: h,=0, 
then evidently 


2 See the list of references at the end of the paper, page 562. 


| 


and 


nts, 


mit 
iven 


(2) 
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LemMA 4. There exists a positive integer t such that the coefficients of 
P(x +t) are all positive. 


It follows from Lemmas 3 and 4 that the study of Waring’s problem for 
a general integral-valued polynomial P(h) depends on the same problem for 
a polynomial with positive coefficients. 

Henceforth we shall assume that all «’s are positive and the constant term 
is zero. Under such an assumption jw is uniquely determined and is greater 
than zero for j > 0. 


3. Well known lemmas. 


Lemma 5. Let |y|1/2 anda=a=:--=0, then 


N 
|< 
| ae l= 


[Landau (6), Theorem 140 with R(w) = > e?74]. 
j=1 
Lemma 6. We have 
4 N N 
-3 j=0 j=0 
[Landau (6), Theorem 223]. 


Lemma 7. For B > 0 and j an integer > 0, 


1 ] 
| —f | 
where y(B) depends on B only. 


LemMMA 8. We have 


=0 
Proof. Landau, Mathematische Zeitschrift, vol. 31 (1929-30), p. 149. 


LemMa 9. Let p bea primitive q-th root of unity, m > 0, r integers, then 


|S pP < 4 mK/q + gmk), 


h=r+1 
Proof. By the same method used by Landau (6), Theorem 267, we can 
prove that 


< + m¥/q + gm¥*), 


h=r+1 


| 
Ww 
r+m 
r+m 
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where Q(h) is a polynomial with real coefficients and its first coefficient = 1. 
Suppose that 


is a primitive q’-th root of unity. If (/,4!) =1, then also (J, gk!) =1 and 
= gk! if (da, qk!) =1, 


< gk! j 
> (aie!) \ if (do, qk!) 


From the first part we have 


r+m 
| > pr < +. + 
h=r+1 
< + + gmk), 
If (l,k!) 1, then there exists an integer ¢ such that (1 + tq,k!) =1. In 


fact, since (1, q) = 1, the arithmetic progression | + tq contains a prime which 
is not a divisor of k. 


Therefore 
r+m rem 
| > PW |K — | |K 
h=r+1 h=r+1 


< + + qm*-*), 


since P(z) is an integral-valued polynomial and therefore e?7##?™ — 1, 


LEMMA 10. We have 

| Sp | < 
Lemma 11. We have 

| A(q)| < 


Proof. These two lemmas follow at once from Lemma 9 in the same way 
that Landau’s Theorems 269 and 270 follow from his Theorem 267. We use 
the fact that gS q* Sk!q. 


5. Farey cut. On the unit circle | z|—1, we take points p= e?™#(/ 
which correspond to Farey fractions 1/q with denominators less than or equal 
to n'~*, and divide the circumference into sub-arcs by means of mediants. Let 
us write 

r= petty, 


Then on the arc associated with p, we shall have 


Sy ZH, 


| 
| 
| 
| 
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where 


1 1 1 
Sn < 


We consider minor and major ares given by 

minor arcs m: n', 

major arcs M: <n. 


Each arc Yt is further divided into two parts. That part of Mt for which 


is called an arc of type Mt, and the remaining part of Pt in which 


ly | > 


is called an arc of type Mt.. There are always arcs of type Mite, since 


1 1 
2q1/?n1-0/2 2qni ? 


where g < 


6. Further lemmas. 
LemMA 12. On the whole circle |x| =1 we have 
| < 


Proof. From the definition of yp(z) we have 


ja 


Xo 


= 


p 
q* 
From Lemmas 10 and 7, it follows that 


| < + a) +03 y(a)i**)) 


Lemma 13. If |y| 1/2, 
then 
| pp (x) | < | y |, 
| Yp(x)| < | y 
and 
| < Min (n*, | y |~). 


2q)/2n1-0/2 
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The proof of these inequalities is the same as that of Theorems 7, 8 of 
Gelbcke (3). 


LemMA 14. We have 


| (x) | | dz | < ate. 


where p(x) corresponds to the arc Wt, and the path of integration is the 
whole circle excluding the arc Mt. 


The proof of this lemma is similar to that of Theorem 9 of Gelbcke (3). 


%. Lemmas for the arcs m. 
LemMA 15. On m we have 


| f(z)| < C1 


Proof. Let 
t(j) — for j=0, 1) = 0. 
Then 
(2) — 
— (1—2/p) (i) (2/0) 
Now 


| arg (2/p)| < 
therefore the length of the chord 
|1—2/p| < 
Further from Lemma 9 it follows that 


< + /q + qn*K-*) ) 
since jw < Ci7j*. Then 
| 7(7)| < 
Therefore 
| F(a) | < + 1] < 


| 
| 
| 
| 

| 


of 


the 


3). 
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LEMMA 16. We have 


= f | f*(z)| | dz | < (a-a/K) +2a+€, 


Proof. See Gelbcke (3). 
8. Lemmas for the arcs Ms. 
Lemma 17. If | y | 1/2, then 
| f(x) —p(a)| < Max (n | y |, 1). 


Proof. As in Lemma 15 we may write 


— (1—2/p) 3 (#/e)4 + v(m) (2/0)*, 
where 


For every j= 0, has [jw] +1 terms. Divide into partial sums, 
each = Sp, plus [jw] + 1— [ju/q*]q* S q* terms. By Lemma 9, we have 


| — [jw/q*]Sp | < 
| — (jw/q*) Sp | < +. | | < 


_ Now 
and 
| — | (aja + ae)? — | 
S jw | (G0 + + — | Coz. 
Therefore 


| v(j) — jw(Sp/q*)| < Cog | Sp/q* | < Cx. 
Thus we have 
| —v(j)| < 
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and consequently 
| f(z) —vp(x)| = |(1—2/p) = [7(7)— ] ] | 
y| + < Max(n | y |, 1). 
LemMA 18. We have 


f | f*(x) — Wp*(z)| | dz | 


for k= 3, 
+ for k= 4, 
1 for k=65. 
Proof. See Gelbcke (3). 


9. Lemmas for the arcs Mb. 


Lemma 19. If | y| 1/2 then for p corresponding to M, we have 
| f(z)| | y | -1/K-€, 
Proof. See Gelbcke (3). 


LEMMA 20. We have 


for k= 3, 
> f | f#(x)| | dz | < 84-1-(8/K-1) (a/2) +€ for 4, 
1 for 


Proof. See Gelbcke (3). 


10. Proof of Theorem 1. It is evident that the coefficient of the n-th 
power of z in f*(z) is equal to rp,.(n). By Cauchy’s Theorem we have 


By Lemmas 16, 20, we have 


TP,s (n) = 


ft(x) 
rp,s() 
M 


1 


(5) 


< C190 (a-a/K) +2a+€ 


for k= 8, 
84-1-(8/K-1) (a/2) +€ = 4, 
1 for k=5. 


; 
| 
| 1 
im 
| 
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By Lemma 18, we have 


-1-(9/K-2 
< (3/K-2)at+e 


6 | 
(6) | 2 
M, 


for = 3 
+ 4 (8/80 for 4, 
1 for 
By Lemma 14, 
fl (x) 


C; anse-1- (8/K-2)a+e 


My 
Ms 
Further 
n! I'(sa) 2 


Since by Lemma 7, 


and by Lemma 10, 


| Ap,s(q, | < ; 


thus 
< > q 1-3/K+e < 
=1 
Since ? 
| Ap,s(q, n)| Cw qi 8/K+e < on (8/K-2)a+e 
n@ qd 
we have 


a) 
Then from (4), (5), (6), (7), and (8) the desired result follows. 


Tsina Hua UNIVERSITY (CHINA). 
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POLYNOMIALS FOR THE n-ARY COMPOSITION OF NUMERICAL 
FUNCTIONS. 


By D. H. 


In discussing the general binary associative and commutative composition 
of numerical functions it has been essential to deal with a function (2, x2) 
satisfying (for n 2) the three postulates given below.' In this paper we 
find all polynomials y(2,,%2,° - -,%n) satisfying these postulates and discuss 
some of their properties. 

The postulates are as follows: 


Postulate A. If each x is a positwe integer, %2,° 18 posi- 
twe integer. 

Postulate B. For each positive integer N the equation N = (1, Y2,°**, Xn) 
has a solution in positive integers. 

Postulate W(%1, * 5 W(Lny * Len-1)) ts @ symmetric 
function. 


Postulate C is a generalization of the commutative and associative laws.? The 
function appearing in this postulate will for reasons of brevity be called the 
iterate of y, and will be designated by = (2, %2,° +, We-begin 
by assuming Postulate C alone. From this point on y will be assumed to be 
a polynomial.® 


THEOREM 1. If W(%1,%2,° 1s @ polynomial such that 


1—). H. Lehmer, Transactions of the American Mathematical Society, vol. 33 (1931), 
pp. 945-957, Bulletin of the American Mathematical Society, vol. 37 (1931), pp. 723-726; 
G. Pall, Bulletin of the American Mathematical Society, vol. 38 (1932), pp. 56-58; 
E. T. Bell, Bulletin of the American Mathematical Society, vol. 41 (1935), pp. 798, 801. 

* This postulate could have been weakened at the expense of simplicity in a manner 
analogous to that used in following papers: W. A. Hurwitz, Annals of Mathematics (2), 
vol. 15 (1913-14), p. 93; D. H. Lehmer, American Journal of Mathematics, vol. 54 
(1932), p. 329. 

* Abel, Journal fiir Mathematik, vol. 1, pp. 11-15; Oeuvres, vol. 1, pp. 61-66, dis- 
cussed functions of two variables satisfying Postulate C and stated that such functions 
must be symmetric. Examples to the contrary can be given however. For instance 
let ¥(1,2) = 3, while y) =1 otherwise. Here y(#,~(y,2)) is symmetric whereas 
¥(1,2) y(2,1). 

Lémeray, Nouvelles Annales Mathématiques (4), vol. 1 (1901), pp. 163-167 used 
symmetric functions satisfying Postulate C to generalize the Dedekind inversion formula. 
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is a symmetric function of its 2n —1 variables, then y is symmetric and linear 
in each of its n variables. 


Proof. Let +, %n) be of degree d, > 0 in % (k 
Then y* is of degree d; in x, and of degree dyd, in y,. But it is symmetric 
by hypothesis. Hence d; = Since d, 0, it follows with = 1, that 
dy =1. Hence dj —d,=- - =—1, so that y is linear in each variable. 
The symmetry of y now follows from the symmetry of y* since y* is linear in y. 

If we write 


for the k-th elementary symmetric function of 2,42,- --,%, we may (by 
Theorem 1) write our y function in the form 


Our problem is to find necessary and sufficient conditions on the a’s so that 


y* will be symmetric. 
If in (2) we collect coefficients of all products containing z, we get 


n-1 
v=0 
Hence 
y* are * * (Yr, * Yn)) 
3 n-1 
v=0 


Now the coefficient of any product occurring in (3) and consisting of precisely 
k 2’s and r—k, y’s (OS kSn—1; r—k ZN) is given by 


4) f < rf 
( ar if 0 k 


For y* to be symmetric it is necessary that for each r and for different values 
of k Sr, the coefficients (4) should be equal. Two cases now present them- 
selves according as a) = 0 or not. 


Case 1. a ~0. Let R= (a,—1)/a. Let r—1, and k =0,1 in (4) 
and equate. We have 
= A, + 
That is a. —a,R. 


By induction, if a; = a,R*, for some 1 < n, we can determine 4j,, by setting 
r= i, and k andi in (4) and equating. We have 


| 
| 


ar 
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whence 


Hence in general 
(5) dy = (v= 1,2,-- 


Case II. a) —0. In this case the coefficients (4) become 


Qk+14r-k if 0 = k 
Oy if k=—r. 


Setting r—=.1, and k = 0,1 we get on equating 
a,* — ay. 


Hence two subcases arise according as.a, = 0 or 1. 
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Case ad) —0, a,—1. In this case no condition on az is obtained. 


To determine a; we set r = 3 and k =0,1 in (4’) and get 


By induction we find that 


dy = a,""1, a=0, a, 


Case II,, a) =a, —0. Setting k —r—1 and r in (4’) with r<n, 


we find 
Ary = Or = 0. 


For r = n, however, we get no condition on a». Hence in this case 
(2, * Xn) * * Ln. 
We may sum up the results obtained thus far in the following 
THEOREM 2. A polynomial whose iterate 
y* (21, Te," "5 Len-1) 5 W (Zn, Len-1) ) 
is symmetric, is necessarily of one of the forms 


a,(a, — 1) 


(6) (a1, Zn) = Ay + + SLi; 
0 
a, (a, —1)? a,(a,—1)""? 


8 


In. 
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We now show that all polynomials of the form (6), (7) or (8) have 
symmetric iterates. In fact this is obvious in case y is of the form (8). The 
same is true of (7) when a, 0. If a, 0, we can write (7) in the form 


(7’) (21, °°, %n) +1 — I +1). 


Hence 
+1= Ao (21, * (Zn, Tn+1,° "5 Len-1) ) +1 


n-1 


2n-1 


Therefore y* is symmetric. If y is of the form (6) and a,(a,—1) ~0 
(the symmetry of y* being evident otherwise), we may write (6) in the form 


+,%) +1=—a (Ra+1), R = (a—1)/a¥0. 
i=1 
As before we find 
2n-1 
(10) Ry* +1 (Re +1) 
so that y* is symmetric in this case also. Hence the class of all polynomials 


whose iterates are symmetric coincides with (6), (7) and (8). 
Converse propositions regarding product representation may also be proved. 


THEOREM 3. Let w(%1,%2,° + *,2%n) be a symmetric multilinear form 


in which —1) 40. Suppose further that 1+ W(a,—1)/ay be ez- 
pressible as a product of linear factors. Then the iterate of y is also symmetric 


and w 1s of type (6). 
Proof. Let R = (a,—1)/a. By hypothesis a; and f; exist such that 


Ry (a, In) + 1 = II Bi). 
i=1 
If we set all the variables equal to zero, we obtain 
Ra Bi 40. 
i=1 


Hence we can set a;/8; = yi and write 


Ry (21, 22° +, +1 —a, (yiti +1). 


n 
| 
| 
| 
| 
| 
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But y is a symmetric function so that the y’s are equal. Hence 


(11) Ry (yvi+1). 

Setting 7; —1 and 2; — 0 for i > 1, we have 

Recalling the definition of R we obtain from (12) 


+1) =a,(y +1). 


Hence & ~y, and (11) becomes (6’). Therefore y* is symmetric and y is 
of type (6). 


THEOREM 4. Let %2,° be of the form 


where A0. Suppose further that asp +1 is expressible as a product of 
linear factors. Then ~* is symmetric and wy is of the type (7). 


Proof. By hypothesis we have ' 


Setting all the variables equal to zero we have 


We show now that each £ is different from zero. In fact if one B were zero, 
all would have to be zero since *,%n) +1 is a symmetric func- 
tion. Moreover we would have 


(13) +1—0 

Setting = 1, and z; for i> 1 in (14) we would have 
+ +1—0. 

This contradicts (13). Hence 118; = B ~0, and we can write 

(15) (215 +1 BUT (yes +1) 


where y; = «;/8:. By symmetry the y’s are equal. 


0 
i=1 
+ 1 Bi. 
é=1 
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Expanding (15) with this fact in mind we have 
1 + + + B+ Byons + 
Identifying coefficients of the o’s we have 
B=1-+ ded, By = do, By? = a,?. 


Hence, B = 1, a) = 0, d2 =y. Therefore y is of the type (7’) and hence of 
type (7). The symmetry of y* follows as before. 


THEOREM 5. If the iterate y* of a polynomial y is symmetric so also is 
the iterate of y*. 


Proof. In case y is a simple sum or product, the theorem is obvious. 
If not, y will be of type (6) or (7). By (9) and (10) y* will be of type (6) 
or (7) also. Hence the iterate of y* will be symmetric. 


THEOREM 6. Every polynomial y in n variables, whose iterate y* is sym- 
metric may be obtained by iterating n—2 times such a polynomial in 2 
variables. 


Proof. In case y is a simple sum or product the theorem is obvious. 
Otherwise y will be of the type (6) or (7) with 4,541. In the first case 
y is the result of n — 2 successive iterations of the function 


(21, 2) Ao A; (a; + L2) + 
where 
(16) =a, 
(17) Ay 


In fact the result of iterating y(z,, 22) a certain number of times is in every 
case a function of the type (6), the ratio of consecutive coefficients being always 
(A, —1)/Apo by (9). Hence (17) must hold. The coefficients of x, in the 
successive iterates of y(2,, xz.) are the successive powers of A,. Hence (16). 
In case y is of type (7), it is seen to be the result of iterating 


Le) = + Lz + 
Hence the theorem. 
We now turn our attention to Postulates A and B. To simplify the 
discussion we introduce a function f by 


4 

| 

| 
| 

| 
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By Theorem 1, f will be a symmetric multilinear form 

If Postulates A and B hold for y, f must, by (18), satisfy the conditions. 
(A’). If each x is an integer = 0, so also is f (41, 2, * +n). 


(B’). The equation f (21, = N has a solution (21, Zn) 
in integers = 0 for each N= 0. 


THEOREM 7. A function f of the form (19) satisfies (A’) and (B’) if 
and only if co = 0, =1 while Co, Cn are integers = 0. 


Proof. The sufficiency of the condition as far as (A”’) is concerned is 
obvious, and (B’) is easily seen to follow from the identity 


f(N,0,0,---,0) =N. 


As to necessity, we first show that if f satisfies (A’) then the cy are integers 
we obtain from (19) 


(20) f= Co + -f- in -}- 


If c, is an integer for all k < v, it follows by setting = 1 tat cy is an integer 
in view of (A’). But co—f(0,0,- --,0) is an integer. Hence by induction 
each c is an integer. However if cy were negative, we could choose z in (20) 
so large that f would be negative contrary to (A’). Hence the c’s are non- 


negative integers. 
To show that co = 0 and c, 1 we introduce (B’) and note first that not 
all the c’s are zero since f = constant fails to satisfy (B’). For this reason 


f ° In) > f(9, 9, -,0) =o =0, 


provided the z’s are non-negative integers not all zero. By (B’) f must repre- 
sent zero. Hence co 0. Similarly the next largest value of f is 


+. = Cy + = Cj. 
Hence c, — 1 and the theorem follows. Another statement of it is 


THEOREM 8. All symmetric multilinear forms yp satisfying Postulates A 
and B are 
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++ + + —1) 


where the c’s are not-negative integers. 
Writing y in the form 


and identifying the coefficients with those obtained after expanding the right 
side of (21), we obtain the relation 


(22) ay = 
A=0 A 
or what is the same 
23 Avs 


It follows from (23) by a simple induction that the a’s are integers. 

Thus far we have not made full use of Postulate C. To do this we require 
that y be of the form (6), (7) or (8). 

In the first of these three cases a, = R*a,, (k =1,2,---,n). Putting 
these values in (23) we have for v= 1 


n—l1 

Recalling that = (a, —1)/do, we have 


Since the a’s are integers it follows that a, is the (n—1)-st power of an 
integer, say a, =a". Substituting this in (24) and taking (n —1)-st roots 
we find for every n 


(25) R=(1—a)/a, w= (1—a)”"a”. 
In case n — 1 is even we obtain another solution of (24) 


(7%) R=—(1+a)/a, 
dw = (1+ 


Substituting these values of a in (23) we have for v i 


Cy = (1 


i 
& 
| 
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according as (26) or (25) is taken. Since cy = 0 we find in these respective 
cases 


The polynomials found thus far are therefore 


(27) (21, * *, = (a" —a)/(1—a) + + 


with a an integer = 1, and 


(28) (41, In) (a* — a)/(1 + a) + a" (1 a)a"* 


where n is odd and a is an integer = 1. 

Returning now to polynomials of type (7) and (8) we find that those 
which satisfy Postulates A and B are of the type (27) or (28). 

In fact if y is of type (7) we may substitute a, = a.** (k = 1,2,---+,n) 
in (23) and with vy = 1 obtain 


If n is even (29) has the single solution a, = 0, which leads to the polynomial 


which fails to satisfy Postulate B with N—1. If n is odd (29) has the 
additional solution a,——2. This leads to the same polynomial as the 
special case of (27) in which a=—1. 

If y is of the type (8) namely 


(21, ° Dn) = * * Ln, 


it is clear that Postulate B will be satisfied if and only if a, —1. But this 
is (27) with a0. Finally we observe that (28) is a duplication of (27) 
since every form obtained from (28) with a= 1 is identical with the form 
obtained from (27) with —a. 

Hence we may sum up the investigation by the following 


THEOREM 9. All polynomials which satisfy Postulates A, B and C are 
given by (27), where a is an integer <1. 


ow «Si. 
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For n = 2, (27) becomes * 
(21, %2) =— a+ a(z, + 2) + (1—a) 


By (16) and (17) this polynomial if iterated n—-2 times produces (27). 
Hence 


THEOREM 10. There exist no polynomials satisfying Postulates A, B and 
C which are not iterates of a polynomial in two variables, satisfying these 


postulates. 


The effect of Theorem 10 on the theory of n-ary composition of numerical 
functions may be described in a few lines. 

Let fv(NV) (v=1,2,: --,m) be m arbitrary numerical functions defined 
for all positive integers N. The composite (or symbolic product) of these 
functions with respect to a function is a function 
which may be defined for example by 


F(N) = (41) * fn(@n) 


where the sum extends over all solutions (21, of (21, In) = N 
and where the multiplication indicated under the sign of summation may be 
ordinary multiplication for example. If y satisfies’ Postulates A, B and (, 
then F(N) will be a numerical function with the maximum degree of sym- 
metry. As a result of Theorem 10 any composition of numerical functions n 
at a time with respect to a polynomial can be achieved by repeated applications 
of the ordinary binary composition. 


LEHIGH UNIVERSITY, 
BETHLEHEM, PA. 


“This polynomial is identical with that of Pall, loc. cit., with a—1 =a. 
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MINIMUM PARTITIONS INTO SPECIFIED PARTS. 


By Hansray GUPTA. 


1. Dickson’ has studied “Minimum Decompositions ” of numbers into 
“N-th powers.” In this paper, I consider the problem of partitions of a 
positive integral number n into parts 1,a,b; where a,b are positive integers 
such that 
(1) 1<¢a< d. 


The problem is here attacked directly and in an elementary way. 

2. If 
(2) n=2-+ ay bz, 
where xz, y, z are positive integers = 0; then (x-+y-+-2) shall be called in 
general the weight of n. The least value of (2 + y+ z) shall be termed after 
Dickson the “ Minimum weight ” of n, and written Min. (n). 

If 


(3) n=X+aY+06Z, where <a, 0S=X¥+aY <b; 


then (X + Y + Z) shall be termed the “ Absolute weight ” of n, and written 
Ab. (n). Evidently 
(4) n = Ab. (n) = Min. (n). 
3. Let 
(5) b=ga+r, 


If = 0, then Min. (n) = Ab. (n). If 


(6) r>0, let X¥+jr—=ta+m, 0OSm<a, 0OSjSZ; 
then 
(1) n—m+a(¥ +jq+i) +0(2—j). 


Now for some value of j, (7) must represent the partition with minimum 
weight. Subtracting the weight of (7) from the absolute weight, we get 


(8. 1) A=X— (m+1)—j(q—1), 
or 
(8. 2) A(i,j) =t(a—1) —j(q+r—}). 


1 American Journal of Mathematics, vol. 55 (1933). 
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If Min. (n) ~ Ab. (nm), we must have 


Hence 
(10) Min. (n) = Ab. (n), if g-+r—a; in particular if b =a.’ 


Moreover as j takes the values 1,2,3,--- in (6), m decreases only 
when 7 increases. Hence to find the maximum value of A, we need give the 
values 1, 2,3,- - only. 

For any value of 1, 7 will be the least if 0 =m <r. Hence 


(11) j- 


with the condition stated in (6). 


We can now express A(i,7) as a function of i alone. Thus 


+r—1 
r 


(12) Ai) i(a—1) —[ | @+r—. 


4, A(t). In (12) if 7 is increased by ¢, then we have either 
(13.1) =a(i+ 4) —a(i) —4(a—1) — [4] @+r—1); 


or 


(13. 2) 8.(t) =A(i +t) —A(i) t(a—1) — [ 


The latter is always negative. 


la+r 


| 


If s > 0 be a value of ¢, for which 3,(¢) is negative, then 
(14) A(i+s) < A(t). 


This result is independent of X. 


Hence to find the maximum value of A(i), 7 need not be given values > s 
in (12). 


5. Search for s. Change a/r and (a—1)/(q +1r—1) into simple con- 
tinued fractions, and find an odd convergent c21,, of the former = an even 
convergent C2 of the latter. If d, denote the denominator of the h-th con- 
vergent of a/r, then a value of s will be found among the members of the A. P. 
whose first term is (ds: + dei-1) and common difference is d21. 


+ 
é 

j 
| 

4 

¥ 

a 

|_| 

| 
| 

| 

45.9 


ly 
1e 


MINIMUM PARTITIONS INTO SPECIFIED PARTS. 575 
An example will make the method clear. Let 


a = 27? 4194304, b= 3; 
then 
qg= 7481, and r— 3471385. 


Changing a/r and (a—1)/(q+r—1) into s.c. fractions, we get the 
convergents 


(c) 15 6 29 586 
1’ 4° 5’ 24° 485” 
and 
i 6 6 4 

(C) 1? 4’ 5’ 34? 

586 41 
We find 35 7 34° 
We now search for s among the numbers 29, 53, 77, 101,---; and find 


§,(29) <0. Hence s = 29. We notice that 8,(¢) < 0 for any value of ¢ < 29. 


6. The following table gives s, when 


The values of g and r, for these values of w are given in Dickson’s paper 
cited above. 


u ] 2 3 4 5 6 7 8 10 

1 1 1 ] 2 1 1 2 1 2 

u| il 12 13 14 15 16 1% 18 19 20 

8 1 3 5) 14 9 16 5) 17 21 7 

u| 21 22 23 24 20 26 2% 28 29 30 

s | 31 29 23 7 12 64 4 70 4 6 
u| 31 32 33 34 35 36 
53 53 245 73 20 9 


%. The numbers X from 0 to (a—1) can be divided into a number of 
groups; all numbers for which A has the same maximum value being placed 
in one group. Thus X will be said to belong to the group (c,e), if for the 


a=2", b=3"; u 36. 


: 
| 
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given X, A(i,7) is maximum when i—c, and je. The inferior limits 
of these groups are easily obtained. Thus the inferior limit of (c, e) is 


(15) ac— re. 
Since ac — re < a, therefore e > a(c—1)/r. Moreover 


e< (a—1)c/(q+r—1). 


Hence 


a(c—1) (a—l1)c 
(16) |] <ex 


As an example, consider a = 27? = 8192; b = 3'* = 1594323; then q = 194, 
r=5075; ands=—5. The limits for the various groups are tabulated below. 


Inferior Limit Maximum A 
Group (c, e) ac— re Superior Limit (a—1)c—(q+r—l)e 
(0, 0) 0 1158 0 
(1,1) 3117 4275 2923 
(2, 2) 6234 7392 5846 
(2, 3) 1159 2317 578 
(3, 4) 4276 5434 3501 
(4, 5) 7393 8191 6424 
(4, 6) 2318 3116 1156 
(5, 7) 5435 6233 4079 


The superior limits are ascertained after the inferior limits have been 
calculated. 


GOVERNMENT COLLEGE, 
HOSHIARPUR, INDIA. 
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DIVISIBILITY SEQUENCES OF THIRD ORDER, 


By HALL. 


1. Introduction. By a divisibility sequence of k-th order will be meant 


a sequence of rational integers Uo, U1, * satisfying the linear 
recurrence 
(1) == A1Unsk-1 + 


where the a’s are rational integers, and such that un|Umn (read Un divides umn) 
for any m and n not zero. 

It will be shown (a) that there are two types of divisibility sequences 
which may be distinguished according as uw ~0 or u—0. If uw ~0, the 
totality of primes dividing terms of the sequence is finite and the sequence is 
said to be degenerate. If uw) = 0, all but a finite number of primes will appear 
as divisors of the terms, and we call the sequence regular. Furthermore this 
paper shows (b) that the factorization properties of divisibility sequences are 
similar to the factorization properties of the Lucas’ sequences, and (c) that 
there is no regular divisibility sequence of third order whose associated cubic 
is irreducible. Here az and a are assumed to be co-prime. 

Divisibility sequences are of particular interest because of their remarkable 
factorization properties. Lucas was the first to discover the striking relations 
in second order sequences and give a coherent theory, though some of his 
results were implied by earlier work on the theory of quadratic forms. Among 
other results, he developed the tests for primality applicable to the Mersenne 
numbers. Other special types of divisibility sequences have been investigated 
by Lehmer,? Pierce,” and Poulet.‘ 


2. Properties of General Linear Recurrences. There will be occasion to 
use the following properties of recurring sequences, whether divisibility 
sequences or not. Let the sequence (wn) be determined by the recurrence 


1 E. Lucas, “ Théorie des Fonctions Numériques Simplement Périodiques,” American 
Journal of Mathematics, vol. 1 (1875), pp. 184-240, 289-321. 

?D. H. Lehmer, “ An extended theory of Lucas’ functions,” Annals of Mathematics 
(2), vol. 31 (1930), pp. 419-448. 


n 
*T. A. Pierce, “The numerical factors of the arithmetic forms [J (1 +4,™),” 
i=1 
Annals of Mathematics (2), vol. 18 (1916-17), pp. 53-64. 
* Poulet, L’Intermédiare des Mathématiciens, vol. 27, pp. 86-87; (2), vol. 1, p. 47; 
vol. 3, p. 61. 
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(1) and by an initial set of values wo, UW, U2,° * ‘U1. With the recurrence 
(1) is associated its characteristic polynomial, 


If the roots of f(z) are distinct, then 


(2) Un == C101" + 
where ¢,, C2,* * * Cx are constants which may be determined from the initial 
values Uo, * 

The sequence (un) is periodic ® for an arbitrary modulus m. That is to 
say there exists a period 7 of (wn) modulo m, depending on m and ay, d2,° * * a 
such that 
(3) +7 = Un (mod m) 
for all n = no[m, ax]. In particular no =0 if =1. The 


period 7 is taken to be the least number satisfying such a relation. All other 
numbers with this property are multiples of the period. If p be a prime not 
dividing the discriminant of f(z), and if f(x) =f, (x)fo(x) (mod p) 
be the decomposition of f(x) into irreducible factors modulo p, whose degrees 
are k,,k2,- - -k, respectively, then +r divides the least common multiple of 
Moreover (u,) has a restricted period (mod m). 
» is defined to be the least integer for which there is a 6 such that 


(4) Unsp = bu, (mod m) 
for all n=m. If e is the exponent to which 6 belongs (mod m), then 


pe —1 


pe==7. If f(x) is irreducible modulo p, p a prime, then p | 


3. Properties of General Divisibility Sequences. References have been 
given above to investigations of certain types of divisibility sequences. This 
paper, however, is the first to treat them in general. It is the first attempt 
to find what the general characteristics of a divisibility sequence are, and what 
types exist. In this section the fundamental difference between regular and 
degenerate divisibility sequences is given by Theorem II. Theorem III is the 
key to the factorization properties of all divisibility sequences. In § 4 these 
theorems are applied to third order divisibility sequences. 


5H. T. Engstrom, “On sequences defined by linear recurrence relations,” T'rans- 
actions of the American Mathematical Society, vol. 33 (1931), pp. 210-218. 

*R. Carmichael, “On sequences of integers defined by recurrence relations,” 
Quarterly Journal of Mathematics, vol. 48 (1920), pp. 343-372. See page 354 for 
reference to the restricted period. In particular (b,m) —1 if (a,,m) =1. 
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THEOREM I. If (un) is a divisibility sequence and some uy, has a factor 
m relatively prime to ay, then Up =0 (mod m). 


As (un) is a divisibility sequence ur|u;r, and hence u;r==0 (mod m). 
Since m) = 1, relation (3) holds with n =0. This yields == uy (mod m) 
and hence wu) == 0 (mod m) as was to be proved. 

It is on the basis of this theorem that divisibility sequences have been 
separated into two categories, viz., degenerate if uw) ~0, regular if uw — 0. 

If wn be any term of a degenerate divisibility sequence (wn), it may be 
written as the product of two factors, u,— AnBn, where An|uo, and Bn is 
divisible only by primes dividing a. The totality of primes dividing the 
terms of (wn) will be finite. Degenerate divisibility sequences will be excluded 
from consideration in this paper, but will be treated further elsewhere. 

If (wn) is a regular divisibility sequence satisfying (1) and p is any 
prime not dividing a, Usr == Up =0 (mod p) where + is the period of (un) 
modulo p. Hence every prime not dividing a, will divide the terms of a sub- 
sequence of (wn) if (wn) is a regular divisibility sequence. Furthermore, we 
may take uw; —1 without loss of generality since (Un) = (vn/v1) is a divisi- 
bility sequence satisfying (1) if (vn) is a divisibility sequence satisfying (1). 
(un) will, of course, be a sequence of integers as v,|vn for all n, including 
n= 0, as Vo = 0. 

It is convenient to state these results as a theorem. 


THEOREM II. The totality of primes dividing the terms of a degenerate 
Sequence (Un) 1s contained im the set of primes dividing uy and ay. The 
totality of primes dividing the terms of a regular sequence (un) includes 
every prime not dividing ax. 


Consider the factorization of w,, a particular term of a regular divisibility 
sequence. By the divisibility property, any prime dividing u, where r|n is a 
divisor of wu». The remaining primes belong essentially to the term un itself. 


Definition. A prime p is said to be a primitive divisor of um if p|un, 
Prur for r|n, rAn, and if pha. 

The following theorem on the factorization of terms of a divisibility 
sequence is fundamental. 


THEOREM III. If pis a primitive divisor of Un, and if p is the restricted 
period of (un) modulo p, then n\|p. 


Proof. Let (n,u) =r. Then there exist positive integers 2 and y such 
that na — py =r. 
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Since u» = 0 (mod p), we have une = 0 (mod p) (divisibility) 
Unz = b”ine-py (mod p) (restricted period) or Ung = bYu, = 0 (mod p), whence 
ur =0 (mod p) as b40 (mod p) if (a,p) =1. But as p is a primitive 
divisor of Un, Ur =0 (mod p) for r|n implies r—n. Hence (n,p) =r—n, 
and n|y as was to be shown. 

Combining this with the information on » given in § 2, it is seen that p 
is restricted to certain arithmetic progressions tn-+7;. For example, if the 
sequence is of second order »|p—1 or p+ 1, whence p=tn +1. 


4, Divisibility Sequences of Third Order. The condition = 0 makes 
it easy to find the regular divisibility sequences of first and second order. 
There is no regular sequence of first order unless the trivial sequence of 
zeros be considered a divisibility sequence. For second order we have 
Un = t(4," — a") /(a%,— G2) or tna” according as the roots of the associated 
polynomial are distinct or equal. The first of these is the well known Lucas 
sequence. 

The consideration of third order sequences is by no means so simple. 
We may construct formally u, = — = which 
satisfies a third order sequence whose characteristic polynomial has roots «,?, «,’, 
and This will be a sequence of integers if Un = — a”) / (a, — 
is of either the Lucas or Lehmer type. Such asequence is essentially of quadratic 
type and there is nothing to be gained by considering it as a third order 
sequence. It is probable that there are no regular third order sequences of any 
other type.’ 

It is easily seen that we cannot obtain a divisibility sequence of third 
order satisfying an arbitrary recurrence merely by an appropriate choice of 
initial values. Consider = Unsi + Un. From §3 we must take up = 0, 
and may take vu; —1. The condition u2|u, implies w= + 1, but in neither 


case does U,| Us. 
If a sequence is of type vn? as given above, its characteristic cubic f(z) 


has a rational root a—=«,a,. Hence if there is a third order divisibility 
sequence whose f(x) is irreducible, it is certainly not of type vn”. This possi- 
bility is considered in the following theorem. 


THEOREM IV. There is no regular dwisibility sequence (un), whose 


7 Since completing this paper I have learned from Dr. Morgan Ward that he has 
been able to show that this is the only type if f(#), the characteristic polynomial, has 
a linear and an irreducible quadratic factor. As this paper covers the case f(z) 
irreducible, the only doubtful possibility is that f(x) is the product of three linear 
factors. 


a 
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characteristic polynomial is an irreducible cubic whose last two coefficients are 


relatiwwely prime. 


As the proof of this theorem is quite long, it will be subdivided into 
Lemmas. Lemma 4 gives the first of the equations which lead to the contra- 
diction of the assumption that there is a divisibility sequence satisfying the 
requirements of the theorem. 

Assume that there is a regular divisibility sequence (wn), whose charac- 
teristic is f(x) = — a,x? — ast — as = (4 — — (U— a3) where 
= 1 and let f(x) be irreducible. (un) satisfies the recurrence 


(5) == AyUnse + + Agttn. 

As f(x) is irreducible #,, %, and a; are distinct and 

(6) Un = + + 

We note that as (w,) is a regular divisibility sequence uw) = 0 or 
(7) Ci = 0. 

Moreover we take wu, = 1, as is permissable. 


Lemma 1. Jf plas, and p|un, then n has a factorr,1<r <n, ha fined 


number. 


For if p divides any terms of (un), let wm be the first. It evidently 
suffices to show (m,n) 41. Then take # greater than m. As there are only 
a finite number of primes dividing az, there is one value for % which will do 
for all divisors of a,. In fact, it can be shown that a,* will suffice. Now if 
(m,n) =1, there are positive integers x and y such that mz¢=ny-+ 1. 
By the divisibility property Unz = 0 (mod p) and Uny=0 (mod p). From (5) 


Uma == + + 


Now pltme, P|Ume-1 = Uny, but as (d2,a;) = 1. Hence p|Ume-2- 
Similarly as 
Uma-1 == + A2Ume-3 + «2-45 


we have p|Une-s. Proceeding thus we finally obtain p|u, 1, which is a 


contradiction. Hence (m,n) 


Lemma 2. Jf p|u, and p is a divisor of the discriminant of f(x), n has 
a factor less than a finite limit ii. 


9 
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If p also divides a; then Lemma 1 proves this. If p}uz, then p is either 
a primitive divisor of wu, or of u, where r|n. In this case r|p the restricted 
period of (wn) modulo p, by reason of Theorem III, and r~1 as u,—1. 
As f(x) is irreducible, its discriminant is not zero and has only a finite number 
of divisors. The restricted periods of these primes will lie below a finite limit 
i. Hence r < 7 and so n has a factor less than 7. 


Lemma 3. If gq is a prime greater than fi, then uge =u,° (mod q), 


Ug? = (mod q). 


By Lemma 1, wz has no prime factor dividing a,;. As u, = 1, every prime 
dividing wg is a primitive divisor of ug. Hence if p|ug and yp is the restricted 
period of (w,) modulo p, then q|» by Theorem III. As p does not divide the 
discriminant of f(z) by Lemma 2, we have »|p—1, p?—1, or p®—1, and 
hence q|p®’—1. Since p*=1(modq) for every prime p dividing ug, it 
follows by multiplication that ug®=1(modq) or ug’=wu,° (mod q) as 
u,=1. Now p*=1 (mod q*) for the primitive divisors of ug, and hence 
4 fortiori p> =1(modq). Since all the divisors of ug are primitive divisors 
of either ug or U?, we have ug =1 (mod q) or ug® = u,° (mod q) as before. 


LEMMA 4. 
+ = €1 (61%, + + 
and 
C183 + = €2( 610, + + 


where = 1. 
For if q is a prime greater than 7, by Lemma 3 we have 
(8) (611% +- C3032) == (6,0, + + (mod qg). 


Now if f(z) is irreducible (mod q) then 


where @ is a prime ideal dividing g in K (a, %,%3). Hence from (8) 
(10) + + == (61%, + Coe, + (mod Q). 


Now if f(x) is irreducible there are infinitely many primes q for which f(z) 
is irreducible (mod q).8 Hence the difference of the two sides of (10) is an 


® Hasse, “ Bericht iiber Neuere Untersuchungen und Probleme aus der Theorie der 
Algebraischen Zahlkérper,” Part II, p. 127, Jahresbericht Ergiéinzungsbénde, vol. 6 (1930). 
Here K (a,, 4@,, a,) is a cyclic extension of either the rational field or a quadratic field. 
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algebraic number divisible by infinitely many prime ideals, and consequently 


must be zero. Hence 
(11) + + = €1(C1%1 + + 
where Similarly since @,°%= 43, a? =a, (mod Q) 


and reasoning on wg? we have 


(12) C143 + == C2%e +- 
where = 1. 
Combining (7), (11) and (12) we have the system of equations: 


C1 C2 -+- C3 = () 
(13) C1 — + — + €3(% — e103) = 0 
C1(%3 — €2%1) + Co( — €2%,) + C3 (G2 — = 0 


If the c’s all vanish, then the sequence (w») will consist merely of 0’s. If 
not, the determinant of the c’s 


(1 +a-+ €2) (a? + ay? — — — 


must vanish. 
If a? + a? + a3? — 
roots of f(x) are 


— 2%; then a,?—3a, and the 


a, = — a,/3 + (ay2/27 — 
(14) — a,/3 + p(a.2/27 — 
as = — 4/8 + — ay) 


where p is a primitive cube root of unity. Here for primes q = 3k + 2, 
= G3, = a, (mod q) and reasoning as before 


Ci + Cop” C3p €3( Cop Csp"). 


Trying the six possible values of ¢,, we find that two of the c’s must be equal, 
or one must vanish. In no one of these cases can the sequence (wn) be a 


sequence of rational integers. 
If we have —p,e,.—p’. Solving (13) with 


we obtain 


1 p 


Co = C3 = - 


(15) 


oy 
1 
it 

; 
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Here the vanishing of the denominators implies the vanishing of the second 
factor of the determinant, a possibility which has just been excluded. Here 
again the field is of the type K(¥/d); for from the fact that uw, is rational 
it is easily shown that (a, + pa. -+ pa;)* is rational. Hence for 


gq = 3k + 2, == a3, == a, (mod g) 
and reasoning as before 


Combining these six possibilities with (15) we have one of 


== 201 — A — = 0 


Ao == As 243 — — 


Each one of these contradicts the irreducibility of f(z). For an irreducible 
polynomial has no equal roots, and if (say) 2a%,—a,—a,;—0 then 
34, = & + a + a ——da,, and the root «, is rational. This completes the 
proof of Theorem IV. 
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THE CONSTRUCTION OF A NORMAL BASIS IN A SEPARABLE 
NORMAL EXTENSION FIELD. 


By RutH STAUFFER. 


1. Introduction. If K is a separable normal extension field over k and 
if the characteristic of & is not a divisor of the degree of K/k, then the group 
ring defined by the Galois Group, @, of K/k and the field k& is a direct sum 
of simple algebras. These different simple algebras determine corresponding 
components for every element of K. The components of the elements of a 
basis of K/k can thus be arranged in matric form such that the components 
cf one element form one column. From every column of this matrix it is 
possible to choose a non-vanishing component. The sum of these components, 
then, iz an element of K which generates a normal basis of K/k, that is, it 
together vith its conjugates forms a basis of K/k. 

E. Noether (10), and A. Speiser (12) obtained results assuming the 
existence + of a normal basis. Noether formulated the problem in terms of 
operator isomorphisms. Speiser employed the theory of group representations. 
The formulae used by Speiser are obtained in this paper in some preliminary 
work on complementary bases. These same methods are then used to deter- 
mine the discriminant of the centrum of the integral group ring. Since this 
discriminant is integral, a relation is obtained between the order of the group, 
the degree of the irreducible representations, and the class numbers. 


2. Complementary bases. Two bases a;i,a of the semi-simple algebra 
0 (3), (5), (8), (13), (14) are said to be complementary if the trace matrix 
is the unit matrix, that is, (Tr(aia;)) =H. The following two theorems are 
direct consequences of this definition and of the linear property of the trace. 


THEOREM 1. If ait are complementary bases and bj, bx are also bases 
of v0, then there exist non-singular matrices P,Q in Q the fundamental field 


of such that 


and b; and b; are complementary if and only if QP = E. 


1The existence of a normal basis for Galois fields was proved by Hensel in 1888, 
(7). Deuring (4), Hasse (6), and Brauer (1) have proved the existence of a normal 
585 
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THEOREM 2. If both aj, d, and bi, b; are complementary bases of 0, and 
r,A are any two representations of 0, then 


(2. 1) Prp(ai)Tra(ai) = X Trp (bi) Try (65), 
i i 
where Trp(ai) means the trace with respect to the representation T of aj. 


We note from Theorem 1 that every basis has a complementary basis. 
The following are outstanding examples of such bases: 1) the group elements 
(- -S;,--) and (- -Si-*/g- -) of the group ring (13) where g is the order 
of the group, 2) the matric units, (8), (13), (- ‘cin: -) and (- cxi/n- 
of a total matric ring of degree n, 3) the matric units (- -ci:-) and 
(- -c{P/fi +) of a semi-simple ring in which the coefficient field is alge- 
braically closed, and f; is the degree of the simple algebra defined by {c‘”}. 


3. Orthogonality relations. We shall denote an irreducible representa- 
tion of the semi-simple algebra o, by Tu, and the trace with respect to Ty, by 
xu» If, then, a; and &, are complementary bases of o, the equality (2.1) may 
be written as 


xv (as) xu(de) = yv(0) xn (06 

Since xv(¢™) = 0 for v Al and = for we conclude that 
(3. 1) 2 xv (44) xu (Gi) = 


our first set of orthogonality relations. 
We note that if » is a group ring and the elements of the group are Si, 
then the complementary basis is S;*/g and 


(3. 2) xu (Si) xv (Si) = py, 


if the characteristic of the fundamental field does not divide g. 

In the case of a group ring there is also an orthogonality property for the 
sums of the different irreducible representations of a fixed element of the group 
and its inverse. Consider the classes of conjugates of a group. We shall 
denote by Kg the sum of the elements of a class generated by S. The elements 
Kg are commutative with all the group elements, and, moreover, generate the 
centrum, (8), p. 692. Furthermore, if then 
and if S = 7, then S--—T-1. Therefore the number of elements in Kg is 


basis of K/k when k has a zero characteristic. In Deuring’s paper the proof has been 
extended to the general case that k have any characteristic. 
Numbers in parentheses refer to the bibliography on page 597. 
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equal to the number of elements in Ks. If, then, h; denotes the number of 


elements of the class of Sj, 
hixu (Li) = & = 
where 7’; is a representative of Kg,. Therefore 


(3. 3) > xu(Ks,)xv(Ks,7/hig) = 
or 


(xu(Ks,)) = B, 
where -p, & denote rows, 1,v denote columns. Therefore 


(xv (Ks,7/hig) ) (xu(Ks,)) = 
That is, 
(3. 4) > xu(Ks,7/hig) xu(Ks,) = dix, 


our second set of orthogonality relations. 


4. Discriminant of the centrum of the group ring with integral coeffi- 
cients. If the irreducible representation Ty is of degree fy, then 


xv (Kg,7/hig) xv(Ks,) = Ks,) 
and therefore 


foxy Ks,) = dix. 


Hence, if I is the regular representation of the group ring, 


(4. 1) Tryp == > Six. 
That is, the elements Ky,+/hig form a basis of the centrum which is “ com- 


plementary ” to the basis Ks,, “ complementary ” in the sense that the traces 
are traces with respect to the regular representation of the group. 

Let the group ring @(Q) be defined by the group @ and the field Q. 
Then to determine the discriminant, d, of the centrum, write @(Q) as the 
direct sum of two-sided simple ideals a‘. Let ¢; be the corresponding com- 
ponents of the unit element, e, of @(Q). Then e,,- - -,e, form a basis for 
the centrum, and the discriminant with respect to this basis is | T’r(eiex) | = 1. 
The trace, of course, is taken with respect to the regular representation of the 
centrum. The determinant of the traces with respect to the regular repre- 


sentation of the group ring is 


|_| 

is. 

its 

er 

‘) 

id 

}. 

A- 

Ly 

) 

| 

& 


588 RUTH STAUFFER. 
(4. 2) | Pry (esex) | = IT 
If == P , and (- Kg,7/hig- -) then 


| Try (Ks,Ks,7/hg) = | Try (eiex) | 
and 
| Tr(Ks,Ks,*/hig) | =P | Tr(eiex) | Q- 


We conclude, from (4.1) and (4.2) that 


__| | | | 1 
| Tr (€iex) | | Trp (eiex) | ;? 4 


Moreover, d is an integer, for the elements Ks, are group ring elements with 
integral coefficients. It follows that g’IIh; is divisible by If;?. 


~ 


5. Orthogonality relations of the coefficients of the representations. 
If o is a semi-simple algebra, a;, 4 complementary bases of o, bj, b; also com- 
plementary bases of o, and if T, A are any two representations of o, then it 
follows from the linear property of traces and from the definition of com- 
plementary bases that 


(5.1) Ya = Sp (4) 


Im,y arsd 
where 


(as) = (a), A(as) = (a, ), and = (B®), A(bi) = (BO, )- 


On calculating the sum (5.1) for the representation of the complementary 
bases (ci), (c{? of o, we see that 


and for \—y, 
(5. 2) Va gO Pp (1,m) (r,s) 


1/f, (l,m) —(r,8) 


We note that the orthogonality property of the coefficients of the representa- 
tions of the group elements for the group ring is a particular case of relations 
(5. 2). 


6. Calculation of the matric units by means of complementary bases. 
Another problem to which complementary bases may be applied is that of 
calculating the matric units of the group ring @(Q), where Q is an alge- 
braically closed field for which the characteristic is not a divisor of the order 


| 

] 

\ 

( 

é 

| 

| 

4 ( 

q | 


A NORMAL BASIS IN A SEPARABLE NORMAL EXTENSION FIELD. 589 


of the group. We write @(Q) =a” +--+ a, where a‘” are two-sided 
simple ideals. Let the r distinct irreducible representations of © be 


It follows from Theorem 1 that 


where g is the order of the group, and f; the degree of the representation 
defined by a‘”. Therefore, in order to determine the matric units we need 
only determine P. From the theory of representations we know 


DeMaM, 
ik tk ik 
Hence 
sill (1) (1) (D ] 
and 


In other words, if 


(6.1) MY = 4+ ‘== 
then 


This discussion can be applied to an arbitrary semi-simple algebra, if 
instead of the basis (e,s,: -) and its complementary basis, one considers any 
set of complementary bases a; and ad. In the general case the matrix is 


(6.3) MY 


i 

7. Complementary bases for commutative normal fields. Idempotents. 

If K and K are isomorphic separable normal extension fields of degree n over 
k, the direct product ring K, consisting of the set of all elements « = did; 
where d; belongs to K and 8; belongs to K, is directly decomposible [ (8), 
p. 683] into a sum of n simple ideals, e:K,? where e; are indecomposible 


components of unity. That is 


(7. 1) = and — 
4 


*¢,K is a field with unit element e; and isomorphic to K, 


4 
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where ¢ is the unit element of Kx. Let «= 3eja;, where aeK and ae K. 


Then 
(7. 2) C4 % = C4 


That is e; defines a representation of the first degree which maps @ on qj. 


Furthermore if ¢ is any indecomposible component of unity, say ¢,, then the 
set {e;} is actually the set of conjugates {eS} (4), p. 141. 
We now choose S, an element of the Galois group of K over k such that 


(7.3) eas = ea, 


That is S is the automorphism of K which takes a into the element corre- 
sponding to aS. It follows from (7.2) that eSa = eSaS, and from (7.3) that 
— In other words, eS maps on aS and e5* maps on a’. How- 
ever, a@ was an arbitrary element of K. We may conclude, therefore, that 
eS —¢5", We note that if Z,S,7,- - - are the elements of the Galois Group, 


@, of K/k and #,8,T,- - - are the elements of the Galois Group G of K/k, 


then eS, eT,- - - are distinct and hence eS,e7,- - - are also distinct. 
Therefore the correspondence defined between & and @ is a one to one 
correspondence. 


If z is a basis of K/k, hence also a basis of Kx /K and if the idempotent 
= 32,a;, — Sz,a;5, then is that representation of the complementary 
basis of z; defined by eS, (9), p. 538. This theorem is a key to the first step 
in the proofs of the existence of a normal basis, namely the proof that @(K) 
is operator isomorphic to K(K), where G, K, and K are as previously defined, 
and K(K) is the operator module consisting of the elements of the ring Ky, 
the operators being the elements of the Galois Group © of K applied as auto- 
morphisms of K. The proof is as follows. Given any basis 2,°° -,%n of 
K/k, we form the product ring K, of K with an isomorphic extension field 
K of k. Then the matrix, 


On? a,5 
where a are as defined above, transforms 2;,: - -,2n into a set of linearly 
independent conjugates e#,- - -, eS,- - - , the indecomposible components of the 


unit element of Ky. The correspondence S < eS then, defines the operator 


isomorphism 
@(K) K(K). 
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This is essentially the proof given both by Deuring and by Hasse. Deuring 
works with the idempotents without stating the explicit formulae, Hasse works 
with the set of coefficients of the idempotents. These coefficients are, in reality, 
the columns of the matrix of transformation (a;5"). 


8. Construction of a normal basis. We first construct a set of linearly 
independent elements which are isomorphic to the matric units of the group 
ring G@(Q), where Q is an algebraically closed field over k, and @ is the Galois 
group of K/k. By so choosing © every irreducible representation of © may 
be expressed by means of matrices with coefficients in Q. Let #,A,B,: 
be the elements of G, 2%, 24,- -,25- -, the conjugates of z, and I an absolute 
irreducible representation of @ defined as follows: 


(8. 1) E = (ex), A= S= (on), 

Let 

(8. 2) M(z) = 4+ AzA*+---4 = (Sone +), 
& 


where z is any element of K. If z generates a normal basis of K/k, the matrix 
M(z) corresponds to the matrix (6.1) in the isomorphism between 6(k) 


and K(k). For convenience let 


(8. 3) > = 


Thus M(z) = (&x(z)). We first show that there exists an element z of K 
such that the &.(z) are linearly independent. For this purpose we consider 
representations of & defined by the &x(z). If = (cx),° 


(8. 4) +, = (Ein (2) ) (ox), 
This equality is true for i—1,2,--,f, where f is the degree of T. Thus 
(oi) is a representation of S-t on © defined by the representation module 


({€i1(z)},° +, {€:¢(z)}), where the sets of columns {&(2)}, are 
considered as elements of the module. Similarly, 


(8. 4”) (E10 (2) Era = (Era (2), Era (2) ) 


Hence (oi) is a representation of S-* on Q defined by the representation 
module ({£i(2z)},° {€i(z)}). However, is an irreducible repre- 
sentation of S-! on © defined by T. Therefore the representation modules 
({éi1(z)},° {€ir(z)}) and ({&4(z)},-° +, must be zero or simple, 
in fact, in the latter case, {&:,(z)},- and also {&4(z)},- -, {&4(2)} 
must be linearly independent. Furthermore, 


is the adjoint representation, T'(S), see (11), p- 163. 
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Lemma 1. There exists an element z of K such that &x(z) ~0 for 
every (1,k). 


For suppose that &(z) = 0 for every z belonging to K, and for (1, k) 
fixed, then if 2, +, 2, is a basis of K/k, the discriminant of K with respect 


to this basis is 


but D, ~0 since K is separable over k. We may conclude, therefore, that 
there exists a z of the z such that éx(z) #0, (1,k%) fixed. Then 
+, &ir(z)) AO, and therefore &:(z),- are. linearly inde- 
pendent. This demands that they all be different from zero, hence that all 
the modules (;(z),- -,&ri(z)) be different from zero. Thus all &(z) 40. 


Also, 


Lemma 2. If =a” +--+ a, a two-sided simple ideals, 
then the basis of every simple right ideal of a* can be written as a linear 
combination of the bases of simple right ideals x; defined by the matric 


units Cix, 
{ti} = Cir). 


That is there exist « in Q such that 
(8. 5) = a{cu} +: + 


For every simple right ideal of a is isomorphic to r,, and, henc — there 
exists an element a in the left ideal (¢:,- -,¢f1) such that 


{t} = = (Lance) {1} 


THEOREM 3. The elements &x(z) defined by (8.3) and which satisfy 
Lemma 1, are linearly independent. 


Let G©(Q) =a” +--+ a0, and let a simple right ideal in 
a—r,-+---+ 1t;, define the irreducible representation T, (8.1). Thus a, is 
a representation module defining the representation 


*q may be any of the two sided-simple ideals q‘i), and c,, the matric units of q. 


|? 
Dew 
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(cix) of S, and (cix) of 


On the other hand, M is a representation module defining the same repre- 
sentation of S-?. Therefore a is operator homomorphic to M, i.e., a— M, and 


Cik 
(8. 6) Ci Q > 


Furthermore, M is operator isomorphic to a factor group a/r where ¢ is a 
right ideal in a and corresponds to the zero element in M. Since the ring is 
completely reducible r = 3r;*, where r;* are simple right ideals. It follows 
from Lemma 2, (8. 5), that r,* = 3a,;,{r;}, and if we apply the homomorphism 
(8.6) to this equality, we may conclude that 


0 = {Ein} 11 ari {Eir}. 


The sets {é:,},- -, {Ei}, however, define a non-zero simple module and are 
linearly independent with respect to Q. Therefore aj,;==0. Similarly it can 
be shown that the coefficients of r;* all vanish. Hence 


+: -+r,* = 0, 


and the homomorphism is an isomorphism. We may conclude, therefore, that 
€ix(z) are linearly independent with respect to Q. 
For each of the r distinct irreducible representations of & defined by the 


two-sided simple ideals a‘” of @(Q), we now define a matrix 
— (EO (21)), 


where € (z,) 0 for all i,k. It remains to determine an element w belong- 
ing to K such that é%) (w) €0 for all i,k,1. Let the centrum idempotents 
of G(2) ina™,- -,a be H®,- -, H™ respectively, and 


gTE® Sa if ag. 
& 


We construct 
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where z; have been chosen such that €/?(z:) 0. . Furthermore, if a is 
conjugate to a with respect to k, we take z; =m. This is possible since 
E(m™(z1) is conjugate to €'?(z:) and therefore is not equal to zero if 
Ei) (a1) AO. If k contains the n-th roots of unity the case that a‘ and a™ 
are conjugate (14m) does not occur. 

Does w, defined as the sum of these components, belong to K? If k con- 
tains the n-th roots of unity, z¥" and hence w belong to K. If k does not 
contain the n-th roots of unity, we consider the sums of the conjugate idem- 
potents. These sums give us elements of G(k). That is, 


(8. 8) FO Osi ek. 


Conjugates 


Furthermore, since we have the same 2; for conjugate H“, we can write w 
as the sum > 2°”. Hence w belongs to K and is defined as a rational sum. 


4 
It must now be shown that Ej} (w) £0 for every 1,k,1. To do this we 
apply the homomorphisms of (8.6). It follows from the construction of w, 
(8.7), that 


(8.9) (w) — (2 8 
& & 
The general term of the right hand side of (8.9) may be expressed 
and corresponds, in the homomorphism defined by 
(8, 10) > ED (ty), 
to =0 if Thus 


(42) —0, pAl. 


If, however, » =1, =c, Therefore, in this case, 


(21) — £0 (21). 
We conclude that 
(8. 11) (w) = EO (21) 0, 


for any i,k, 1. It follows, as shown previously, that € (w) are linearly inde- 
pendent with respect to ©. Moreover, €“ (w) are expressed linearly by means 


0 
4 0 
t] 
g 
F 
I 
C 
t 
ti 
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of the set of elements {wS}. Therefore this set {w5} forms a normal basis 


of K/k. 


9. A rational construction. In 8 w was defined as a rational sum, but 
the z; were chosen to satisfy the irrational condition cy (2;*°°) 520. This 
irrational condition, however, may be replaced by a rational condition, 
a" £0, where e‘” is as defined in equation (8.8). Since the regular 
representation T 

(fi/n)o® Tr(S/n) asp, 
isl 
and therefore 


(fi/n)EP(z) = (fi/n)oM) 25 =z. 


This relation, together with the fact (8.11) that 
ED (ze) EO (28°), 
gives us the equivalence of the two conditions 


ED (22) £0, and 2% 0. 
First suppose 
ED (2B) = £0 (20) 0. 


Hence in the isomorphism defined by 
<> EM) (29), 
— (fino) = fi/n 0. 


Therefore 


0), 
Conversely, if 2°” £0, one of the summands of 
(2°) 
4,1 


must be different from zero. We have shown, however, that if one 
£0, then (ze?) £0, fixed. Hence the two conditions are 
equivalent and the following theorem is proved. 


TuEorEM 4. Jf z; is any element of K such that its component 2°” 0, 
then w = 32,°° will generate a normal basis of K/k. 


10. The most general normal basis. The final problem of this paper is 
to determine from a given normal basis the most general normal basis. We 
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note first that if G(k) is operator isomorphic to K(k) with operator region 
@ and if Bob, where a, Be G(k) and a,be K(k), then 
where a means that a is operated on by 8 from the right and ‘b means 


that b is operated on by « from the left. 


TueorEM 5. If (w%,- -, wn) is any normal basis of K/k, then the 
most general normal basis of K/k is of the form (w’,- -,w’S») where vy is 
any element of @(k) which is not a zero divisor in G@(k). 


Let Ew, then Suppose that v%:,- -, v5» is any other normal 
basis of K/k. In the isomorphism @(k) ~ K(k) let ve>v. Then we know 
from the above note that 


On the other hand, if v is any element of G(x), then 
v(S,,° (w"S, w'Sn), 
Furthermore suppose there exist c; 0 such that 


then if v is not a divisor of zero, v= 0 since 3cjS; 0. Hence if v is not a 
divisor of zero the set (w”1,- -, w”S») is a normal basis of K/k. 


Note. R. Brauer has told me of another proof of Theorem 5. It is the 
following: Let w® be a normal basis, then 


(w?)? = 


The matrix Sr = (8¢7,n), G gives the row, H the column, is the matrix 
corresponding to 7’ in the regular representation. (1*) may then be written 


(2*) wT = S7(w). 
Let 2 be a second normal basis and let 
w= A(z), 
that is, = Saguz" if A= Then 
2? A1(wl) = A"87(w) = A*S7A(z). 


The condition for A is therefore A*\S7A = Sr, | A | ~0. The most general 


di 


d 
% 
f ( 
Z 
( 
A 
| 0 
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matrix commutative with every Sr is a matrix of the second regular repre- 
sentation. If « is an element of the group ring, this representation is defined by 


aG = SdenH. 


It is a reciprocal representation (A’ is a direct representation). Then 
w=A(z) or = reads == 227, The element must not be a 
divisor of zero because otherwise | A | = 0. 


Bryn Mawr 


BIBLIOGRAPHY. 


1. R. Brauer, “Uber die Kleinsche Theorie der algebraischen Gleichungen,” 
Mathematische Annalen, vol. 110 (1934), § 2, pp. 482. 

3. M. Deuring, “Algebren,” Ergebnisse der Mathematik, vol. 4 (1935). 

4. M. Deuring, “Galoissche Theorie und Darstellungstheorie,” Mathematische 
Annalen, vol. 107 (1933), pp. 140. 

5. E. L. Dickson, Algebras and their Arithmetics, Chicago, 1923. 

6. H. Hasse, Klassenkérpertheorie, 1932-33, p. 157. 

7. K. Hensel, “Uber die Darstellung der Zahlen eines Gattungsbereiches fiir einen 
beliebigen Primdivisor,” Journal fiir die reine und angewandte Mathematik, vol. 103 
(1888), pp. 230. 

8. E. Noether, “ Hyperkomplexe Gréssen und Darstellungstheorie,” Mathematische 
Zeitschrift, vol. 30 (1929), pp. 642-692. 

9. E. Noether, “ Nichtkommutative Algebra,” Mathematische Zeitschrift, vol. 37 
(1933), p. 538. 

10. E. Noether, “ Normalbasis bei Kérpern ohne héhere Verzweigung,” Journal fiir 
die reine und angewandte Mathematik, vol. 167 (1931-32), p. 149. 

1l. A. Speiser, Gruppen theorie, J. Springer, Berlin, 1927. 

12. A. Speiser, “ Gruppendeterminante und Kérperdiskriminante,” Mathematische 
Annalen, vol. 77 (1916),1, p. 546; 2, p. 552. 

13. B. L. Van der Waerden, Moderne Algebra, J. Springer, Berlin, 1931. 

14. J. H. M. Wedderburn, “ Lectures on Matrices,” American Mathematical Society 
Colloquium Publications, New York, 1934. 


10 


on 
b, 
ns 
he 
is 
al 
a 
e 
x 


A REMARK ON THE AREA OF SURFACES. 
By Tisor Rapé. 


Introduction. Let & be a continuous surface given by equations 
ymy(u,v), z—2(u,v), OSusl, 0Sv21. 


One of the fundamental problems in the theory of the area is to find conditions 
under which the Lebesgue area L[%] of & is given by the classical formula 


L[3] (EG — F*) *dudv, 


where I’, F, G have the familiar meaning.? In the special case x =u, y =0 
Tonelli found that the absolute continuity, in the sense defined by him, of the 
function z(u,v) is a necessary and sufficient condition for the validity of the 
classical formula for the area.* In the general case, only sufficient conditions 
were established so far. The most general result in this direction was obtained 
by McShane and by Morrey.* To make our remarks more definite, we shall 
consider the work of Morrey. Morrey defines a class Z of surfaces by requiring 
the existence of representations where the codrdinate functions z(u,v), 
y(u,v), z(u,v) satisfy two conditions (i) and (ii). Condition (ii) is con- 
cerned with the approximation of the codrdinate functions by integral means. 
Condition (i) requires that the codrdinate functions be absolutely continuous 
in the sense of Tonelli. Both McShane and Morrey observe that in the special 
case =u, y =v these conditions are equivalent to the necessary and sufli- 
cient condition of Tonelli. It might be therefore of some interest to point out 
that condition (i) can be replaced by the weaker condition that the codrdinate 


1 Presented to the American Mathematical Society at the meeting in Chicago, 
April, 1936. 

? For general information and for references to the literature concerning continuous 
surfaces and the Lebesgue area the reader may consult the paper of C. B. Morrey, 
“A class of representations of manifolds, part I,” American Journal of Mathematics, 
vol. 55 (1933), pp. 683-707. 

$1. Tonelli, “Sulla quadratura delle superficie,” Atti della Reale Accademia dei 
Lincei, series 6, vol. 3 (1926), pp. 357-362, 445-450, 633-638, 714-719. S. Saks gave 
a very elegant presentation of the results of Tonelli in his paper “ Sur l’aire des surfaces 
2z=f(a,y),” Acta Szeged, vol. 3 (1927), pp. 170-176. 

‘E. J. McShane, “Integrals over surfaces in parametric form,” Annals of Mathe- 
matics, vol. 34 (1933), pp. 815-838. C. B. Morrey, loc. cit. *. 

* Loc. cit. *, p. 701. 
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functions be of bounded variation in the sense of Tonelli. If we denote this 
weaker condition by (i*), and if we use & to denote the class of surfaces 
defined by conditions (i*)-and (ii), then our main result states that the 
classical formula tor the Lebesgue area L[%] holds for every surface & of class 
G (provided, of course, that we use a representation satisfying conditions (i*) 
and (ii)). In the special case xu, y=v conditions (i*) and (ii) are 
still equivalent to the necessary and sufficient condition of Tonelli. Our 
argument will be based upon certain simple facts concerning the topological 
index which were established in a previous paper of the author ® and which 
we are going to state presently. 

Let Cz be a sequence of closed continuous curves, in the (2, y)-plane, 
which converge in the sense of Fréchet to a closed continuous curve C. This 
means that these curves admit of simultaneous representations 


C: e=—a(t), y=y(t), OStS1, c(0)—2(1), =y(1), 
Cy: = I(t), y= y(t), OStS1, ye(0) = yx(1), 


where the functions y(t), ae(t), yx(¢t) are continuous in 0S ¢=1 and 
a(t) > a(t), yx(t) y(t) uniformly in OStSl. Let y) 
be the index-functions relative to C, Cy respectively (see 2.3). Let us use 
T[A] to denote the total variation of a function A(¢) defined in OS¢t=1, 
where T'[A] = © if A(t) is not of bounded variation. It is well known that 
if at least one of the functions x(t), y(t) is of bounded variation, then the 
index-function n(z,y) is summable.? Using these notations, we have the 


following lemmas. 


Lemma 1. If C, > C in the sense of Fréchet, and if T[ax] < 
(or T[yx] ~T[y] < «), then 


SS — | dry 0. 


LemMA 2. If 1) O;—>C in the sense of Fréchet, 2) the functions 
w(t), y(t), v(t), y(t) are of bounded variation, 3) T[ ax] T[yx] < M, 
where M is some finite constant independent of k, then 


Sf y)dady n(a, y) dxdy. 


°“ A lemma on the topological index,” submitted for publication to the editors of 
the Fundamenta Mathematicae. An abstract appeared in the Bulletin of the American 
Mathematical Society, vol. 42 (1936), p. 187. 

7J. Schauder, “Uber stetige Abbildungen,” Fundamenta Mathematicae, vol. 12 
(1928), pp. 47-74, in particular pp. 64-66. 
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600 TIBOR RADO. 
Lemma 2 is a consequence of lemma 1, but can be proved independently also, 
The reader will note that the conclusion is much weaker in lemma 2 than in 
lemma 1. In the situation which we shall consider, the assumptions of the 
strong lemma 1 will be amply satisfied, while we shall actually need only the 
conclusion of the weak lemma 2. In a general way, despite the generality of 
our main theorem it will be quite apparent that the definition of the class & 
implies considerably more than what is actually needed in the proof. With 
regard to possible use in investigations suggested by this remark, we develop 
certain inferences from our assumptions beyond the absolute minimum needed 
for our present purposes. We also took the liberty of stating condition (ii) 
of Morrey in an obviously equivalent but somewhat more convenient form, by 
splitting it into conditions II and III of section 2. 1. 


INDEX OF NOTATIONS AND DEFINITIONS. 


1. On the approximation by integral means. 


1.1. Let z(u,v) be a continuous function in the closed square 
So: OSuS1,0SvZ1. For0 <h <i, the closed square h 
h=v=1—h will be denoted by Sn. In Sh, we define 


(u,v) (1/4h2) 4+ a,v dadp. 


As it is well known, + (u,v) is continuous in 9 together with its partial 
derivatives of the first order.® 


® For a systematic presentation of the properties of this approximation see H. E. 
Bray, “ Proof of a formula for an area,” Bulletin of the American Mathematical Society, 


vol. 29 (1923), pp. 264-270. 
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1.2 Let Ri:aSsusdbjcSvSdbea rectangle completely interior to 
So. For small values of h, R will be completely interior to S, also and clearly 
(u,v) > for h—>0 uniformly in R. 


1.3. Suppose that z(u,v), considered as a function of v alone, is of 
bounded variation on the interval u—const., v7; S vv». The total varia- 
tion on this interval will be denoted by »7'y,"[u;x]. If z(u,v) is not of 
bounded variation on this interval, we put »7'y,"[u; 2] =o. The symbo!s 
2], are defined in a similar fashion. 


1.4. Let R: aSuSb, cSvZd be a rectangle completely interior 
to S,. We define 


if all the terms on the right-hand side are finite. Otherwise we put 
T[R;xz] =o. For small values of h, R will be completely interior to Sh 
also, and we define then the symbol T[R; 2] in a similar way. 


1.5. The continuous function z(u,v) is of bounded variation in the 
sense of Tonelli if »7'o'[u;a], uZ’o'[v; 2] are summable in the intervals 
0SuS1, 0=v=1 respectively. To describe this situation, we shall say 
that z(u,v) is B. V. T. in So. 

1.6. Let the continuous function 7(u,v) be B. V. T. in So. The func- 
tion »7')'[w;z] being then summable, the function ,7'y,"[u; 2], where 
0=v, < v2.1, is a fortiort summable in the interval 0S u=1 for fixed 
01, V2. By a well-known theorem of the Lebesgue theory, we have therefore 
in the interval 0 u1 a set uE[v1,v2;x2] of measure zero, such that 


ol'y,[u; x] is finite and 


*h 
-h h-0 


for wu not in yH[v1,02;2]. Similarly, we have in the interval OS v3! 
a set U2; x] of measure zero such that ul'y,“[v; is finite and 


h 
(12h) + 2] 
-h 


for v not in ,L[w, U2; x]. 


1.7%. We denote by the sum of all the sets v2; 2] which 
correspond to all pairs of rational numbers 1,, v2 such that 0S 7, < v2.1. 
The set is defined in a similar way. The sets [x] are both 


0. 
in 
of 
h 
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sums of a denumerable infinity of sets of measure zero, and are therefore of 
measure zero. 


1.8. A rectangle R: aSuSb, cSvZ=d will be called admissible 
with respect to «(u, v) if a,b are not in ,H#[2], c,d are not in ,Z[z], and if R 
is completely interior to Sp. 


1.9. Lemma. If the continuous function z(u,v) is B. V.T. in So, then 


2] T[R; 2] 
h-0 


for every admissible rectangle R.° 


To prove this, it is sufficient to discuss any one of the four terms which 
make up T[#;z]. Let us show, for instance, that 


(1) |] > aT 

h-0 
Since the interval vc, a ub is completely interior to So, we have 
« — x uniformly on this interval. Hence obviously 


Let now wu’, u” be any two rational numbers such that 
(3) 0 < < 1, 
Let us take any system of numbers 
We have then, for h << u”’—b,h << a—v, 


Me 


| (up, (up-1, | 


1 


h hn 
(1/407) S| + 8) + a6 + 8) | 
+a 


°The idea of the proof was suggested by a similar argument used by S. Saks, 
loc. cit. *. Morrey, loc. cit. *, p. 703, shows (in our notations) that 
lim T[R; 2] < 0 
h-0 


by a reasoning which makes use of absolute continuity of the functions involved. 
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Consequently 


h 
(4) S (1/2h) f + B; 2] dB. 

-h 
Since u’, u” are rational and c is not in ,#[2x], we infer from (4) that 


(5) lim 2]. 


h-0 
But x(u,v) is continuous and consequently, for fixed c, yZu""[c; 2] is a con- 


tinuous function of wu’,w”. Hence (5) yields, for vw’ >a, vw’ > b, the relation 


(6) lim 2] 2]. 


h-0 
(2) and (6) imply (1), and the proof is complete. 
2. On transformations of class &. 


2.1. If wx(u,v), y(u,v) are continuous in So, then the equations 
a=2(u,v), y=y(u,v) define a continuous transformation. We shall say 
that this transformation is of class & if the following conditions are satisfied.’° 


I. x(u,v), y(u,v) are B. V. T. in Sp. 
II. The Jacobian 
O(x,y) Ox dy dy 


O(u,v) du dv dv du 
is summable in So. 
III. For every rectangle R: aS ¢Sv <= d, which is completely 


interior to So, we have 


\ (h) 
ff | dudv — 0. 
“R 


0(u, v) v) h->0 


In the last relation, y is defined in the same way in terms of y as 7 was 
defined in terms of z. 

2.2. A rectangle R: aSuSb, cSvd will be called admissible 
with respect to the transformation if it is admissible with respect to both 
e(u,v) and y(u,v), in the sense of 1. 8. 


10 Conditions II and III are obviously equivalent to condition (ii) of Morrey, while 
condition I replaces the more restrictive condition (i) of Morrey which requires absolute 


continuity in the sense of Tonelli. See Morrey, loc. cit. *, p. 701. 
11Qn account of condition I, the partial derivatives of the first order exist almost 


everywhere in S,. 


of 
R 
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2.3. Under the continuous transformation = z(u,v), y=y(u,v) the 
boundary B of a rectangle R (comprised in So) is carried into a closed con- 
tinuous curve C' in the (z,y)-plane. If (x,y) is a point not on C, we define 
nr(z,y) as the topological index ** of (x,y) with respect to C, this curve 
being described in the sense which corresponds tc the counter-clockwise sense 
around Ff. If (z,y) is on C, we put ne(z,y) = 


2.4. If the rectangle R is completely interior to So, then «™, y™ will 
be both defined on F# for small values of h. The symbol anr(z,y) is then 
defined in the same way in terms of 2 (u,v), y™(u,v) as mr(x,y) was 
defined in terms of r(u,v), y(u, v). 


2.5. Lemma. If the continuous transformation = z(u,v), y = v) 
is of class R in So, then 


(7) | y) | > 0 


and 
R ? 
for every admissible rectangle R.** 


Proof. We have y™ — y uniformly on the boundary of R, and 
since # is admissible, we have, by 1. 9, 


(10) > T[R3 


The relation (7) is thus a direct consequence of lemma 1 (see the introduc- 
tion). Since z™,y™ have continuous derivatives of the first order, we have “ 


(11) ff y) dady. 


12 See, for instance, Kerékjart6é, Vorlesungen iiber Topologie, vol. 1, section 2, § 2. 

18 Formula (8) is a generalization of Lemma 4 of Morrey, loc. cit. *, p. 702. For 
the case when #(u,v), y(u,v) satisfy the Lipschitz condition, formula (8) was estab- 
lished by Schauder, loc. cit.’. Formula (7) is independent of conditions II and III in 
2.1 and expresses a property of the approximation by integral means which apparently 
was not yet noticed. 

14 See Schauder, loc. cit. 7. 
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Condition III in 2.1 implies that 


y™) A(z, y) 
R 


while (7) implies that 


(13) lim y)dedy y) dxdy. 


Clearly, (11), (12) and (13) imply (8). 


3. Conclusion. 


3.1. We shall say that a continuous surface & is of class ® if it admits 
of a representation 


>: 2(U,v), y¥=y(u,v), Z2=2(U,v), (u, v) in So, 
such that each of the three transformations 


y=y(u,v), =2(u,v), 
2=2(Uu,v), 


2(uU,v), y = y(u, v) 


is of class & in So, in the sense of 2.1. Every representation with this 
property will be called a typical representation of %. 


3.2. If in the definition of transformations of class & we replace con- 
dition I (see 2.1) by the more restrictive condition that the defining functions 
be absolutely continuous in the sense of Tonelli, and if we modify the defini- 
tion of surfaces of class ® accordingly, then we obtain the surfaces of class L 
studied by McShane and Morrey.** To make the following remarks more 
concise, we shall consider the work of Morrey. The assumption of absolute 
continuity is used by Morrey only to establish formula (8) (see 2.5). We 
derived that formula under the assumption of bounded variation in the sense 
of Tonelli. This being so, it is clear that we can proceed in exactly the same 
way in the case of surfaces of class # as Morrey did in the case of surfaces of 
class L.1° As a result, we obtain the following 


16 The remarks of McShane, loc. cit. ¢ and of Morrey, loc. cit. *, concerning the 


generality of the class L apply a fortiori to the class . 
1° We are referring to the proof of Theorem I of Morrey, loc. cit. 2, pp. 703-704. 
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THEOREM. If & is a surface of class R given in typical representation, 
then 


(14) (EG — F*)*dudv, 


So 


where L[%]| is the Lebesgue area of & and 
ay? + yu? + P= + +  G = + Yo? + 2’. 


3.3. We conclude with a few remarks to the effect that even the weaker 
assumption of bounded variation (in the sense of Tonelli) implies considerably 
more than what we actually need to derive (14). Inspection of the proof 
shows that we needed bounded variation only to establish formula (8) in 2. 5. 
To establish that formula it would be sufficient to know that 


(15) Sf y)dady—> ff nr(@, y) daxdy, 


while bounded variation implies (see 2.5) the much stronger relation 


(16) | y) —anr(a, y) | dady — 0. 

In order to establish (15) it would be sufficient to know that 

(17) lim T[R;2™] < limT[Rsy] < 

as it follows from lemma 2 (see the introduction), while bounded variation 
yields (see 1.9) the more precise information 

(18) im 2], lim T[R3y”] 


Tt follows further from lemma 1 (see the introduction) that only one of the 
two relations (18) is needed to establish formula (8) in 2.5. These remarks 
suggest the possibility ot further generalizations. 
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ON THE POINCARE GROUP OF RATIONAL PLANE CURVES. 


By Oscar ZARISKI. 


Introduction. In a paper dealing with the Poincaré group of an algebraic 
hypersurface V»_, in a projective complex space S, (Zariski®), the following 
theorem is proved: the Poincaré group of the residual space Sy — Vn-1 coin- 
cides with the Poincaré group of the residual space of a generic plane section 
of Vn. In this paper we apply this theorem toward the determination of the 
Poincaré group of any rational plane curve with nodes and cusps only, and, 
more generally, of any plane curve which admits such a rational curve as a 
limiting case. It would seem that the sense of the quoted theorem in applica- 
tions would be to reduce the apparently more difficult problem of the Poincaré 
group of an hypersurface to that of the Poincaré group of a plane algebraic 
curve. However, in this paper we apply the theorem in the opposite sense, 
using a convenient hypersurface in order to solve the problem in the plane. 
The advantage of transforming the plane problem into a problem in a space 
of higher dimension seems due to the fact (at least it is so in the present case) 
that if a curve C’ is a generic plane section of Vn_1, then, everything else being 
equal, the hypersurface V,_, supplies a more intrinsic picture of the Poincaré 
group of C than C itself. The essential features of the Poincaré group of C 
should be revealed best on the hypersurface V»_, lying in a space of the highest 
possible dimension. 

In the present paper the starting point is supplied by the class of rational 
maximal cuspidal curves of even order 2n — 2. These curves are generic plane 
sections of what may be referred to as the discriminant hypersurface 
D: D(a,°*+,4n) =0, where D is the discriminant of the polynomial 
a2" and where do,4,,° *,@n are interpreted as homogeneous 
coordinates in an Sn. The corresponding class of Poincaré groups Gn prac- 
tically coincides with the “Zopfgruppe” of Artin (Artin,’ see also Reide- 
meister,t p. 42). Gn» is also the group of automorphism classes of a sphere 
with n holes (Magnus*). We give a proof of the completeness of the 
generating relations of G, which is simpler than the previous proofs. 

The ‘case of an arbitrary rational curve with nodes and cusps is treated 
by applying the notion of virtually non-existent nodes or cusps (Severi,° 
Anhang F, B. Segre,® Zariski,” p. 168), and by studying the effect on the 
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Poincaré group of a plane curve of the removal of a cusp or of a node. This 
can be done, since the type of generating relations at a cusp or at a node is 
known (Zariski*). The result is largely negative: every rational curve with 
nodes and cusps, other than the maximal cuspidal curve of even order 2n — 2, 
has, with one exception (see Section 6), a cyclic Poincaré group. The same is 
true of any plane algebraic curve which admits a rational curve with nodes and 
cusps as a limiting case. 


1. Preliminary remarks on continuous systems of rational curves. A 
rational curve with order n with k cusps shall be denoted by the symbol (n, k). 
Applying the formulae of Pliicker, it is seen that the dual of a curve (n, k) 
is a curve (n’, k’), where 


(1) n’ = 2n —2 —k, k’ = 3(n — 2) — 2k. 


Hence k = %(n—2). If m is even, the rational maximal cuspidal curves 
(n, 34(m— 2)) are dual to the curves ((n + 2)/2,0) (rational curves possess- 
ing only nodes). If m is odd, the maximal cuspidal curves (n, (8n — 1) /2) 
are dual to the curves ((n + 3)/2,1). From this it follows that the maximal 
cuspidal curves form in either case a single irreducible continuous system 
(Severi,© Anhang F). Since the characteristic series of this system is non- 
special, any number of cusps of the general curve of the system can be con- 
verted into nodes (virtual nodes), and hence curves (n,k) exist for every 
integral value of k satisfying the inequality k = 3(n — 2) /2 (see, for instance, 
B. Segre °). 

For any given k, satisfying the above inequality, the curves (n,k) form 
a single irreducible continuous system. For the proof we observe that it is 
indifferent whether the statement is proved for the curves (n, &) or for the dual 
curves (n’,k’). From (1) follows the relation (n —2) —k =k’ — (n’—2), 
and hence either n — 2 — k or n’ — 2 — F’ is a non-negative integer. We may 
assume therefore k= n—2. A curve (n,k) is the projection of a normal 
rational curve T,,” of order n, in Sy, the center of projection being an Sn-s 
meeting in & points the ruled surface / of the tangents of [,". If kSn—2, 
any k points belong to an Sn_, and hence the & intersections of Sn-3 with F can 
be taken arbitrarily on F. Our statement now follows from the irreducibility 
of the system of k-ads of points of F (F is irreducible!) and from the 
irreducibility of the system of all S,_s’s on & fixed points. 

Since a system of curves (n, k) can be obtained from the system of maximal 
cuspidal curves by regarding a certain number of cusps of the general curve 
of this system as virtual nodes, we conclude that the complete system of curves 
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(n,&) contains for any k = %(n— 2), the complete system of rational maxi- 
mal cuspidal curves. In other words, any rational cuspidal curve of order n 
possesses the maximal cuspidal curve of order n as a limit case. 


2. The Poincaré group of the maximal cuspidal curve of even order. 
Let Con-2 be a maximal cuspidal curve (2n —2,3(n—2)), of even order 
2n — 2, the dual of a rational plane curve I’, of order n, possessing nodes only. 
For the general curve I’, we have the parametric equations: 


(2) f,(t), (4 = 1, 2,3), 


where f,, f2, fs are arbitrary polynomials of degree n in ¢. The equation of 
Con-2 18 D(Ax, A2, As) = 0, where D(A, Az, Ag) is the discriminant of the poly- 
nomial F(t) =A,fi + Asfe+Asfs. If we interpret the coefficients a; of the 
general polynomial f(t) =a t” + a,i~1+----+ a, of degree n as homo- 
geneous codrdinates of a point in a complex projective space S,, we see that 
Con-2 is the intersection of the plane F = dxf; + Avfe + Asfs with the hyper- 
surface *,@n) =0, where D is the discriminant of f(t). We 
denote this hypersurface by A and we shall refer to A as the discriminant 
hypersurface. By the theorem on the Poincaré group of an algebraic hyper- 
surface, quoted in the introduction, we have that the Poincaré group of Con-2 
coincides with the Poincaré group of A (i.e. of the residual space S,—A). 
We shall denote this group by Gn, and by g an element of Gn. 

We interpret G, as the group of motions of n distinct points on the sphere 
H of the complex variable t. Each point f (—f(t)) of Sn represents an 
unordered set of n points ¢,, t2,- - -, tn of H, the roots of the polynomial f(¢). 
If f is on 8, — A, these n points are distinct, and conversely. A closed path 
in S, — A corresponds to a motion g of the points ¢; on H, in the course of 
which these n points remain always distinct from each other and which carries 
a given unordered set (t,°, +, ¢n°) into its initial position. A slight 
deformation of g over S, — A correspondsto a slight deformation of the given 
motion g, consisting both in a deformation of the paths and, so to speak, 
of the instantaneous velocities of the individual points ¢;, the variable set 
*,¢n) consisting always of n distinct points in the course of the 
deformation. If g = 1, the given motion can be deformed in the above manner 
into rest, the initial set (t,°,- - -, tn°) remaining fixed during the deformation. 

The consideration of the group Gn goes back to Hurwitz ? who has applied 
it toward the classification of Riemann surfaces with assigned branch points. 
In this paper Hurwitz determines the generators of Gn. The group Gn, 
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interpreted as the group of automorphism classes of the sphere H with n holes 
(the holes being at the points ¢,° of the initial set), has been studied by 
Magnus,’ who derived the generating relations of G, and who pointed out the 
connection between the groups G, and the “ Zopfgruppen ” of Artin.? In view 
of the importance of this class of groups, we give here a new and simpler 
treatment of the group Gn. We point out that the n —1 generating relations 
given in the quoted paper of Magnus (Magnus,’ relations (19)) are all con- 
sequences of the one relation (6) given below. 


3. The generators of Gn. We fix on H a set of n distinct points 
P;, P2,* - +, Pn as an initial set and we denote by X1, X2,- - -, Xn the points 
of a variable set. We join the points P;,P2,- - -,Pn, in the order written, 
by a simple oriented arc, and we denote 
by s; the oriented arc joining the points 
Pi, Pis:. Let gi; denote the motion in 
which the points P;, 7 ~71,1-+ 1, are 
fixed, while the points P; and Pj;,; are 
interchanged, X; moving from Pj; 
to Pi,, along the right-hand edge of Pir 
the oriented are s; and moving 
from P;,, toward P; along the opposite Fia. 1. 
edge of s; (Fig. 1). We prove that the n—1 elements are 
generators of Gn. 


Proof. The elements gi, considered as transpositions (P; P;,,), generate 
the symmetric group of permutations of the n points P;. Hence, every ele- 
ment of G, can be written as a product of g;’s multiplied by an element S,° 
representing a motion in which each point X; comes back to its original posi- 
tion P;. Let § also denote the corresponding singular 1-sphere in the residual 
space S,—A; its initial point is P= (P,, P2,--+-,Pn), while a variable 
point of S, representing a variable set of n points (X,, X2,- - -,Xn) shall be 
denoted by X. If Q is a fixed point on the sphere H, we denote by Vg the 
(n—1)-dimensional variety in S, representing the sets of n points of H 
containing Q. We first deform § in such a manner that the closed path 
described by the point X,, starting from and returning to P,, does not pass 
through the points P2, P3,---, Pn. We join then each point X =(X,, X2,---, Xn) 
of S to the point X’ = (X,, P2.,- --,Pn) by a simple arc / contained in Vy, 
but not meeting A. As X varies on S, we vary the arc / continuously, assuming 
that when X is very near its initial position P (and hence X’ is very near X), 
the arc / is very small and reduces to a point at the initial position P of X. 
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The final position of 1, as XY describes the entire 1-sphere S, is a singular 
1-sphere S’ on Vp,, in the residual space of A, while the point X’ describes a 
singular 1-sphere S,. The locus of the arc 1 is a singular 2-cell bounded by 
§(S,8’)-*. Hence we can deform § into the product S,S’, where S, represents 
a motion in which all the points P;, except P,, are fixed, and S’ is a motion 
in which the point P, is fixed. The same procedure can now be applied to S’ 
and yields a deformation of 8’ into a product S.S”, where the motion Sz leaves 
all the points P;, except P., fixed and where in S” the points P; and P, are 
fixed. Continuing in this manner we finally express § as a product 9,S82°--+ Sn, 
where S, is a motion in which all the points Pi, except Pa, are fixed. Now 


8S, is a singular 1-sphere in H — P, — P, 
and can be deformed into a product of loops issued from the point P, and 
surrounding the points P,,- + -,Pa-1,Pas:,'**,Pn. It is easily seen that 
such loops are supplied by products of the elements gi. For instance, if « = 1, 
then the products 91792791," (gn-2° 91)" g?n-1(Qn-2° Yepre- 
sent the required loops,’ q. e. d. 


4, The generating relations of Gn. We have in the first place the follow- 
ing relations between the generators gj: 


(3) = 959i, |i—j| Al. 


1 As originally defined, g,? is a motion in which the variable point X,, starting from 
P,, turns about P, in the positive (counterclockwise) sense, while at the same time the 
point X,, starting from P,, turns about P, in the same sense. However, as can be 
seen from the accompanying figure (Fig. 2), the loop described by either one of these 
points, say by X., can be pulled over the point P, and then deformed into the point P,, 
while the path of X, is unaltered. 
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These relations are trivial, because if |i—j|>41, the arcs s; and s; have 
no end-points in common and it is therefore indifferent which one of the two 
motions g; and g; takes place first. 

We now consider an oriented arc s’; joining the points P; and Pi,2, very 
near but not meeting the arc s; + s;,, outside the end points. We assume 
that s’; is on the left-hand side of the oriented arc s; + si,, and that Pi,2 is 
its initial point. Let g’; be the motion 
in which the points P; and Pi,2 are Fiat 
interchanged along the arc s’;, the 
point X;,2 moving from P;,. toward Sie Si 
P; on the right-hand edge of s’;. 

It is then easily seen that the motion Pp a Pe 

in which the three points Pi,,, 

Pis2 are permuted cyclically, their -~* St 
paths being the oriented arcs s;, si,1, Fic. 3. 

s’; respectively (Fig. 3) is expressable in terms of the elements gi, 9’i, gi. 
in each of the three following manners: gisugi, 9iGin, gig’i. Hence 
Jini = 94 Jiu. = gigi, and eliminating g’;, we find the following relation: 


(4) Gi G iG ists (1—1, *,n—2). 


We have pointed out in the preceding section that loops, which we shall denote 
by @2,@s,* * *,@n, Which issue from the point P, and surround the points 
P., +, Pn respectively, are given by the following products: 


Since the product aza3- - - d, is obviously the identity in G,, we have 
(6) * Jn-29n-19n-2 * “oj, i. 


We proceed to prove that the relations (3), (4) and (6) constitute a complete 
set of generating relations of Gn. 

We introduce the following notation. If two power products IIg; and II’g; 
of 91,° - *,9n are equal as a consequence of the relations (3), (4) and (6) 
only, then we shall write Ilg;==TIl’g;. Using the ordinary symbol of equality 
= for elements which are equal in G,, we have to prove that Ig; = Il'g 
implies lg; =TI’g;. The proof is made in several steps. 


a. If W is any product of the gi’s, then 91W1, where 
0=k=n—1 and where W, is a product of the generators and 
of the elements a; gwen by (5). 
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We prove this by induction with respect to the number m of factors g;* 
in W, since the statement is trivial in the case = Let 
g (= gi") be the first factor of W and let W’ be the product of the remaining 
m—1 factors. By our induction we can write W == g1W’1, where 
W’, is a product of If g=gi*',i1 >k+1, then 
If g = 9x1, then the product is already of the required form. 
If g =g7,, we have identically: 


and hence W = 9iWi, Wi = W's. Finally, if g = 1k, we 
observe that, by (4), (Gisgi) = and hence 

Consequently W = W’, = q.e.d. 

b. The product gxgx+* - -giW1 represents a motion which carries the 
point P, into the point P2, provided k=1. Hence, as a corollary of a, it 
follows that if W is a motion in which P, comes back to its original position, 


and if W is expressed as a product of the generators gi, then W = W,, where 
W, 1s a product of the elements Jn-1) * An. 


c. We observe that as a consequence of the relations (3), (4) and (6) 
the group generated by the elements 1s an invariant subgroup of 
the group generated by the elements go, - +, Gn-1. The proof is contained in 
the following relations: 


(8) = Uj; (jA~1,1—1, 
trivial if j > i, and immediate consequences of the relations (7), if 7 [1 — 2; 


= (Gi-2 91) 1) 


From (8’) and (8”) it follows that also g;*"ai,,g;* can be expressed in terms 
of a; and a;,,, and hence the proof is complete. 


11 
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CoroLuaRy. If a product W of the gi’s represents a motion in which the 
point P, comes back to its original position, and hence in particular if W =1 
in Gn, then W = W,Wa, where Wg is a product involving only the generators 
and W, 1s a product involving only the elements , dn. 


d. We are now in position to prove the completeness of the relations (3), 
(4) and (6). We use an induction with respect to n, since in the case n = 1 
the group G, contains only the element 1. Let W be an element of Gh, 
expressed in terms of the generators g,,° +, and let W be a true 
relation in G,. By c., corollary, we have W== W,W, and hence W,Wa = 1. 
Since W, is a motion of the points P; in which the point P, is fixed, while in 
the motion W, all the points P;, except P,, are fixed, it is clear that W, 1 
must be a true relation in the generators of being go,° gn. 
By our induction, this relation must be a consequence of the relations (3), 
(4) and (6) relative to the case »—1. Of these, the only relation which is 
not included among the relations for the group Gn, is the relation (6), which 
for Gn-1 is as follows: *g2=1. Since 


it follows that by using the relations (3), (4), (6) of the group G, it is 
possible to express Wy as a product of transforms of a.*! by elements of GyX. 
By c., it follows then that W=—1 implies a relation of the type: W=W’,, 


where W’, product of the elements An. 
We now make the following remark. The elements dz,- - -,@, are also 
generators of the Poincaré group [T of H—P,—---—P,. Given any 


element V of Gn, and if V- carries the point P, into itself, then this motion V 
of the n points P,,- - -, P» defines a deformation of the loops a; into loops a’j,, 
issued from the point P,, and the correspondence a, <a’;, defines an auto- 
morphism of the free group T. It is clear that a’;, = V-1a;,V, where now the 
elements a; and a’;, are considered as elements of G,. If the motion V is 
deformed continuously, while the loops a; are fixed, then the loops a’;, are 
deformed continuously over H —P,—---+-—P,, the point P, remaining 
fixed. Hence if = in Gy then = Vo in 

Let now V,; W’,. Since V; —1 in Ga, it follows that = a 
in T, i.e. W’, is commutative with each element a;. Since W’q is itself an 
element of I and since the elements a; are generators of I, W’, belongs to the 
center of T. Since [ is a free group, we must have necessarily W’, = 1 in I, 
i.e. W’a, given as a product of the elements d2,- - -,@n, is a product of trans- 
forms of (a2: The product expressed in terms of the 
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elements gi, is nothing but the left-hand member of (6). Hence W,.=1, 
and consequently also W =1, q.e.d. 


5. The generating relations of Gn and the associated singularities of the 
curve Cxn2. The group Gn is the Poincaré group of the maximal cuspidal 
curve Con-2 of order 2n—2. It is interesting to see how the individual 
generating relations of Gn» correspond to the singularities of Con. The 
curve C'xn-2 possesses 3(m—2) cusps and 2(n—2)(n—8) nodes. The 
(n — 2) (n— 3)/2 commutativity relations (3) are the typical relations at 
nodes, while the »—2 relations (4) are the typical cusp relations (see 


Zariski*). The fact that there are 4 times as many nodes as there are rela- 
tions (3) and three times as many cusps as there are relations (4), must be 
due partly to repetitions (two or more singularities giving one and the same 
relation) and partly to the fact that 91, 92,: - *,Qn-1 is a reduced set of 
generators. The curve Con-2 is of order 2n — 2, and originally a set of genera- 
tors of its Poincaré group would consist of 2n—2 loops gi, g2,° * * 5 Jen-25 
lying in a fixed line and each surrounding a point of intersection of that line 
with Con». The curve Csy_2 is of class n and the n tangents of C2n_2 in a pencil 
of lines supply essentially — 1 equalities: gi = (1 = 1, 
The trivial relation G2n-2 =1 yields the relation (6). 


6. Rational cuspidal curves of even order. To consider a cusp of Cn 
as a virtual node means to consider that cusp as a limiting case in which two 
critical points, or two singular lines, coincide, one corresponding to a node 
and the other being a simple tangent. Since the rational curves of a given 
order and with a given number of cusps form an irreducible system, it 
is immaterial which cusps of Cn. are considered as virtual nodes. We 
may assume therefore that any one of the relations (4), say the relation 
919291 = 929192, is the relation at one of the cusps which are considered as 
virtual nodes. The above relation must then be replaced by two relations, 
One J1J2 = Jogi, relative to the node, and the second, g,; = gz, relative to the 
simple tangent. The new relation g;—=g2, combined with the relations 
9:93 = ANd = yields the relation gz = Combining this 
relation with the relation gogs = gage and = we find g; = gs. 
Continuing in this manner we get g; = g2=* * *=4Qn-1, While relation (6) 
becomes: g,2"" = 1. We may therefore state the following result: 


Any curve of even order, admitting the maximal cuspidal rational curve C 
of the same order as a limiting case, but possessing less cusps than C (in 
particular, any rational curve of even order which possesses only nodes and 
cusps and is not a maximal cuspidal curve) has a cyclic Poincaré group. 
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Let us now consider one of the nodes of Cen-, as virtually non-existent, 
and let the relation at the node be, for instance, gig; = g3g:. The node must 
be then replaced by two simple tangents, very near each other, each yielding 
the relation g; —g;. We must assume n = 4, because if n= 3, then O2y_, 
has no nodes. If n = 5, the new relation g, = gs3, combined with the relations 
9194 = 9491 20d 939s9s = yields the relation g; g,, and from this 
equality of two consecutive generators gi, gis: we derive, as before, that the 
group is cyclic, of order 2n — 2. 

If n = 4, we are left with the relations: 


919291 = 929192, = 9929s, == Gs, 1.’ = 1, 
or, 
919291 = 929192) 91929179291 = 1. 


These relations define a group G, generated by two elements: u = g,"g2, 
Vv = 9:92, satisfying the relations u* —v* —1. In the present case the curve 
Cn-2 possesses 6 cusps (lying on a conic) and 4 nodes, and the group G;, of 
C', reduces to the group @ if one of these 4 nodes is considered as virtually 
non-existent. However, there is no further reduction of the group of the 
curve, if any or all of the 4 nodes are considered as virtually non-existent. 
In fact, we have shown in another paper (Zariski*) that G is the Poincaré 
group of the sextic curve with 6 cusps on a conic, and this curve is obtained 
from the rational sextic curve C’, by considering its 4 nodes as virtually non- 
existent.” 
Hence, we have the following results: 


If a curve C of even order 2n — 2, n= 4, and of genus > 0, admits the 
rational maximal cuspidal curve Con. of the same order as a limiting case, 
then the Poincaré group of C is cyclic of order 2n — 2. 

In the exceptional case n = 4, we have the non-rational sextic curves with 
6 cusps on a conic, whose Poincaré group is generated by two elements u and », 
satisfying the relations u? =v? = 1. 


%. Rational cuspidal curves of odd order. It has been pointed out above 
(section 1) that a rational maximal curve Csn_,, of odd order 2n —1, is the 
dual of a rational curve Ty,,, of order n + 1, possessing one cusp. C'on- is a 


* Tf 91, +» is a non-reduced set of generators for the rational sextic C, (see 
section 5), such that 9:=%, 92 = 9s, 92 = 9, are relations supplied by tangent lines 
of (,, the relations at the 4 nodes of C, are likely to be the following: 9:9; = 9:9» 
= = JoJs = In terms of the reduced set of generators g:, 92, I» 
we have here only one relation repeated four times, and this explains the stablity of 
the Poincaré group after one node has been removed. 
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curve (2n—1, 3n—5) and possesses 2(n — 2)? nodes. Let T',4, degenerate 
into a rational curve I, of order n, possessing only nodes, and into a tangent 
line ¢ of Ty, the point of contact of ¢ with T, (a tacnode of the composite 
curve [, +7) being the limit of the cusp of the irreducible curve T,,,;. The 
dual curve C'2on_, degenerates then into the maximal cuspidal curve Con-2, the 
dual of the curve [',, and into a tangent line p of Con. The composite curve 
Con-2 + p possesses as many nodes as the irreducible curve Con, (the 
2(n— 2)(m—3) nodes of Con-2 and the 2n—4 nodes at the intersections 
of the line p with Co2n-2, outside the point of contact, hence in all 
2(n — 2) (n— 3) + 2(n— 2) =2(n—2)? nodes). Corresponding to the 
3n — 5 cusps of the irreducible curve Czn_1, we have on the composite curve 
Con-2 + p the 3n—6 cusps of Con-, and the tacnode at the point of contact 
of p with Con2. Inasmuch as the composite curve Con-2 + p is a limiting case 
of the curve Con_,, this tacnode must be considered as a virtual cusp. Thia 
enables us to determine the Poincaré group of the irreducible curve Coen, by 
investigating first the Poincaré group of the composite curve C'zn-2 + p. 

We consider again the space Sn(do,a,°°-*,@n) of the polynomials 
dot” +--++-++ a», and we consider in S, the hyperplane : +--+ + + Gn =0, 
where € is a fixed value of ¢ (representative space of all the n-tuples of points 
on the sphere H of the complex variable ¢ which contain the fixed point &). 
It is immediately seen that Sy, touches the discriminant hypersurface A at 
every common point. This is a consequence of the elementary fact, that if 
f(t) and (t) are two polynomials both divisible by t — é and if f(t) + Aod(t) 
is divisible by (¢ — €)*, then the discriminant of f(¢) + A@(¢) is divisible by 
(A—A o)*® (in geometric language: a fixed point of a linear series gp? counts 
for two double points of the series.) It follows that a generic plane section 
of the composite hypersurface A-+ Sy, is exactly our composite curve 
Con-2 + p, and hence the Poincaré group of Con2-+ p coincides with the 
Poincaré group of the residual space of this composite hypersurface. Let 
G’, be this group. The group G’, can be interpreted as the group of motions 
of n points on a sphere H with one hole, the hole being at the fixed point 
(or also, as the group of automorphism classes of a sphere with n + 1 holes, 
leaving one hole fixed). From this interpretation of G’n, it is seen that G’, 
is obtained from the group Gn by the following modifications: (a) adding to 


the set of generators g:,° - -,9n-1 Of Gn another generator y, representing a 
motion of one of the points P;, say of P,, along a loop surrounding the point € 
and not meeting the arcs $2,° - *,8n-13 (b) adding to the set of relations (3), 


(4) the following relations: 


(9) = (1 = 2,3,°° 
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(10) (y91)? = (gry)? 
and finally, replacing the relation (6) by the following: 


The relations (9) and (11) are obvious. The relation (10) is obtained by 
observing that giygi can be deformed into a motion in which the point P, 
turns around both point P,; and é, while the remaining points P; remain fixed, 
The path of this motion does not cross the loop y, and hence y and g,yg, 
are commutative. 

Having proved the completeness of the generating relations (3), (4) and 
(6) for the group G,, we could prove without difficulty the completeness of the 
generating relations (3), (4), (9), (10), (11) for the group G’n. However, 
we do not insist on the proof, since we are not immediately concerned with the 
group G’,: all we need to know is that the above relations effectively hold 
true in Gp. 

The relation (10) is a typical relation at a tacnode, in the present case 
at the point of contact of the line p with Cons. We observe incidentally that 
the commutativity relations (9) arise from the simple intersections of the 
line p with Cnr. If we regard the tacnode of the composite curve Con-2 + p 
as a virtual cusp, i.e. as the limit of a cusp and of a simple tangent line, we 
must replace the relation (10) by the two relations: ygry = giygi and gi =, 
of which the first is a consequence of the second. The new relation g, =}, 
combined with the relations 919291 = g29ig2 and yg2—=gzy, yields the rela- 
tion g, = g2. In a similar manner we find Qn-+. Hence the 
Poincaré group of Con-1 is cyclic of order 2n —1. A fortiori, the group remains 
cyclic for any curve of order 2n — 1 admitting Con; as a limiting case. Hence 


we have the following result: 


The maximal cuspidal curve Cn, of odd order 2n—1, and any curve of 
order 2n—1 admitting Con. as a limiting case (in particular any rational 
curve of odd order possessing only nodes and cusps), possesses a cyclic Poincaré 


group. 
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ON THE PRINCIPAL JOIN OF TWO CURVES ON A SURFACE, 


By M. L. MacQuEeEn. 


1. Introduction. Bompiani has made* some important contributions to 
the projective differential geometry of curves in ordinary space by introducing 
certain lines and points, called principal lines and principal points, which are 
associated with the intersection of two skew curves. In connection with the 
investigation of the invariants of intersection of two curves, several different 
cases present themselves. We shall confine our attention to the case in which 
the two curves C, C pass through a point P with distinct tangents t, t at P 
and also with distinct osculating planes at P, whose line of intersection is 
different from ¢ and ¢. Bompiani shows the existence through P, in the plane 
determined by ¢, ¢, of two lines, called principal lines, characterized by the 
property that the two cones projecting C, C from any point on either line 
have contact of the second or higher order along their common generator 
through P, instead of contact of the first order as would ordinarily be the case 
if the center of projection were chosen elsewhere in the plane of ¢, t. On each 
principal line there is a point, called a principal point, which has the property 
that if the projecting cones have their vertices at this point, the cones have 
contact of the third order. 

On considering the case in which the two curves belong respectively to the 
two families of a conjugate net on a surface, Lane has deduced? some in- 
teresting results. Among other things, he shows that the principal lines of 
the parametric curves at a point of a surface are precisely the associate con- 
jugate tangents at the point. Moreover, he determines the principal points 
of the two parametric curves at a point of a surface, and calls the line joining 
these points the principal join of the fundamental parametric curves. 

In this note we propose to supplement the investigations of Lane, by 
presenting other geometric characterizations of the principal join of the funda- 
mental parametric curves at a point of a surface referred to a conjugate net. 
In connection with our geometric constructions we introduce the neighborhoods 
of the third and fourth order of the plane curves of section of the surface made 


1E. Bompiani, “ Invarianti d’intersezione di due curve sghembe,” Rendiconti det 


Lincei, ser. 6, vol. 14 (1931), pp. 456-461. 
2E. P. Lane, “Invariants of intersection of two curves on a surface,” American 


Journal of Mathematics, vol. 54 (1932), pp. 699-706. 
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by variable planes through the tangents of the parametric curves at a point 
of the surface. 


2. Power series expansions and the principal join. Let the projective 
homogeneous coordinates - -, of a point Pz on a surface § referred 
to a conjugate net NV in ordinary space be given as analytic functions of two 
independent variables u,v. The osculating planes of the parametric curves 
Cy, Cy at the point P, intersect in the axis of Pz, with respect to the net No. 
Let Py be the point which is the harmonic conjugate of P, with respect to 
the two foci of the axis regarded as generating a congruence when the point 
P, varies over the surface. Then a and y are solutions of a completely 
integrable system of differential equations * of the form 


Luu = px + ary, + Ly, 
(1) Luy = Cx + arty + dav, 

Typ = qu + + Ny (LN A~A0). 
From the equations 

(Luv)v, (Luu) = (Luv) 


we obtain 
(2) Yu = fx — nary + sty + Ay, Yv = gu + tty + nay + By, 
where we have placed 


—nN =a,+ a —ab— q, tL =d,+ab+e—m, 
(3) sN = b, + ab + ¢—&, nL = by, + b? — ba — p, 
A =b— (log N)u, B=a— (log 


The ray-points, or Laplace transformed points, x,, z_, of the curves Cy, Cy 
respectively at the point P, are defined by the formulas 


(4) = Ly — ba, = Wy — an. 


The following formulas give some of the invariants of the parametric con- 


jugate net N,: 


H=c+ab—wM, K=c+ab—bh, 
(5) H=sN, K = tL, 
8B’ = 4a — 28 + (log 1) », 86’ = 4b — 2a — (logr)u, 
= — 2nL, r= N/L. 


*E. P. Lane, Projective Differential Geometry of Curves and Surfaces, University 
of Chicago Press, 1932, p. 138. 
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Incidentally, it is not difficult to show that the Laplace-Darboux invariants 
H, K, the tangential invariants 9, K, and the invariants BW’, © of Green are 
connected by the relations 


(6) H=H+38,4+6, 36’. 


We shall employ the covariant tetrahedron whose vertices are the points 
“, 21, 21, y as a local tetrahedron of reference with a unit point chosen so 
that a point 


has local codrdinates y,,- - +, ys. In this codrdinate system the equations of 
the osculating planes of the curves Cy,C, at the point P» are respectively 
ys =0 and y,=0. If we introduce non-homogeneous projective coordinates 
by the definitions 

(7) T= Y = 


then a power series expansion* for one non-homogeneous codrdinate z of a 
point on the surface in terms of the other two codrdinates x,y is given, to 
terms of the fourth order, by 


(8) z— (1/2) (La? + Ny?) + (4/3) + NBy*) + + 
+ 4esry® + cay* +° °°, 
where 
Co = (1/3) + (log ©r4),], 4c, = (1/6) L(H — 4), 
Cs = (1/3) NB’ [12B’ + (log 4c, = (1/6) N(K—&). 


The equation 
(10) y—pz (p 


represents a plane passing through the u-tangent, y =z = 0, at the point P, 
of the surface. This plane cuts the surface in a curve whose projection from 
the point (0,0,0,1) onto the tangent plane, z= 0, is represented by the 
equation obtained by eliminating z between equations (8) and (10). If this 
equation is solved for y as a power series in z, the result to terms of the fourth 
degree is 

(11) y= pLa®/2 + + p(L*Np*/8 + +: - 


Imposing on the general equation of a conic the conditions that it be satisfied 
by the series (11) for y identically in x as far as the term in 2°, we obtain 


*E. P. Lane, “A canonical power series expansion for a surface,” Transactions 
of the American Mathematical Society, vol. 37 (1935), p- 481. 
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the equation of the conics having contact of the third order with a plane 
section made by a variable plane through the tangent y = z = 0, namely, 


(12) y — pLz?/2 — 8W’ry/3 + hy? = 0, 


where h is a parameter. The pole of the v-tangent, =z —0, with respect 
to any one of the conics (12) has the codrdinates 


(13) (3/80’, 0, 0). 
Similarly, if we consider a plane 
(14) o% (o~0) 


through the v-tangent, = z= 0, we find the equation of the conics having 
third order contact with the curve of section of the surface to be 


(15) — oNy?/2 — 88’ xy/3 + kr? = 0, 


where k is a parameter. The pole of the u-tangent, y = z = 0, with respect to 
any one of the conics (15) is found to be the point 


(16) (0, 3/8%’, 0). 
The join of the points (13) and (16) is a line whose equation is 
(17) 8( Cr + By) = 3, 


which is precisely the principal join of the fundamental parametric curves at 
the point P,. Thus the following theorem is proved. 


At each point of a surface referred to a conjugate net, the principal join 
of the parametric curves at the point crosses each of the parametric tangents 
in the pole of the other with respect to any conic having contact of the third 
order with the curves of intersection of the surface and the planes of a pencil 
with the first parametric tangent as axis. 


Another geometric characterization of the principal join can be described 
briefly in the following way. Let us project from the ray-point (0, 0, 1, 0). 
onto the osculating plane, y = 0, the curves of section of the surface (8) made 
by the plane (10). Eliminating y between equations (8), (10) and solving 
the result for z as a power series in z, the equation, in the osculating plane, 
y = 0, of the projection of the curve of section is found to be 


(18) 


= 
| 
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Similarly, projecting onto the osculating plane, x 0, the curves of section 
made by the plane (14), we obtain 


(19) z= 


The conics having contact of the third order with the projections (18), (19) 
are respectively 
2— Lx? /2 — + hz? = 0, 


(20) Ny?/2 — 8B’ yz/3 + kz? =0. 


where h,k are parameters. On finding the pole of the axis x= y — 0, with 
respect to each of the conics (20), we again obtain the points (13), (16) 
which determine the principal join. Thus we have proved the following 
theorem : 


At a point Py of a surface referred to a conjugate net let the plane curves 
of section of the surface made by planes passing through the tangent of the 
u-curve (v-curve) be projected from the ray-point of this curve onto the 
osculating plane of this curve. The conics in the osculating plane of the 
u-curve (v-curve) which have four-point contact at P, with the projected 
sections determine a point on the u-tangent (v-tangent) which is the pole 
of the axis with respect to any one of the four-point conics of the pencil. The 
line which crosses the parametric tangents at the point Pz in the points thus 
defined is the principal join of the parametric curves at the point Po. 


3. The quadrics of Moutard for the parametric tangents. The osculating 
conic of the curve of section of the surface made by the plane (10) is contained 
in the pencil (12), and for this conic the parameter is found to have the value 


(21) h = — — 9p? L?N) /9pL?. 


With this value of h in equation (12), the equation of the quadric of Moutard 
for the tangent y — z = 0 is found, by eliminating p between equations (10) 


and (12), to be 
(22) (1/2) (La? + Ny’) + (8/3) Caz — 


Similarly, we find the equation of the quadric of Moutard for the tangent 
to be 


(23) 2—= (1/2) (La? + Ny?) + (8/3) B’yz— *) 


The pole of the osculating plane, z —0, of the v-curve with respect to the 
quadric (22) is found to be the point (13). Moreover, the point (16) is the 
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pole of the osculating plane, y = 0, of the u-curve with respect to the quadric 
(23). Thus one arrives at the following conclusion : 


The principal join of the parametric curves at a point of a surface referred 
to a conjugate net intersects the tangent of each curve in the pole of the 
osculating plane of the other curve with respect to the quadric of Moutard 
for the tangent of the first curve. 


We interpolate here a few remarks concerning the intersection of the 
quadrics of Moutard for the parametric tangents. It is well known, as may 
be verified by inspecting equations (22), (23), that these quadrics are inter- 
sected by the tangent plane of the surface in the asymptotic tangents. Further- 
more, the cone projecting the curve of intersection of the two quadrics of 


_ Moutard from the point P, consists of two planes, one of which is the tangent 


plane z=0. The other plane, which contains the conic of intersection of the 
two quadrics, has the equation 


12 12 


The plane (24) intersects the tangent plane of the surface in the line 


(25) — B’y = 0. 
Moreover, the line 
(26) Cx + Wy = 0, 


which joins the point P, to the point of intersection of the ray and the associate 
ray, has been called > by Davis the second canonical tangent of the conjugate 
net and its associate conjugate net. We thus obtain the following result. 


The plane containing the conic of intersection of the quadrics of Moutard 
for the two parametric tangents at a point of a surface intersects the tangent 
plane of the surface in the line which is the harmonic conjugate of Davis’s 
second canonical tangent with respect to the tangents of the net. 


4, Developables of the principal join congruence. It is of some interest 
to consider the developables of the congruence of principal joins. By the 
usual method we find the differential equation of the curves on the surface 
corresponding to the developables of the congruence of principal joins to be 


(27) Pdu? — (Rr — 8) du dv — Qr dv? =0, 


5W. M. Davis, Contributions to the theory of conjugate nets, Chicago doctoral 
dissertation (1932), p. 19. 
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where the functions P, Q, R, S are defined by 


P=H + 88',/3 — 648'C’/9, 

Q=K + 80’,/3 — 648'C’/9, 

? = 86’[40’/3 + (log ©74),]/3 + D/2, 
S = 88’[4B’/3 + (log B’r4),]/3 — Dr/2. 


(28) 


We propose to call the curves defined by (27) the principal join curves of the 
net N,. Calculation of the harmonic invariant of (27) and the asymptotic 
curves 

(29) Ldv? + N dv? =0 

on the surface shows, with the aid of (6), that the principal join curves form 


a conjugate net if, and only tf, 


(30) (H —K) =4(H—X). 


SOUTHWESTERN COLLEGE, 
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DISCONTINUOUS GROUPS ASSOCIATED WITH THE CREMONA 
GROUPS. 


By GerALp B. Hurr. 


Introduction. In the theory of complete and regular linear systems of 
plane curves there are two closely related fundamental questions that have 
not been answered. First,° there is no simple criterion for determining when 
a solution = {% 3%, %2,° +, %p} of the Cremona equations, 


(1) +a =—d— (p—1) 


actually determines a linear system Xp. The essential difficulty would be 
dissipated if the structure of the arithmetic group gp,2 (*, p. 318) were known 


for all p. gp,2 is generated by 


, 
L, 


(2) L, L= (2% — — Lz — @3) 
= + L, 
j+3 Vj+3, (j 
and the interchanges of 2, %2,° *,%p. Qp,2 leaves invariant the linear and 


quadratic forms 


but this property is not sufficient to characterize gp,2."’ 

The problem considered in this paper arises from two observations made 
by Coble in connection with these well-known questions. For p= 9 he found 
that the nature of a C-characteristic was readily determined by considering 
the numbers 2, 2), %2,° * *, Zp reduced, mod 3 (°, p. 475). We will investigate 
the possibility of a similar criterion for larger values of p. This study is made 
more interesting by the fact that the elements of gp,2 which reduce to the 
identity mod 3 must constitute an invariant subgroup.t| We will denote this 
invariant subgroup by pond The factor group of gp,. with respect to T™) 
is simply isomorphic to the finite group el obtained by reducing the coeffi- 


cients in all the elements of gp,2 with respect to the modulus 3. 
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We determine the order and nature of oes and exhibit a complete set of 
invariants which characterizes the group. In doing so we find that the criterion 
used by Coble is useful only in that single case. 


I. Definitions, conventions, and preliminary formulae. In all the work 
to follow we consider the numbers Zo, 2,- - - , Zp reduced modulo 3. It will be 
sufficient then to consider characteristics x = {X93 %, 2p} which con- 
sist of numbers of the set 0,1, 2. In particular, 


DEFINITION. All characteristics which have x = and 
contain | twos, m ones, and n zeros, are said to be of the type 


io; lmn, l+m+n—p. 
A characteristic {% 321, %2,° which satisfies 


mod 3, 
is said to be of sort (a:,a2). By direct substitution in the equations (4) we 
obtain the theorem: 
(5) All the characteristics of sort (a;,d2) are included in the types 

0; (30+ B)(3c+y)q, io; +8’) (Be = 1,2) 
where B, y, B’, y =90, 1, 2 and satisfy the congruences 


a—a, =pf’+1 
y=— (a, +0) = 7 +1 


mod 3, 


and b, c, q, b’, c’, ¢ are any non-negative integers such that 
Moreover, all characteristics of these types are of sort (a, dz). 
Later it will be necessary to know the number of characteristics of a given 


sort. It is clear that there are just * fea distinct characteristics of type 


* (£4) is the usual symbol for the coefficient of y,'y,"y;" in the expansion of 
(Yi + Y2 + For l,m,n non-negative and!1+m-+n==p, 


p! 
(inn) = m!n! 


and is the number of distinct arrangements of p things of which 1, m, and n are alike. 
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io; mn. Then by (5) it follows that the number of characteristics of sort 


42) is given by 


p p 


where B, y, 8’, y’ satisfy the restrictions of (5) and the sums are taken over 
all non-negative values such that the trinomial coefficients exist. To be able 
to evaluate sums such as appear in (6) we make the convention: 


DEFINITION. The nine numbers pgy are defined for B,y=0,1,2 by 
the sum 
p 


where the sum is taken over all non-negative values of b, c, q such that 


86+ B+ 


Many interesting properties of these numbers may be derived. We include 
here those we must use. Since the trinomial coefficients satisfy the recursion 


l—_1mn lm—i1n Imn—1/J’ 


we are able to conclude immediately that the numbers ppy Satisfy the relation 


relation 


(7) = (p —1) py + (Pp —1) + (0 — 1) 


By experiment, other algebraic forms of these numbers were found. That the 
results, which are tabulated below, are correct may be verified by seeing that 
they verify the initial conditions and the recursion relations (7). 


(8) The numbers pgy are gwen by the table below: 
= Pa poo = 3°? — ( 3 ) (— 8) 4 
pP=0 por = pio = pu = 3°? (— 
Poz = poo = poo = 3°? + (— 3) 
pro = por = poo = 3°? — (— 3) 21-4 (— 8) 
p=1  pi2 = par = pu = + (—1)Ptt(— 8) 
= poo = poz = + (— 3) 


P20“ Poo ™ ge? + (— 3) + (— (— 3) 
+ (—1)° (—8) 


p=2 Pio = Poi = P11 == 
p21 = Piz = por = 3°? — (— 8) 


where [k] is the largest integer in k/2. 
12 


| . 
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Hence we consider the numbers pg, as numbers which are readily com- 
puted and state the useful result: 


(9) The number of characteristics of sort (a;, a2) 1s given by pgpy + 2pp-1.4-1 
where B, y are determined by (5). 


Having determined the types of all the characteristics of a given sort, we 
now seek to discover how these divide into conjugate sets under gi Since 
by definition includes the permutation group II(2;, +, 2p) and since 
any two characteristics of the same type are obviously conjugate under this 
subgroup, we seek the conditions under which two characteristics of different 
types are conjugate under A,.3. In the proper sense of the word, A12; transforms 
characteristics but not types. Hence we make the convention: we will say 
that the type i; lmn is conjugate to the type v9; U'm'n’ if any characteristic 
of the first type is conjugate to any characteristic of the second type under 
Ajo3.* In light of this convention we readily verify the statement below. 


(10) Suppose we choose dr twos, p ones, and v zeros from the | twos, m ones, 


and n zeros of 49; lmn 


Atptv=3, 
and consider a characteristic of % = and with the values chosen at 21, £2, 
in any order. Then the image of this characteristic is a characteristic of type 
where 
Vo = ty + — 2A— p) 
m’ == m +- p! — pn 


n=n+y—yv 
and X’, p’, v is determined by: 
v is equal to A, pyv,A; Or 
according as (%— 2A —p) 1s 0, 1 or 2. 


The effect of the transformation given is to subtract out the changed 
numbers and add in the new ones obtained. Since this is accomplished by 
changing i, and adding numbers to 1, m, n we put (10) in the following form. 


* This means, of course, that a given type may have several conjugates under A,z:- 
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(11) The type conjugate to 19; lmn with 19; Apy isolated 1s 


= to — 2A — p) 


m’=m-+M 
n=ntwN 


where L =’ —A,M = p’ —p, N =v —v with Wp’, vv determined as in (10). 


In doing the necessary computation it was found convenient to tabulate 
the values of i,; LMN which arise from a chosen 1); Ay as follows: 


(12) Aw» >L M N >L M N MN 
0 1 210 —1—1 2 021 2--l1—1 102 —1 2—1 
o 2 120 —1—1 2 012 2—1—1 201 —1 2—1 
0 0 0 
1 2 300 —3 0 8 003 0 3—3 030 3—3 0 
1 0 102 1 1—2 210 —2 1 #1 O21 1—2 1 
491 0 0 
2 1 003 3 O0—3 300 & 0 
2 0 012 1 1—2 201 —2 1 #12 120 1—2 1 


II. The group I; for p=9. For p= 8 the problem is greatly simpli- 
fied by the fact that in these cases the order of gp,2 is finite. Its order and 
essential properties are known.” Indeed, we can see that here "pe and gJp,2 are 
simply isomorphic as a consequence of a theorem due to Minkowski.* ® 


(13) An integer linear homogeneous substitution which 1s of finite period 
and which is different from the identity cannot reduce to the identity with 


respect to a modulus | = 3. 


Thus Ip. and gp,2 are of the same order and are obviously simply 
isomorphic. 

For p= 9 a similar procedure will suffice, even though g»,2 is of infinite 
order. Dr. Taylor * obtained a complete determination of all the elements of 
Jo,2 in 1932. These results were later put in a more usable form by Dr. 
Barber.? By applying these results it is not difficult to see what happens when 
the coefficients in the elements of go,» are reduced modulo 3. We will merely 
state the results obtained by direct application of the properties of go,2. 

g‘*) is of order 3°-2-8640-8!. It possesses an invariant abelian sub- 
group of order 3° and type (1,1,1, etc.). The factor group of g‘* with 
respect to this invariant subgroup is simply isomorphic to g{*) = ge,2. i the 
invariant subgroup of g»,. characterized by the fact that all its elements reduce 
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to the identity, mod 3, is comprised of all those elements of Dr. Taylor’s® 
Type I which are defined by a y, v, 8;, 82,° - -, 8) with the property 


mods. 


This could also be stated by saying that /‘* consists of those elements * of a, 


which are themselves cubes of some element in dy. 


III. The group hd for p>9. The essential difficulty in this paper 
comes in determining the nature of he in those cases where the information 
concerning gp,2 is fragmentary; i.e. for values of p greater than 9. We obtain 
a grip on the problem by asking how the aggregates of characteristics of the 
same sort divide into conjugate sets under Ie" 

In the case p = 10 there are three self-conjugate characteristics 


Excluding these, there remain 195 types of characteristics. Starting with one 
of these, we can find all the types conjugate to it by use of table (12). Taking 
the new ones we can find all their conjugates and continue the process until 
we have a complete conjugate set. Having done this computation, we find 
that for p= 10 we have exactly 9 complete conjugate sets. That is, except 
for the three self-conjugate characteristics, all characteristics of the same sort 
are actually conjugate under Gyo" We anticipate then that this is true for all 
p> 9. Indeed, it may be shown that when this situation exists for p—1, 
it must also exist for p. Suppose all the characteristics of a given sort for 
p—1 are actually conjugate under loon’ The characteristics obtained by 
adding a zero to each of these are characteristics of that same sort for p and 
are clearly conjugate under g™). It remains only to show that those char- 
acteristics of that sort which contain only twos and ones are conjugate 
under g be to one which contains a zero. This is readily accomplished by using 


table (12). 


(13) The three characteristics of types 0; p00, 0; 0p0, and 0,00 p are 
always self-conjugate. For p> 9, the remaining characteristics dwide into 
just nine conjugate sets determined by the nine pairs of congruences (4). 


The significance of this is that any * two characteristics of the same sort 
are conjugate under 9°). We remark that since (5) enables us to write down 
all the characteristics of a given sort, we have a very complete determination 


* Of course, the self-conjugate characteristics are excluded and p > 9. 


= 


o 
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of the conjugate sets for p > 9. The number of characteristics in a given 
conjugate set is then immediately determined by (9). 

We complete the investigation of 9J;2 by comparing it with the group Gp. 
Gp is defined to be the group of all linear substitutions with coefficients in the 
GF[3] which leave Q, Z absolutely invariant. The immediate difficulty in 
comparing these two groups is that J;.2 18 defined by its generators and Gp is 
defined by the invariant forms. The difficulty is resolved by showing that: 


(a) for p> 9, pee is characterized as a subgroup of Gp by the fact that 
it permutes characteristics of sort (0,1) evenly; and 


(b) asimple-set of generators exists for Gp. 


We make use of the notion of involutions in D-conditions introduced by 
Coble (*, p. 17) and studied later by Barber.? Using the notation of the latter 
article, if d= d;, d2,- -,dp} is a characteristic of sort (0,2), then the 
linear substitution 
(14) Ip(d): 


is an involutorial element of Gp. By direct substitution we may verify that 
Ip(d) has this useful property.* 


(15) If y is a characteristic of sort (2,1) such that yp =0, then 


d= {Yo3 Yrs Yor” Yp-1 1} 
is of sort (0,2) and the image of y under Ip(d) is {0; 0,0,- - -, 0, 2}. 


Since all characteristics of sort (0,2) are conjugate under g*), and since A1zs 
is an involution in a D-condition, all involutions Ip(d) are conjugate and 
are in oe for p>9. By using (9) it is readily seen that Ip(d) for 
d= {1;0,0,- - -,0} always yields an even permutation of characteristics of 
sort {0,1}. Hence, 


(16) An involution in a D-condition always provides an even permutation of 


characteristics of sort (0,1). 


Since an is generated by involutions Jp(d), this means that every element of 
the group has that property. However, there are elements of Gp which give an 
odd permutation of the characteristics in question. The involution Cy, in the 
non-rational D-condition {V/2; 2V2, V2, 0,- has the equations 


* This statement is also valid in the usual theory. Any P-characteristic* defines 
an involution in a D-condition which sends it into the fundamental P-characteristic 


{0; 0,0,...,—1)}. 
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= 2, + 
(17) x’; = + 2a, + 
= Lo + 2x, + 22, 

= Loe, (j =1,2,:--,p—2). 


Since we can count the characteristics invariant under this by use of (9), and 
since C;, interchanges the remaining ones in pairs, we show that Cy. gives an 
odd permutation of characteristics of sort (0,1). 


(18) The involution Cy. always provides an odd permutation of char- 
acteristics of sort (0,1). 


By simple direct computation it is verified that G, is of order 8 and is 
generated by involutions in D-conditions and Cy, As a consequence of this 
it may be seen that Gp, the subgroup of Gp generated by involutions Jp(d), 
is an invariant subgroup of index 2 under Gp. For by (15) an element of Gp 
which has a zero in one of its P-characteristics can be reduced to an element 
of Gp_1. The number of elements that do not have zeros is restricted and these 
cases may be considered in detail. This leads to the result: 


(19) Gp is generated by the involutions in D-conditions and C2. The sub- 
group Gp generated by involutions in D-conditions is an invariant subgroup 
of index 2 and 1s completely characterized by the fact that it permutes char- 
acteristics of sort (0,1) evenly. 


The order of Gp is obtained by using the fact that if h is the total sub- 
group of H leaving an object @ invariant, then the index of h under H is the 
number of conjugates of 6 under H (’, p. 356; °, p. 77). It is readily veri- 
fied that Gp-. is simply isomorphic to the subgroup of Gp which leaves 
{0;0,0,---,0,2} unaltered. Thus if 6(p) is the order of G(p) and C(p) is 
the number of conjugates of {0; 0,0,- - -,0,2} under G(p), then 


(20) =C(p)O(p—1). 


By (13) all characteristics of sort (2,1) are conjugate for p > 9 and 
it is readily verified that this is true in the early cases. Hence by (9) we have: 


(21) C(p), the number of conjugates of {0; 0,0,---,0,2} under Gp, ts 
given by C(p) = pio + 2po2 —e where «= 0 if p=0, 2, mod 3, and e=1 tf 
p= 1, mod 3. 
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We remark that the algebraic form of C(p) is readily obtained from table 
(8). O@(p) is completely determined by the initial value 0(1) = 2, the re- 
cursion relation (20), and the fact that C(p) is always known. From (19) 
it follows that 46(p) is the order of Gp for p > 2. But for p>9,9 contains 
all the generators of Gp and must then be simply isomorphic to ao 


(22) For p> 9, the order of ee is 30(p), where 6(p) is defined as above. 
ie is characterized as a subgroup of Gp by the fact that it permutes char- 
acteristics of sort (0,1) evenly. 


Conclusion. The question concerning the possibility of distinguishing 
between proper and improper characteristics by reduction with respect to the 
modulus 3 is completely settled. Since for p > 9 all characteristics of the same 
sort are actually conjugate under ee it is clear that the case observed by 
Coble is the only one in which such procedure is useful. 

The nature of rhe has been determined for all p > 9. An explicit formula 
for the order of the group is given and it is shown that I)2 is completely 


characterized by 
(a) the invariance of Q, L, and 
(b) the fact that it permutes characteristics of sort (0,1) evenly.* 


Since Gp is simply isomorphic to the groups studied by Coble ** and Dickson,’ 
and since oe is an invariant subgroup of index 2 under Gp for p > 9, the 
problem of determining i in detail the structure of at has been reduced to the 
application of known results. 

These results would be immediately applicable to the study of gp,2 if the 
nature of J“ were known for all p. For p= 9 this was accomplished, but in 
the later cases only fragmentary information was exhibited. A complete 
characterization of pe would be necessary to give this paper a general 
significance. 


UNIVERSITY OF ILLINOIS. 
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NOTE ON ASTATIC ELEMENTS. 


By F. Mortgy and J. R. 


Let forces in one plane have points of application a;, magnitudes pi, and 
directions r;. The sum of the areas or moments about any point z is 0 when 


Sia a@ 1{—0 
pr 
and therefore for equilibrium 
(1) = 0 
and 
(2) Spa /t = Spar. 


If now each force be given a turn ¢ about its point of application, then r; 
becomes the first equation remains, but the second becomes Spya/r = 
and if this be true for one value of ¢? other than 1, it is always true, for 
Sya/r =0. The condition for .tie equilibrium is then 


(3) 0. 


We take the simple case of equal forces, that is let wy) =p, —=*-**—=1. And 
we speak of elements instead of forces with given points of application. We 


have astatic elements a;, 7; when 
and 

For instance three elements are astatic when 7, : tz: t3==1: 0: o? 
(where +0+1=—0) 

and A, + + = 0. 

If now 3a/r is not 0, but say k, we replace a, by b; where 


bi/t1 + =0. 


We have then 
ay = ker, 
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and similarly replacing each a; by a 0; 

bi kri 
whence sa = Xb. 


It suggests itself that the vectors a; — 6; are forces in equilibrium. This 


is so if 


that is if 
a, kr 


a, 


= 


which is true since 3a/r =k. Thus if we have n elements a;, 7; for which 
=r = 0 


and if we replace each aj, 7; in turn by 0;, 7; so as to get an astatic set, then 
a; — b; form a set of equal forces in equilibrium. 


If we replace - by where e is a root of e*—1, then 
=0. The expression becomes a Lagrange resolvent, v. The theorem 
becomes: If we take n elements 4, dsc, aze*- - + and replace in turn each 


a; by b; so that the Lagrange resolvent v vanishes for 0; and the other a’s, 
then a; — b; are a system of equal forces in equilibrium. 


THE JOHNS HOPKINS UNIVERSITY, 
AND 
WESTERN RESERVE UNIVERSITY. 


PROPERTIES OF THE VENERONI TRANSFORMATION IN S,. 


By K. BLANCH. 


In a paper which appeared in 1901, Veneroni' cited that in a space Sp 
of n dimensions, the primals V"»_, of order n, which pass through (n + 1) 
general linear spaces Sn-2 lying in S, form a homaloidal system. Such a 
transformation is referred to as the Veneroni transformation. Some properties 
for S, are given by Veneroni and Hiesland.? More specific detail about the 
transformation in S, is given by J. A. Todd* and by Virgil Snyder. The 
bilinear equations defining the transformation have not heretofore been pub- 
lished, however. ‘They are derived in this paper and further properties are 
investigated with their aid. Emphasis is laid on the study of involutorial 
Veneroni transformations. In 8; any Veneroni transformations can be made 
involutorial by a proper choice of the frame of reference—an elegant derivation 
is given by H. F. Baker.° We show in this paper that in S, this is no longer 
true; one condition among the coefficients of the equations becomes necessary 
for an involution. It is found that quite generally, but not always, the in- 
volutorial case can be represented as a polarity with respect to four composite 
quadric primals, and the fundamental elements are considerably more specialized 
than in the more general involutorial transformations studied by Schoute ® and 
by Alderton.?. Furthermore, there exist Veneroni transformations in 8S, which 
are involutorial; but the bilinear forms cannot be represented as polarities 
with respect to quadric primals by any linear transformations. Properties 
which have already been found by other investigators will be included for the 
sake of clarity and completeness, when necessary. 


Notation. Let 


(Ax) + + + + A525; 


The binomial (a;b;,— will be denoted by (1k). Thus (a,b. — b,a.) = (12). 
S,: linear space of n dimensions. V,": a variety of dimension r and order 1. 


* Lombardo Rendiconti II, vol. 34, pp. 640-654. 

2 Rendiconti Circolo Matematico di Palermo, vol. 54, pp. 335-365. 

5 Proceedings of the Cambridge Philological Society, vol. 26 (1930), pp. 323-333. 

* Bulletin of the American Mathematical Society, vol. 40 (1934), pp. 673-687. 

5 Proceedings of the London Mathematical Society (2), vol. 21 (1923), pp. 114-133. 
® Archives du Musée Teyler, ser. 2, vol. 7. 

7 California Publications in Mathematics, no. 15, vol. 1 (1923), pp. 345-358. 
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A V," of Sr41 will be called a primal; if n =1, it will be called a prime and 
denoted by S,. The transformation involves two spaces S,, S’,. The system 
in S, will be referred to as the (z)-system; that in 98’, will be called the 
(z’)-system. The symbol 2 means “ transform into.” 


1. The derivation of the bilinear equations. The general homaloid of 
this (4— 4) transformation in 8, is a quartic primal V;* passing through 
five general planes of 8,, such that any two of them intersect in one point only. 
It is easy to show that the system | V;*| is oo*. Let the five planes have the 
equations: 


71: %=2,=—=0; 0; 13: = %4— 7, = 0. 


Ly —L5 — 0; m5: (ax) = (br) = 0. 


The first four planes intersect by twos in the vertices of the simplex of reference 
and the unit point. These are entirely general for 8, Any other six points 
in equally general position uniquely determine a set of four other planes which 
can be carried into these by a non-singular linear transformation. The fifth 
plane being entirely general the homaloidal system defined by these five planes 
will be projectively equivalent to that defined by any other five equally general 
planes in 8,. We demand that z; be non-incident * with the other four planes, 
and that the ten points of intersection of the planes 7 by twos be distinct. 
Then b; = B cannot both be zero; for then (1, 1,1, 1,1) would 
i=1 
satisfy z;, and would coincide with the intersection 23°24 of wz; and a4. It is 


5 
therefore no restriction to define 7; by (ax) =0; (bz) = 0; D0, 
i=l 


Consider the five Segre cubic primals, each determined by four of the five 
planes.? Their equations are given below: 


[ (ax) bz —(bzx) az] — (%3 — 

+ [ (ax) ag] — 24) (43 — 24) + = 0 
W.: [ (ax) b,—(bx) dz -] — 25) (2 — 21) 

+ [ (ar) b,—(bxr) a4] 25) (22 
W;: [(ax)bs; —(bx) a3] (43 — 21) 


21) + A(br): 2, 


+ [(ax)b,—(bx) as] + [(axv)b; —(bx) a5] 


+ [(ax)b,s—(bx) a4] 24° + [ (ar) b; —(bx) a5] 


Ws: — + — Ly + — = 0. 


®Two planes are non-incident in S, when they have only a point in common; 
if they have a line in common, call them incident. 

®* Bertini, Hinfiihrung in die projective Geometrie mehrdimensionaler Rdaume, 
chapter VIII, p. 193. 
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It will be useful to recall some of the properties of these primals. Hach 
can be generated as the locus of lines which meet the four planes determining 
it. Each contains fifteen planes; from every one of its points there can be 
drawn six lines, each such line meeting six of the fifteen planes. We may 
readily verify the following identity: 


(x, — + (44 23) We + AW; =0. 


Let 
(1. 1) = Z's = = X's = 24W2; = A (ar) Ws. 


Each 2’; is satisfied by all five planes 7; and is therefore a composite member 
of | Vs|; further these five homaloids are linearly independent and hence 
they define a proper Veneroni transformation. To obtain now the bilinear 
equations consider the determinant 


As M As 
—TZ2 % 0 0 0 
0 0 Zs 0 
(ax) — (ar) — (az) (az) (bz) ale: 
[(ag— A)(%5— 22) 25) Zs) — [b2(2%5 — 22) 


This expands into 
W, AotW, 4. A;A (ax) W; = (). 


The determinant is therefore the complete system | V;*|. Replace the first 
row of the determinant successively by the second, third, fourth, and fifth 
rows; taking account of (1.1), we have the four bilinear equations: 


M,: 2,2’, — 224’, = 0 

Mo: — = 0 

(ax) 2.) + =0 

Mz: — Az’, + boa’s) + (%s— a4) + Aa’, + = 0. 


The linear combination A(M,— M.) + M,-+ gives 


M;: — (—a,0 — Av’, — b,2’s) 
(5 — 23) (—a;C Aa’, — b32’5) 0 
The matrix of each bilinear equation has rank 2; the direct and inverse 
transformation are of the same nature; and the fundamental planes of (2) 


and (z’) can be read off from inspection of these equations. Naming the 
fundamental planes of (2’) T;, T2, Ts, Ts, T's, we may say that each bilinear 


) 

| 
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equation associates a plane 7; with a plane m7; and we shall hereafter call 
two such planes 7';, 7; satisfying the same bilinear equation associated planes. 


3. Locus of invariant points. When the spaces (#) and (2) are super- 
posed, the invariant points satisfy M, and M, identically. The locus of in- 
variant points therefore consists of the quartic surface defined by Ms; and M,, 
with the primed symbols removed. The planes 73, 24, 75 intersect the surface 
in conics, but 21, m2 cut the surface in only four points. Thus the invariant 
locus is not symmetric with respect to the fundatkental planes and depends 
on the choice of the frame of reference. 


INVOLUTORIAL TRANSFORMATIONS. 


4. A special involutorial transformation. The transformation already 
developed will be involutorial when and only when (ax) =72; and (bx) =—(. 
The fundamental system becomes very much specialized—R,* breaks up into 
two planes and an #,°, and four of the Segre cubic primals on J,’ contain 
double lines, with only 11 planes on each. The transformation 


(2. 1) 9135 = == Ys; L's = Ys 


applied to (a) changes these forms to a polarity with respect to four com- 
posite quadric primals. 


5. Veneroni transformations in the form of quadric polarities. Subjecting 
(z’) to a linear transformation is equivalent to taking for the simplex of 
reference in (z’) different linear combinations of the homaloids in (x). When 
the two spaces are regarded as superposed, J2!°, J’,!° have two planes in 
common, each of which 2 a W;. Hence the square of the derived trans- 
formation is of order ten. But we may transform any four planes of (2’) 
into any other four planes in equally general position and we may so choose 
such a transformation that four, three, two, one or no planes T; of (2’) 
coincide with fundamental planes of (a). Hence the square of the general 
Veneroni transformation may be of order 4, 7, 10, or 16 respectively, depending 
merely on the frame of reference. But under what minimum restrictions will 
the transformation be involutorial? We have studied one involutorial trans- 
formation in which the fundamental system was very much specialized. We 
will now obtain others much more general. In any involutorial transformation, 
the fundamental planes of (7) and (z’) must coincide; but conceivably they 
may be associated with one another in any one of the 5! ways in the bilinear 
equations. If the plane 7; coincides with its associated plane m for every 1, 
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we shall call such a transformation form I. We inquire under what conditions 
form J is possible, with at least four planes 7’ in perfectly general position. 
In that case there will exist a non-singular linear transformation on (z’) 
carrying the four planes 7; into 7, which will also transform 7’; into as. 
Then such a transformation must have the form: 


= (ay) + %o(by). 


In addition, it must carry the remaining planes 7; into the associated planes. 
Completing the algebraic details *° we find that one restriction on the coeffi- 
cients is necessary; namely 


(2. 2) (24) - (51)by + (25) (18)0,—0, when 3b, —0. 


i=1 
If, in addition 


(2.3) (53) (51) (42) - [(24)bs + (18) + 
[(13) bg + (42)b, — Adgb,] 


the transformation will always be non-singular. If some of the factors in 
(2.3) are zero, form I may still be possible in some cases, and impossible in 
others. The special restrictions in individual cases can be derived quite readily. 
The resulting bilinear equations will show that when form I 1s possible, the 
transformation is always a polarity with respect to four composite quadrics 
(and indeed, a fifth also, when M; is considered). No essential restriction is 
imposed on the fundamental elements. Thus the double points are distinct 
and no three need be collinear; the fifty planes of J;’° can all be distinct. 
In 83, every Veneroni transformation can be made involutorial by a suitable 
linear transformation; and since so much depends on the frame of reference, 
we will examine more closely the choice used to see whether (2.2) is really 
an essential restriction for S,. First, we imposed the restriction that 3b; = 0 
in developing the bilinear equations. It may be verified ’* that when this 
restriction is removed, condition (2.2) takes the form 


B[ (51) (24)ay + a4(31) (52)] + A[b.(13) (52) + b3(51) - (42)] =0, 


where B==3b;. This is a relative invariant under the transformations 
(ay) =c(ax) + d(bx); (by) =e(ax) + (bx). It remains to be seen 
whether by imposing a transformation () on (x) and another transformation 


1° The algebra in full detail is given in the author’s dissertation, 1935, Library of 
Cornell University. 
1 Author’s dissertation, Appendix I b. 
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(r) on (a), we may obtain form J without any restriction on the coefficients 
a;, b;. Suppose one such had been found. Then the fundamental planes of 
(z) and (2’) now being alike, use (w*) on both. Then (7) transforms 
all five planes of (2) into the associated planes of (x) under the old frame 
of reference, and if form J is possible at all, we may obtain it by keeping (2) 
fixed and impositing a linear transformation on (2). Hence condition (2. 2) 


is a necessary restriction. 


6. Involutorial Veneroni transformations which cannot assume form I. 
The first special involutorial transformation in JJ is not a polarity with respect 
to quadric primals, since a4; +4 a; in the fourth bilinear equation. But con- 
dition (2.2) is satisfied and (2.1) carries the transformation into form /. 
Is it possible to find involutorial Veneroni transformations, not form J, and 
such that form J is never possible for them? Such transformations exist and 
we give a method of obtaining them by examining certain anharmonic ratios. 

From every double-point wi, can be drawn a line of R,° to meet the other 
three fundamental planes. Let A;,A,4, A; be the points in 73, a4, 75 respectively 
on the line of R,° from aim. Let pis = (mite, 3, 4,5) be the anharmonic ratio 
of the points m2, As, As, As. Obtain the anharmonic ratios pix on every one 
of the ten lines through the points z;z;. Similarly, obtain the corresponding 
cross-ratios p’;, on the lines in (2) from the associated points 7,7’, in the 
same order. Then it is readily verified that pi. = p’ix for every 1, k. 

Now suppose the five planes 7; are projective with the planes 7; but not 
in the associated order. Suppose, for instance, there exists a linear trans- 
formation under which T, 2 2 2 2 m4: Te 2 73. Since 
cross-ratios are invariant under a linear transformation, we must have 
(my72, 3,4,5) == 4,3,5). Hence = 1/2. The other anharmonic ratios 
impose three more independent conditions, and we exhibit the following equa- 
tions for x; which will satisfy all requirements: 


(az): (2b-+1)2, + 0(2b + 2(b? + 60+1)2,—2(b? —0 
(bx) : (— 2b —1)2, + (2b + 1)2, + —2(b +1)2, + 2a; —0 
subject to the condition (2b + 1)(b +1) (b?+6+1) €0, but b unrestricted 


otherwise. The following linear transformation carries T; 2 7;: 
= + by2)/ds3 U2 = (bys + = Ys + 
= 2(b + 1)ys— = (1/2) [arys + 2( ys — ys) + 20 (ys — ys) ]- 


where a, = 2b +1; a; —2(b?+0-+1). 


The five bilinear equations become: 


PROPERTIES 


OF THE VENERONI TRANSFORMATION IN 84. 


Mi: %[(b + — + = 0 
Mz: (2b + 2) — ys] — + = 0 
M,: (av)[(ay) + (6? +6 +1) (by)] 

+ (bx) [ (ay) —b(by)]- +b +1) 
My: — %2)[ (26 +1) + (ys— ys) ] 

+ — %)[ (26 +1) + (Ys 
(ts—21) +1) (ys—y)] 

+ — *[(2b +1) (y2— + (Ys — ys) ] = 0. 


The transformation is non-singular when (b? + + 1)(b +1)(2b+1) £0. 
It is readily verified that 


(24) (51)b, + (25) (13)b, = — 8(2b + 1)3- (b +b +1) 


=0 


and is never zero when the transformation is non-singular. Hence form J is 
never possible for these transformations. 

In existing literature, involutorial transformations in S, expressible by 
means of bilinear equations are given as polarities with respect to quadric 
primals by Schoute ** and by Alderton.‘* The results of this paper show that 
not all involutorial transformations so definable are expressible as quadric 
polarities. These Veneroni transformations also throw more light on the 
character of the fundamental system for the case of the quadric polarities. 
Miss Alderton classifies the transformations according to the characteristics 
of the quadric primals defining the polarity. For the general case of all four 
primals being “ space-pairs ” (composite primals), she cites that J.1° consists 
of four planes and a sextic surface, with more specialization when the planes 
common to the space-pairs are incident. The Veneroni transformations show 
that J,'° can be considerably more specialized even when the four “ space- 
pairs ” are perfectly general. 

Clearly a transformation may be involutorial even when ai, ~ a4 in all 
the bilinear equations. A less exacting criterion—quite obvious yet worth 
noting is this: Denote by the (2) matrix the one from which the ratios 
U1: 24: are obtained. If the (a2) matrix may be obtained from the 
(x’) matrix by elementary transformations on the rows of the latter, then the 
transformation is involutorial. The cases given in this paper satisfy this 
criterion. 


CORNELL UNIVERSITY. 


12 Schoute, loc. cit. 
13 Alderton, loc. cit. 
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SECOND ORDER DIFFERENTIAL EQUATIONS WITH TWO POINT 
BOUNDARY CONDITIONS IN GENERAL ANALYSIS.'! 


By A. D. Micuat and D. H. Hysrs. 


Introduction. The abstract differential calculus initiated Sy M. Fréchet * 
has led several authors to the study of both “ordinary”* and “total” ‘ 
differential equations in abstract normed vector spaces. So far the existence 
theorems given have all been for one point initial conditions. ’ 

In this paper we consider the following “ordinary” second order dif- 
ferential equation with two point boundary conditions: 


(1) d*é(t) /dt? = F(t, dé/dt), E(to) =A, E(t;) = B, 


where the values of the functions é(¢), F'(t,é,7) and the second and third 
arguments of F'(t,é,y) are elements of a Banach space® while ¢ is a real 
variable. 

Section 1 contains essentially an abstraction of Picard’s two point 
existence theorem.® In section 2 we consider special systems of type (1) 
(Cf. systems (2.1) and (2.6)) occurring in abstract differential geometry,’ 
and study the continuity and Fréchet differentiability of the solution x(t, Zp, 2; ) 
as a function of ¢ and the boundary values x,2,. The main results of the 


1 Presented to the American Mathematical Society, September, 1935, and November, 
1935. 

2M. Fréchet, Comptes Rendus, vol. 180 (1925), pp. 806-809; Annales Scientifique de 
VEcole Normale Supérieure, vol. 42 (1925), pp. 293-323. For the differentials of func- 
tionals see V. Volterra, Theory of Functionals (London, 1930); G. C. Evans, American 
Mathematical Society Colloquium Lectures (New York, 1918). 

8L. M. Graves, Transactions of the American Mathematical Society, vol. 29 (1927), 
p. 514; M. Kerner, Prace Matematyczno-Fizyczne, vol. 40 (1933), pp. 47-67. For the 
earlier work on linear differential equations in Moore’s general analysis see H. H. Moore, 
Atti di IV Congresso (Rome, 1908), vol. 2, pp. 98-114: T. H. Hildebrandt, T'ransactions 
of the American Mathematical Society, vol. 18 (1917), p. 73. 

4A. D. Michal and V. Elconin, Proceedings of the National Academy of Sciences, 
vol. 21 (1935), pp. 534-536; A. D. Michal, Annali di Matematica (in press). 

5S. Banach, Opérations Linéaires (Warsaw, 1932). In (1) we have written 


d*é(t) , 


M. Kerner, Annali di Matematica, vol. 10 (1932), pp. 145-64. __ 

®*F. Picard, Traité d’Analyse, Tome 3 (Paris, 1928), pp. 90-96. 

7 A.D. Michal, Annali di Matematica, loc. cit.; Proceedings of the National Academy 
of Sciences, vol. 21 (1935), pp. 526-529. 
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paper center around Theorems 2, 3, 4 and 5 of this section. Sections 3 and 4 
are concerned with a differential equation in a normed ring and with an 
integro-differential system arising in functional geometry.® 


1. A general existence theorem. In this section we give an existence 
theorem for the differential system (1) together with a lemma needed in the 
proof of this theorem and of Theorem 6. 


Lemma 1. Let ®(t) be a continuous function on the closed real interval 
(0,c) to a Banach space and let 


Mm = | |. 


Then for 0 =tSc the unique solution of the differential equation 
(1. 1) d*é/dt? = ®(t) 
taking on the two-point conditions (0) =0, é(c) = B is given by 


E(t) 9(s,t)®(s)ds + (i/e)B, 
where 
g(s, t) =s(t/e —1) a<it 
= t(s/c—1) 


Furthermore we have 
| € |] << mc?/8 + | BI, | dé/dt — B/c || < me/2. 


THEOREM 1. Let L and L’ be any two chosen positive numbers. Denote 
the real closed interval (a,b) by I, let N, be the set of points é of a Banach 
space ® E such that 

Jé—A] SL 


and let Nz be the set of points » of E such that 
| SL’. 


Suppose F'(t, to be a continuous function in the set t, for tind, N,, 
7 in N., and with values in E. Further suppose that for the same set of values 
of t, é, n, the function F satisfies the Lipschitz condition 

8A. D. Michal, American Journal of Mathematics, vol. 50 (1928), pp. 473-517; 
Proceedings of the National Academy of Sciences, vol. 16 (1930), (three papers) and 
Wol. 17 (19381). 

® Banach spaces and their subsets will be denoted throughout the paper by bold 
face letters. 
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| F(t, &,m) — P(t, &, m2) || &—& | + Bl | 


(and hence || F || is bounded, say || F(t,é,y)|| SU). Then subject to the 


following inequalities 


U (t, — to)? 
<L 
(1.2 
a(t, —t,)? B(t, — to) 


the differential system (1) has a solution on (to, t,). Furthermore under the 


same conditions there exists on (to, t,) a unique solution é(t) of the differential 


system (1) and the inequalities 


(1. 3) Jé(t) SL, | d&(t)/dt—m | SL’. 


The proof of Lemma 1 and the existence of a solution of the differential 
system (1) can be obtained by an evident modification of Picard’s* well 
known methods and by the application of some known or easily proved results 
on abstractly valued functions.‘ To prove the uniqueness of the solution of 
(1) and (1.3) we take t) —0 without loss of generality. Assume there are 
two distinct solutions é(¢) and 7(t) in (0,¢,). By the Lipschitz condition 


we obtain the inequality 


|| F(t, €(t), d&(t) /dt) — F(t, n(t), dy(t) /dt) | 
S a || E(t) — a(t) +B || /dt — dy(t) /dt | 


for ¢ in (0,t,). The non-negative continuous function on the right side of 
this inequality takes on its positive maximum value, say N, at some point t 
in (0, ¢,). Hence an application of the lemma to the differential equation 


_ (1,49, 42) (40,22 


dt? 
N < N(at,?/8 + ft,/2). 


yields 


But this contradicts the last inequality (1.2) for t) = 0. 


2. A differential equation arising in abstract differential geometry. One 


10K. Picard, loc. cit. 
11M. Kerner, Prace Matematyczno-Fizyczne, loc. cit. 


) 
( 
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of us 7? has initiated the study of Riemannian and non-Riemannian differential 
geometries in abstract vector spaces. In these geometries the geodesics (or 
paths) satisfy special differential equations of type (1). In this section we 
shall prove several theorems on geodesics. 


Lemma 2. Let [(2,é), an affine connection,’? be defined on*® 
E((%)a)E* to a Banach space E. If 


(i) T'(a,é,) is additwe in é and in 7; 
Gi) [P(e S MIEN constant) ; 
(iii) The partial Fréchet differential é,4; 84) exists and is con- 
tinuous in x, then there exist positive numbers N and &4<a such that for 


any 
| (22, &2, || S NA? || 21 — || + 20d || — & || 
for all x in (&)q and all in (0) . 
Proof. Clearly é,y) is bilinear’® in € and On using hypothesis 
(iii) and a theorem on differentials proved by one of us’® we find that 


I'(z, 2) is trilinear in 9, z. 
Therefore there exists 17 an 4, 0 < @ < a and a constant N such that 


lol 


for c in (£)q. For any positive A let x, and x, be in (#)¢ and &,, & be in (0)). 
On using the formula** for the difference in terms of the differential and 
noting that a neighborhood is a convex point set we obtain 


| (a1, £1) £1) | S WA? 21 — I. 


12 A.D. Michal, Annali di Matematica, loc. cit.; Proceedings of the National Academy 
of Sciences, vol. 21 (1935), pp. 526-529. 

*%E((x),) or simply (#), is the set of points of E for which ||~w—zZz|| <a. By 
“f(@,,---+,@,) on E.E,---E,, to E” we mean that the i-th argument #, ranges over the 
set E; while the values of f(#,,---,#,) are in E. 

14M. Fréchet, loc. cit. See also L. M. Graves and T. H. Hildebrandt, Transactions 
of the American Mathematical Society, vol. 29 (1927). 

*® Additive and continuous in é and 7 separately. 

16 A, D. Michal, Annali di Matematica, loc. cit. 

17M. Kerner, Annals of Mathematics, vol. 34 (1933), pp. 546-572. 

18 L. M. Graves, 7'ransactions of the American Mathematical Society, vol. 29 (1927), 
p. 173. See also M. Kerner, Prace Matematyczno-Fizyczne, and Annals of Mathematics, 
loc. cit. 
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From hypotheses (i) and (ii) we have 


| é1, é,) — T(x, é1, | Mx — &2 | 
(x2, €2) (22, €2) || S MA || — & || 


and the lemma follows immediately. 

So far we have considered two point boundary problems in which one of 
the points 2 is kept fixed while the other point z, is any chosen point within 
a suitable domain. We shall now give some theorems on geodesics in which 
both end points 2 and 2, are any chosen points within a suitable domain. 


THEOREM 2. Suppose the hypotheses of Lemma 2 are satisfied. Using 
the notations of this lemma choose X < the smaller of 


ai 1 2 
2(t, — to)’ M (ti to) ’ N(t, — to) 


+ 2N — 2M) 


and choose 8 < (A/4)(t1 — ty). Then for any such choice of x and 8, and for 
any Xo, in the system 


(2.1) d*z/dt? (2, dz/dt, dx/dt), = «(t,) 


has a solution which with its derivative is uniformly continuous in t, Xo, 7%. 
Furthermore there exists on (to, t:) a unique solution x(t) of the system 
consisting of (2.1) and 


| <a, ‘|| dz/dt || Sa. 


Proof. From Lemma 2 and the inequality 28 < &/4 we see that Theorem 
1 applies here if we take L—4@/2, L’=dA, 9,=0, a=WNA’*, B = 2M), 
U =M)2?. From the hypotheses on A it follows that the inequalities (1. 2) 
of Theorem 1 are satisfied. A glance at the uniqueness proof of Theorem 1 
shows the truth of the last statement in our theorem. To prove the uniform 


continuity write tp) = 0, ¢; = c and let 


(2. 2) + (t/c) (x; Zo) 


¥o(t, Lo; (1/c) (2; Xo). 
Consider the following system of integral equations which is easily shown 


to be equivalent to differential system (2.1): 


Lo; = Yo(t, Lo, 21) + 9(s, t)T(x(s), a’ (s), 2’(s) )ds 
a’ (t, Lo, 1) = fo(t, Lo, + als t)T'(a(s), 2 (s), 2’(s))ds. 


(2. 21) 


7 
] 
| 
| 
1 
G 
M 
| re 
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The functions y; and y’; given recurrently below approximate to the 
solution x(t, 2, 2,) and its derivative respectively : 


Yi (t, Lo, zy) = Lo, +f (8, 1) (s, Lo, ds 
(2.3) 

+ f gt(s, t) ®;-1(8, 20, 21) ds 

0 
where 
(s, Zo, 21) =T (yi (S, Lo, 71), Lo, 71), (8, Lo, 21) >. 


By means of the inequailty 


| Bi (s, + 8X, + 821) — (8, Zo, || 
(2. 31) S NA? || yi(s, Vo + 82, + 821) — yi(S, Lo, 21) | 
+ 2MA || y/i (8, + 8x, + — yi (8, 20, 21) || 


and an induction we see that y; and y’; are uniformly continuous in ¢, 2, 2, 
for ¢ in (0,c) and 2, a, in (@)5. The uniform continuity of the limit func- 
tions follows by the usual method. 

To investigate the differentiability of the solution x(t, %, 7,) as a function 
of the set of boundary values (2%, z,) we could proceed directly as in the proof 
of continuity of Theorem 2. An alternative method,’® which we employ below, 
is to make use of the general implicit function theorems of Hildebrandt and 
Graves. 

Before studying the differentiability of x(t, vo, 2,) we prove the following 


lemma concerning functions *° of class C™. 


Lemma 3. Let E and E, be Banach spaces and X be a bounded convex 
region of E. The necessary and sufficient conditions that a function F(x) on 
E to E, be of class C™ uniformly on X is that the following conditions (A) 
and (B) be satisfied for k =n. 

(A) F(x;8,2;-- + 38&«) exists and is continuous in x uniformly (in 
the ordinary sense) with respect to its entire set of arguments for || dx || = 1, 
t=1,---,k and x in X. 

(B) There exists a constant M;, with 


1°We are indebted to the referee for helpful suggestions in this connection. 
Originally we employed the direct method, without using the results of Hildebrandt and 
Graves. For the general implicit function theorems see T'ransactions of the American 
Mathematical Society, vol. 29 (1927), pp. 127-153. From now on this paper will be 
referred to as HG. 
20 For the denition of functions of class C(m) see HG, p. 137 and 140. 


= 
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| P(x; 5 8x) || S |] | 
for all x in X. 


Proof. The necessity of the conditions of the lemma is obvious from the 
definition of functions of class C uniformly on X (uniformly (X;1) in the 
notation of HG). To prove the sufficiency we note that condition (3), p. 137 
of HG is automatically fulfilled since clearly 


1 
(2. 4) F(2) — F(a) F(a, + —2%) ;2 — 2%) do 
0 
for any two points %, « of X. We now make use of the similar formula 
(2.5) F(2;8,2;-- 38a) —FP(2;8,2;- - ; 8-2) 
e7 0 
x in X) 
to prove that conditions (A) and (B) are satisfied for k =1,2,- - -,n—1, 
and therefore that the lemma holds. In fact (2.5) shows that (B) for 


k=r-+1 implies (A) for k=—r. For each in X, 58,2) 
is a multilinear function in 8,2,- - - , 6,2 so that 


Thus by (2.5) we see that (B) for k=r-+1 implies (B) for k=r. The 
lemma now follows by repeated applications of this argument. 
The following theorem on existence and differentiability is independent 


of Theorems 1 and 2. 


TrrorEM 3. Let X, & stand for the neighborhoods (&), and (0)y of E 
and let the function H (a, €) on XE to E have the following properties: 
(i) H(a, é) is of class C™ in (a2, €) uniformly on X& (n = 1); 
(ii) H(a,&) is homogeneous in é of degreer >1. Then having chosen 
two real numbers to, t,, there exist positive numbers B S b and AS v such that 
(1) for every a, a, in there is a solution «= $(t, 2, of the 


differential system 
(2. 6) d*x/dt? = H (2x, dx/dt), a(ty) =%, w(t) 
and this is the only solution with these end points satisfying 


| <a, || da/dt 


21 A.D. Michal, Annali di Matematica, loc. cit. 
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(II) the function $(t, 21) is of class C™ in uniformly on 


Proof. As in the proof of Theorem 2 we deal with the following system 
of integral equations which is equivalent to the differential system (2.6) : 


(2. 7) 
gt (s,t)H(x(s), €(s) )ds + (1/c) (a1 -— 20) 


where we have chosen t) = 0, t; = c for simplicity. 
Let E, be the space of pairs y= (a,é) where z,yeE, with the norm 
| y || = greater of || x ||, || € ||, and let E. be the space of continuous functions 
Y=y(t) = (a(t), €(¢)) on (0, ¢) to E, with the norm | Y | —= max | y(t) |). 
With the usual definitions of equality, addition and inuldplieation” by reals, 
E, and E, are Banach spaces. Put w= (a,2,). Next let F,(o, Y), F2(, Y) 
respectively stand for the right members of the integral equations (2.7) and 
write Y) = (Fi (0, Y), F2(o, Y)), so that F(o, Y) is a function with 
values in E, for we E,, Ye E.. Then the system (2.7%) may be replaced by 
the single equation 


(2. 8) Y)=Y (w, )=0. 


We shall now show that hypotheses (H,), (1/2), (13) of Theorem 4 of HG, 
p. 150 are satisfied by the functional equation (2.8) with a proper choice of 
regions. In fact let Y, be the region X& of the composite space E, and let 
Y, be that subset of E, consisting of all continuous functions Y = y(t) for 
which y(t) « ¥,, when 0OS¢Sc. It is clear from its definition that Y, is a 
bounded convex region. Take w as the point « = #, é = # of E, and Y, as the 
point «(¢) €(1) =0 of If $2, is any chosen bounded convex region 
of E, containing wo, take the region W, of the composite space E,E, as $2%,Yz, 
so that W, is bounded, convex and contains the point (wo, Yo). 

Since (a, €) is homogeneous in it is clear that (09, Yo) = @, 
Yo) = 0, so that (wo, Yo) is a solution of (2.8). 

(H,) It is sufficient to show that F,(o, Y), P2(o, Y) are of class C™ 
uniformly on Wy. We give the details of proof for F, only, since those for 


F, are similar. Now F,(o, Y) can be written in the form 


6(Y) + A(w), 


where A is a uniformly continuous linear function of » on the bounded 


) 
e 
n 
ul 
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region $2,, so that F,(, Y) is of class C‘” uniformly on W, if ®(Y) has this 
property on Y,. Evidently 


= f° 9(s,t)H(x(s), €(s))ds 


is linear in H, while H may be considered as a function on E, to E, and written 
H(Y). As a consequence of the uniformity conditions in (i) of our theorem 
it is easy to demonstrate that the differentials of H(Y) up to and including 
the n-th exist for Ye Y.. An application of Lemma 3 then shows that H(Y) 
is actually of class C‘ uniformly on Y,. The function ® being linear in 
H(Y), is also of class uniformly on Y2. Consequently Y), F2(o, Y) 
and F'(w, Y) are of class C™ uniformly on W, = 82,Y,. 


(H;) G (0, Yo; 8Y) 8Y —F(w, Yo; 8Y). 


It is evident from the above discusssion that 


Pi f° g(s, t)H (0(s), €(s) 82(s), 3€(s) )ds 
Pa(w, ¥38¥) ge(s, t)H(2(s), €(s) 8e(s), 8€(8) a 
Since H(z, €) is homogeneous of degree > 1 in é, the differential 
H(a(s), €(s) ; 8¢(s), 8€(s)) = H(x(s), €(s) ; 8¢(s)) + H(a(s), €(s) ; 8€(s)) 


vanishes for é(s)==0 as is easy to see by calculating H(2,é;8x) and 
H(«2,&;8&) by means of Gateaux’s limit method. Hence for all 6Y, 
G(wo, Yo; 8Y) =8Y and (H;) of Theorem 4 of HG is satisfied. 
The hypotheses in Theorem 4 of HG hold. Hence by an application of 
this theorem the reader can readily complete the proof of our Theorem 3. 
On differentiating the first equation of (2.7), we obtain with the aid of a 
theorem on total differentials proved by one of us ** the following corollary. 


Corotiany 1. The differentials $(t, 380) (kK 0) 
are uniformly modular (Cf. Lemma 8, property (B)) and continuous in (t,o) 
uniformly with respect to their arguments forteT : th << t < te, we E*((Z)8) 
and || || = 1 (¢—1,---,k). 


Corotiary 2. If in Theorem 3, n=1, then $(t,w) is of class C™ 1m 
(t,w) uniformly on TE?((Z)zg). 


22 A.D. Michal, Annali di Matematica, loc. cit. 
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Proof. Since the pair of functions ¢, #¢/0t satisfies (2.7) it can be 
shown by a simple calculation that 0¢(t, w) /dt and (t,o; 8») are continuous 
in (t,) uniformly in (t,o, do) for te T, we E?((Z)g), || 8 || = 1, and have 
bounded norms for the same ranges of the variables. With the aid of Corollary 
1 we obtain for a preassigned « > 0 the inequality 


0 
+ 84,0 + 0) 0) — PO) 


for t, t+ dteT, we E*((Z)g) and || dv || < 8(e) (8(e) independent of ¢ and w). 
We return now to our study of the differential system (2.1). 


THEOREM 4. Suppose that besides satisfying hypotheses (i), (ii) of 
Lemma 2, the affine connection T(2,é,y4) has an n-th partial Fréchet dif- 
ferential T(x, 3 n = 2, which is continuous in x for xe 
and for all é€,y. Then there eaist positive numbers dX and d such that the unique 
solution x(t, %,2,) of the system consisting of (2.1) and 


02(t, 21) 


at 


| z(t, %, %1) — || SG, 


has Fréchet differentials of orders 1,2,- + -,n—1 nthe set (xo, 21) which are 
uniformly continuous in (t,%, 21) on TE?((Z)a). 


Proof. As in Lemma 2 one can deduce that 875° da) 
(k =1,2,---,n) is multilinear in (7,8:7,- -,8&#), so that constants 
b= 4 and exist such that 


for xe (Z)» and hence, on using the integral formula for the difference 
repeatedly, that ; (1 =1,2,- - -,n—1) is continuous 
in (x, é,7) uniformly with respect to its entire set of arguments for re (Z)» 
and £,,8,2,° - -,8:@ each in norm <1. A formula proved by one of us * 
for the total differential of a bilinear function depending on a parameter gives 


(2.9) T(a,é 8x, 8) =T(a, dr) (a, 8&) + P(x, 86, €). 


Repeated applications of this formula show that the n — 1-st total differential 
of I'(z, é,€) exists. Each term of this total differential has properties of con- 
tinuity and modularity similar to those of (2, and there- 


23 A, D. Michal, Annali di Matematica, loc. cit. 
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fore by Lemma 3 I'(z, é,€) is of class C-” uniformly on E((Z),)E?((0)v) 
where v is any number = 1. Hence by Theorem 3 there exist positive numbers 
B(v) and A(v) such that z(t, 2, 2) is of class C- in (2, 2,) uniformly on 
E’((Z)g,v)) and is unique among the class of functions for which 


0x(t, Xo, 21) 


|| c(t, %, < A(y), 


<A(v). 


Theorem 4 now follows by choosing v small enough so that A(v) satisfies the 
hypotheses of Theorem 2, and by applying Corollary 1 of Theorem 3. 

On making special use of Theorem 4 and Corollary 2 of Theorem 3 we 
obtain the following additional result on geodesics. 


THEOREM 5. Suppose that besides satisfying the hypotheses of Lemma 2, 
the affine connection T(xz,é,y) has a second partial Fréchet differential *4 
I'(2, &,; 8:2; 8.4) which 1s continuous in x for xe and for all Then 
there exist positive numbers » and d such that the solution x(t, %,2,) of the 
system consisting of (2.1) and 


|| x(t, || Sa, || dx/dt || SA 
is of class uniformly on TE?((Z)a). 


If the real Banach space E is replaced by a complex Banach space,”’ i. e., 
a complete normed vector space closed under multiplication by complex num- 
bers, Theorems 3, 4 and 6 are still valid. Thus, by a result on abstract analytic 
functions given independently by L. M. Graves and A. E. Taylor,”® the solution 
x(t, %,,) is analytic, and hence indefinitely Fréchet differentiable. 

The attention of the reader is drawn to the fact that the validity of 
Theorems 2 and 5 does not depend on a particular parameterization of the 
geodesic a(t, 2,21). More precisely, the region (Z) 5 is the same for all affine 


parameterizations. 


*4The conclusions of Theorem 5 will still be valid if we merely require that the 
first partial differential 62) be continuous in & 7) uniformly for xe(Z),, 
& ne (0), and || da |/=1. A similar remark of course holds for Theorem 4. 

*° By a linear function in a complex Banach space we shall mean a homogeneous 
function of degree one which is additive and continuous. It is not possible to prove 
homogeneity from additivity and continuity alone as is the case for real Banach spaces. 

26 A. E. Taylor, Bulletin of the American Mathematical Society, November (1935) ; 
L. M. Graves, Bulletin of the American Mathematical Society, October (1935). For the 
earlier work on abstract analytic function theory see R. S. Martin, California Institute 
thesis (1932); A. D. Michal and R. S. Martin, Journal de Mathématiques Pures et 
Appliquées, vol. 13 (1934), pp. 69-91; also N. Wiener, Fundamenta Mathematicae (1923), 
for abstractly valid analytic functions of a complex variable. 
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The uniqueness of the path passing through two points has been shown 
only for the class of paths such that || dx/dt || < A. It is however possible to 
prove a modified uniqueness theorem where no restriction is placed on da/dt. 


THEOREM 6. There exist two neighborhoods (€)o, (#)7, (0 <1) such 
that a unique path joins any two points of (Z)o and lies wholly within (#),. 


Proof. The proof depends on the following lemma, given by Whitehead 2? 
for the classical case. 


Lemma 4. There is a neighborhood (£), (+ <8) which is simple, i.e., 
not more than one path joins any two points of (<), and lies wholly within 
the neighborhood. 


Let w(t) =A(t) (t—t.) where 


A(t) = max || da/ds ||, 
toSsSt 


and po = A(t, — ¢)) where A is defined in Theorem 2; let a p-path be one for 
which p(t) < po, fo StSt,. Then Theorem 2 states that there is a unique 
po-path joining any two points of (#)5. Having shown that 


|| — || = w(s) —4Mp?(s) 


one can proceed exactly as in the last part of Whitehead’s proof. But on 
taking ¢, = 0 for simplicity and applying Lemma 1 with 


=T[x(t, v1), dx/dt, dx/dt|, c=—=s, m= 


we find that 


sMX?(s) | Lo, L1) — || 
2 8 


Now || dz/dt || is a real continuous function of on 0 ¢<s and attains its 
maximum A(s) on this interval so that the required inequality and the lemma 
follow. 

Since +t < a, Theorem 2 is valid with @ replaced by 7, and the proof of 
Theorem 6 is complete. 


3. A differential equation in a normed ring. Let E be a Banach space in 
which there exists on E? to E an associative bilinear function denoted by zy. 


27 J, H. C. Whitehead, Quarterly Journal of Mathematics, vol. 3 (1932), pp. 38-39. 


) 
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For simplicity, let the modulus of this bilinear function be unity, i.e., 

|| zy || = || z|| | y |. We also require that there exist a unit element J in E. 

Clearly the functions x + y and zy satisfy the postulates for an abstract ring.”® 
If the affine connection is taken to be 


é, ”) én, 


the corresponding differential system for the paths, passing through two 
points is 

2; 2 
(3.1) { d?x/dt (dz/dt) 


2(0) = 2p, =. 


It is perhaps worthy of note that this extremely simple affinely connected 
space is not in general “ flat,” since the curvature tensor *° 


B(a, 8:2, 8.0) = £8, — 2 


vanishes identically if and only if the ring is commutative. 
The system (3.1) can be integrated by means of elementary functions. 
In fact define In(I + x) and e® as the respective power series 


((—1))/n)a" when <1 
n=1 


and 


I+ (a"/n!). 


n=1 


Then we can show that for sufficiently small values of || 7 — 7, ||, the system 
(3.1) has the solution 


(3. 2) (t,o, 21) = — In[I — (t/t,) (I — ] 


By using a method similar to that of J. von Neumann * in the case of a finite 
matric ring, it may be shown that the relation In(e*) = @ holds in our normed 
ring providing that || J—e* || <1. Hence if || J— e*- || < 1, the boundary 
conditions are satisfied by the function $(t, 2 ,2,). The ordinary rules for 
differentiation of a power series can be extended to the case where the coeffi- 
cients are elements of our normed ring. Moreover Cauchy’s rule for the 
multiplication of absolutely convergent series holds here. Hence, with the aid 
of Lemmas 1 and 2 and the uniqueness proof of Theorem 1, we have 


28 Van der Waerden, Moderne Algebra, vol. 1 (Berlin, 1930), pp. 36-37. 
29 A. D. Michal, Annali di Matematica, loc. cit. 
30 Mathematische Zeitschrift, vol. 30 (1929), p. 9. 
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THEOREM 7. The function $(t, 2,21) defined in (3.2) satisfies the 
differential system (3.1) for0O StS t, and for x, 2, such that 


If moreover 
|| % — 2 || < At, /3 < 1/3, 


then o(t, Xo, 7) is the unique solution among the class of functions for which 


| da/dt || <A. 
Given the power series 


f(z) 


n 


where dn, x are elements of our ring, define 


the summation extending over all permutations of 2,, It may be 
proved that the 7-th differential of f(x) exists for x in the region of con- 
vergence of >) a,x" and is given by 


(2; 8,7; 8.7;-- 580) => (n!/r!)ha(a, 2, 8,2, 8a). 
Consequently the total differentials of all orders of $(t, 2,21) exist for 
|| evr || < 1. 


THEOREM 8. The solution $(t, 2,21) of the differential system (3.1) 
has total Fréchet differentials of all orders for || I —e*-™ || < 1. 


Besides the well known finite matric examples of a normed ring, we may 
take the class of ordered pairs of real functions (2(r,s),«(w)) with suitably 
defined operations,*! where a(r,s) and are continuous for r,s in (0.1). 
Then the following integro-differential system is an instance of system (3.1). 


70 


at? at at 
Ox(r,t) , 8, t). 
4 Pz(r,t) 


2(r, 8,0) == 2 (1,8), a(r,0) = 2 (r) 
2(r, 8; t,) 2,(1, 8), == 2,(r). 


81 Compare with Evans’ and Volterra’s functional algebra. See Evans, loc. cit., 
and Volterra, loc. cit. See also A. D. Michal and R. 8. Martin, loc. cit. 
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4. An integro-differential system in a functional geometry. In certain 
functional differential geometries ** the following integro-differential system 
is the analogue of the equations for the paths in a finite dimensional affine 
geometry. 


Take the Banach space E of Theorem 2 to be the space of real functions 
az‘ continuous over the interval (o,7) with || 2‘ || = max | 2 |. 

To satisfy the hypotheses (i) and (ii) of Lemma 2, we require that the 
functionals T, M, N, P be bounded and have continuous values when 1, a, 8 
are in (o,7) and 2 satisfies max | «'— Z| <a. Let E, and E; be the spaces 

i 


of continuous functions of two and three variables respectively with each 
variable ranging over (o,7) and the norm taken as the maximum of the 
absolute values. Then Tyg‘, for example, is a function on E to E;. For 
hypothesis (iii) to be satisfied it is sufficient that Tag', Ma‘, Na‘, P' have 
continuous first Fréchet differentials provided we take I'(z, é,7) to be 


Tap + + Naté'n® + + 


Theorem 2 can now be applied immediately to the integro-differential 
system (4.1). 

If in addition to the above hypotheses on the functionals T, M, N, P, 
we require that the second or higher order differentials of these functionals 
exist and are continuous the hypotheses of Theorems 4 and 5 are also satisfied. 


CALIFORNIA INSTITUTE OF TECHNOLOGY, 
PASADENA, CALIFORNIA. 


82 A. D. Michal, Proceedings of the National Academy of Sciences, vol. 16 (January, 
1930), pp. 88-94; American Journal of Mathematics, loc. cit. 

In equation (4.1), the indices are continuous real variables on the interval (¢, 7) 
and a repetition of a subscript and superscript in a term denotes integration over (¢,7). 
The values of the functionals NV, are real continuous 
functions of three, two, two and one real variables respectively. 
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By Norman E. STEEnRop. 


Introduction. The development of algebraic topology of the past ten 
years has been marked by a constant effort to extend its principal theorems to 
ever more general spaces. Outstanding in this respect has been the endeavor 
to extend the Alexander duality theorem, the theory of manifolds, and to 
bring within the framework the theory of dimensionality. These investiga- 
tions have compelled the introduction of homology groups based on chains 
and cycles with coefficients in a general topological abelian group. 

There have been many reasons to suspect that one does not need to con- 
sider all possible coefficient groups to obtain a complete set of homology rela- 
tions in a space. Thus, in the case of a complex, it has been proved that it is 
sufficient to know the homology groups based on integer coefficients. These 
groups and an abelian group @ determine completely the homology groups 
based on chains with coefficients in @. We say therefore that the integers 
form a universal coefficient group for the homology theory of a complex. 

There are examples to show that this theorem does not hold if “ com- 
plex ” is replaced by “compact metric space.” Alexandroff [5]? has raised 
the problem of finding a universal coefficient group for a compact metric space. 
He surmised that the group X of real numbers reduced modulo 1 is such a 
group. A proof of this is contained in the present paper. In fact, using 
Gech’s definition [8] of the homology groups, we shall prove that % is uni- 
versal for the homology theory of a general topological space. To express the 
result differently: the use of other coefficient groups cannot lead to any new 
topological invariants. It will also be shown that ¥ is universal for the 
homology theory of the infinite cycles of an infinite complex. All of these 
results hold for relative homology groups in the sense of Lefschetz [15]. 

There is a dual result. Using the procedure of Cech, one may define, in 
the manner of Alexander [1], the dual homology groups of a topological space. 


' Then the group of integers (the character group of %) is a universal coeffi- 


cient group for this homology theory. This generalizes in a sense a theorem 
of Gech [9] which asserts that the integers are universal for the homology 
theory of the finite cycles of an infinite complex. 


1 The results of this paper were communicated in a note in the Proceedings of the 
National Academy, vol. 21 (1935), pp. 482-484. 
* The numbers in brackets refer to the bibliography at the end of the paper. 
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4. An integro-differential system in a functional geometry. In certain 
functional differential geometries ** the following integro-differential system 
is the analogue of the equations for the paths in a finite dimensional affine 
geometry. 


a Apa 2 spt / Api 2 
ds Os ds As 


as? ds ds 
Tag! = Tga', = = 


(4. 1) 


Take the Banach space E of Theorem 2 to be the space of real functions 
x continuous over the interval (o,7) with || 2‘ || = max | 2 |. 

To satisfy the hypotheses (i) and (ii) of Lemma 2, we require that the 
functionals T, M@, N, P be bounded and have continuous values when 1, a, 8 
are in (o,7) and 2* satisfies max | z'— Z| <a. Let E, and E; be the spaces 

i 


of continuous functions of two and three variables respectively with each 
variable ranging over (o,7) and the norm taken as the maximum of the 
absolute values. Then Igg‘, for example, is a function on E to E;. For 
hypothesis (iii) to be satisfied it is sufficient that Tag', Mat, Na‘, P* have 
continuous first Fréchet differentials provided we take I'(2, €,) to be 


+ Matétn® + Natéin® + Natént + 


Theorem 2 can now be applied immediately to the integro-differential 
system (4.1). 

If in addition to the above hypotheses on the functionals T, M, N, P, 
we require that the second or higher order differentials of these functionals 
exist and are continuous the hypotheses of Theorems 4 and 5 are also satisfied. 


CALIFORNIA INSTITUTE OF TECHNOLOGY, 
PASADENA, CALIFORNIA. 


82 A. D. Michal, Proceedings of the National Academy of Sciences, vol. 16 (January, 
1930), pp. 88-94; American Journal of Mathematics, loc. cit. 

In equation (4.1), the indices are continuous real variables on the interval (¢, 7) 
and a repetition of a subscript and superscript in a term denotes integration over (¢,7)- 
The values of the functionals N Pi[a#r] are real continuous 
functions of three, two, two and one real variables respectively. 
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Introduction. The development of algebraic topology of the past ten 
years has been marked by a constant effort to extend its principal theorems to 
ever more general spaces. Outstanding in this respect has been the endeavor 
to extend the Alexander duality theorem, the theory of manifolds, and to 
bring within the framework the theory of dimensionality. These investiga- 
tions have compelled the introduction of homology groups based on chains 
and cycles with coefficients in a general topological abelian group. 

There have been many reasons to suspect that one does not need to con- 
sider all possible coefficient groups to obtain a complete set of homology rela- 
tions in a space. Thus, in the case of a complex, it has been proved that it is 
sufficient to know the homology groups based on integer coefficients. These 
groups and an abelian group @ determine completely the homology groups 
based on chains with coefficients in @. We say therefore that the integers 
form a universal coefficient group for the homology theory of a complex. 

There are examples to show that this theorem does not hold if “com- 
plex” is replaced by “compact metric space.” Alexandroff [5]? has raised 
the problem of finding a universal coefficient group for a compact metric space. 
He surmised that the group % of real numbers reduced modulo 1 is such a 
group. A proof of this is contained in the present paper. In fact, using 
Gech’s definition [8] of the homology groups, we shall prove that X is uni- 
versal for the homology theory of a general topological space. To express the 
result differently: the use of other coefficient groups cannot lead to any new 
topological invariants. It will also be shown that X¥ is universal for the 
homology theory of the infinite cycles of an infinite complex. All of these 
results hold for relative homology groups in the sense of Lefschetz [15]. 

There is a dual result. Using the procedure of Gech, one may define, in 
the manner of Alexander [1], the dual homology groups of a topological space. 


' Then the group of integers (the character group of %) is a universal coeffi- 


cient group for this homology theory. This generalizes in a sense a theorem 
of Gech [9] which asserts that the integers are universal for the homology 
theory of the finite cycles of an infinite complex. 


1 The results of this paper were communicated in a note in the Proceedings of the 
National Academy, vol. 21 (1935), pp. 482-484. 
? The numbers in brackets refer to the bibliography at the end of the paper. 
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These results have the implication that, in any investigation into the rela- 
tions between a space and its homology groups, one obtains a theory with a 
maximum content by using either dual homology groups with integer coeffi- 
cients or ordinary homology groups with coefficients in ¥. The two procedures 
are entirely equivalent, for the two types of groups of the same dimension 
are character groups of one another (Pontrjagin [17]). Since the dual 
homology groups with integer coefficients are somewhat easier to handle, this 
result constitutes a strong argument for the future exclusive use of these 
groups. 

In part I we formalize a well-known tool of the topologist: mapping sys- 
tems and homomorphism systems. These notions are found first in the pro- 
jection spectrum of Alexandroff [4], and they have since been used by Pontrja- 
gin [16], Lefschetz [15], and others. In keeping with the ideas of Cech [8], 
we do not restrict ourselves to sequences but admit partially ordered systems. 
This requires a complete treatment of the subject. By using the van Kampen 
[13] extension of the character group theory of Pontrjagin [17], we estab- 
lish two theorems on the representations of bicompact abelian groups as limit 
groups of homomorphism systems of finite dimensional, locally-connected 
groups. 

In part II we consider first the homology groups of a finite complex. 
We give the structure of these groups in terms of the coefficient group and 
known invariants of the complex. <A proof of this decomposition, omitting 
all continuity considerations, can be found in the book of Alexandroff and 
Hopf [7; pp. 228-240]. Then following Cech [8], we define the homology 
groups of a general topological space. We establish the decomposition of 
these groups into direct sums of “torsion groups” and “reduced homology 
groups.” In this is contained a corresponding direct sum theorem for the 
dual homology groups. 

Part III contains the proof proper that ¥ is a universal coefficient group 
for a topological space. In part IV we indicate the modifications necessary to 
obtain the same theorem for an infinite complex. 

The first appendix contains a proof that a connected, bicompact, abelian 
group is continuously isomorphic with its 1-dimensional homology group over 
X. This indicates a probability that almost any bicompact abelian group can 
appear as a modulo 1 homology group of some space. In the second appendix 
we give a number of examples to support earlier statements of the paper. 

This investigation was made under the guidance of Professor S. Lefschetz. 
I am indebted to him and to Professor A. W. Tucker for many helpful sug- 
gestions. I am likewise indebted to Dr. Leo Zippin for general criticisms 
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and for constant assistance with the group theoretic considerations which, it 
is clear, occur throughout. 

Certain results of this paper were obtained independently by Cech [10]. 
During the past year the author has had the benefit of many conversations 
with Professor Cech, These have contributed materially to the generality of 
our results, 

I, Homomorphism Systems. 


1. Definitions and notation. We shall have occasion to use only com- 
mutative groups; we may therefore, without confusion, omit the word com- 
mutative. All groups are written additively. Groups are denoted by capital 
German letters and their elements by small German letters. 

By topological space we mean a set in which certain subsets are called 
open so that the axioms 1 to 4 of Hausdorff [12, p. 228] are satisfied. In 
particular we use only the separation axiom which asserts that a point is closed. 
Spaces and their elements are denoted by Latin letters. 

A bicompact space is a topological space with the property that every 
covering by open sets contains a finite covering. A closed subset of a bicom- 
pact space is bicompact;* and a continuous image of a bicompact space is 
bicompact. By interpreting the definition of bicompactness in terms of the 
complementary closed sets, one obtains the following characterization : 


Lemma 1.1. Fora space to be bicompact tt is necessary and sufficient 
that, for any collection {F%} of closed subsets, [| F* 0 if this relation holds 
for each finite subcollection of {F*}. 


A topological group is a group whose elements are the points of a topo- 
logical space whose neighborhoods satisfy the additional axiom: 

a) if U is a neighborhood of x — ¥ there are neighborhoods V and W of zr 
and y respecitvely such that x’ — y’ e U whenever x’ « V and ty’e W. 

Since the zero point is closed, it follows from «) that a topological group 
satisfies the separation axiom 5 of Hausdorff. 

By setting x = 0 in a), we find that f(y) ——-y is a continuous function 
of y. Combining this with «) we obtain that f(x,y») —zx-+y is continuous 


simultaneously in x and y. In general ax; (a; — integer) is continuous 


simultaneously in all its variables. 
If M and % are topological groups and H is a homomorphic mapping of 


*For proofs of these statements and the following lemma see Alexandroff and 
Urysohn [6]. They assume that a bicompact space has the separation axiom 5 of Haus- 
dorff, but this is not essential. 
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YW into 8 which is continuous at the zero of W, then, by a simple application 
of a), H is continuous at each point of &. Thus to prove the continuity of 
a homomorphism it suffices to prove its continuity at the zero. 

If B is a subgroup of W, the residue (factor) group % mod B is denoted 
A—®%. If W is a topological group and & is closed in &, we may designate 
as neighborhoods in %{!— ¥ the images of neighborhoods of %. Then, since 
% is closed, it can be proved that 9% — % is a topological group. 

A topological group in which each point is a neighborhood of itself is 
called a discrete group. 

Let {WM} be a well-ordered collection of topological groups. By the 
direct sum > A* we mean the topological group whose elements are collections 
in which difference is defined by {a*} — {a’*} — {a*—a’}, 
and a neighborhood of {a%} is defined by a finite number of indices a, (i = 1, 
* ++, k%) and neighborhoods V% of the codrdinates a% and consists of all 
points {a’*} such that V% It is not difficult to prove 


Lemna 1.2. If A=> A and the subgroup B of A is the direct sum 
> B* where B* is a closed subgroup of A+, then A— B and > (A+ — Br) are 
bicontinuously isomorphic. 


2. Inverse mapping systems. Let {A*} be a collection of topological 
spaces (the index « runs over the set of ordinals less than a fixed but arbitrary 
ordinal x). Suppose that to some pairs («, 8) of ordinals < x there corre- 
sponds a continuous mapping M,g* of A’ into A*, so that the following con- 
ditions are satisfied : 


a) M,%, for each a, is defined and is the identity, 

b) if M8 and Mg* are defined, then M,* is defined and is the product of 
the two transformations: M,* 

c) to each pair (a, 8) of ordinals < x corresponds a y such that M,*‘ 
and M., are defined. 


Such a collection of spaces and continuous mappings we shall call an inverse 
system. 

The existence of Mg* we shall indicate by A > A*; Mg* is called a pro- 
jection of the system. The space AY postulated in c) is called a common 
refinement of A* and A*. Iteration of c) shows that any finite number of 
spaces of the system have a common refinement. 

We define the limit space A of an inverse system S. The points of 4 
shall be all collections {a*} consisting of one point a* from each A® such that, 
if A® — A*, then Mg*(a*) —a*. The point a* is said to be the codrdinate in 
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A® of the point a = {a*} of A. If V8 is a neighborhood of the fixed codrdi- 
nate a of a, the set V in A of all points @ = {*} satisfying df « V* is said to 
be a neighborhood of a in A. Allowing V* to range over a complete set of 
neighborhoods of a’ and £ to range over all ordinals < x, we define in this 
way a complete set of neighborhood of a in A. We must verify that these 
neighborhoods make of A a topological space. 

It is trivial that ae V. Suppose @e V; then let V* be a neighborhood of 
a lying in V*. It follows that V6 determines a neighborhood V of @ con- 
tained in V. Suppose V and V’ are two neighborhoods of a determined by 
V@ and V8 respectively. Let AY be a common refinement of A* and A’. As 
M,* and M,/ are continuous, there is a neighborhood V7 of a¥ such that 
M,*(V7) C V* and M,f(V7) C V4. Then V7 determines a neighborhood 
V” of a contained in V and V’. Suppose a and 6 are distinct points of A. 
Then, for some , their codrdinates a and 0 are distinct. Then a neighbor- 
V8 of aF not containing 6 determines a neighborhood V of a@ not containing 
b. This proves that A is a topological space. We remark that, if in each A4, 
two points can be separated by neighborhoods, the same holds true in A. 

The mapping M*(a) = a* of A into A® is continuous and is called the 
projection of A into A*%. If A and the projections M* are added to S, we 
obtain a new inverse system whose limit space is A. 

If each A* is regular, A is regular. If the system S is countable, then 
the first (second) countability axiom in each A*® implies the first (second) 
countability axiom in A. If, in each A*%, we substitute an equivalent system 
of neighborhoods, we obtain an equivalent system of neighborhoods in A. 

As we shall be frequently concerned with inverse systems of bicompact 
spaces, we prove the following important lemma for such systems. 


Lemma 2.1. If S is an inverse system of bicompact spaces, and, for a 
fixed 8, a® is a point of A® such that A®—>A® implies Mg®(A®) a®, there 
is a point a of the limit space A such that M°(a) =a’. 


We suppose the spaces of S are well-ordered so that A® occurs as the first 
element (i.e. we suppose == 1). The codrdinates of the point a are chosen 
inductively. The first codrdinate is a’. Suppose we have chosen a* for each 
a < B so that, if AY is a common refinement of A%,- - -,A%* (a;'< B), the 

- -, of inverse images in AY of a%,- - - , a%, respectively, 
have a non-vacuous intersection. Clearly the choice of a* satisfies this condi- 
tion. Suppose a << B and AY™ is a refinement of A* and A’. Denote by 
FY the image in A* of the inverse image in AY of a*. We assert that 
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I] PF” is non-vacuous. As FY is closed, by Lemma 1.1, it is sufficient 
(a) 
a<8 k 


to prove that is non-vacuous for any finite set y(a,) (i= 1,---,k). 
4=1 


Let AY be a refinement of AY) (i —1,--- ,k). By the hypothesis of the 
induction, the inverse images in AY of a%,- - - ,a% have a non-vacuous 
intersection FY whose image in A® lies in each FY), Thus J] FY is non- 
vacuous, and we may select the codrdinate a* of a in this set.. The hypothesis 
of the induction is still satisfied. For, if AY is a refinement of A’, A%,: - -, 
A**, we may find a common refinement A‘ of AY and AY) ({—1,---,k). 
Since A‘ is a refinement of AY“, the projection on Af of the inverse image 
of in equals FY), As ae the inverse images of a’ and 
(1=1,--- , k) in have a non-vacuous intersection. The projection 
on A’ of this intersection is common to the inverse images:in AY of a® and 

The procedure outlined determines a collection {a%} of one point from 
each space. If > A*, since A* is a common refinement of A® and 
the inverse images in A¥ of a* and a have a non-vacuous intersection. Thus 
@ lies in the inverse image of a*. This means Mg*(a*) —a*; and {a*} is 
the desired point of A. 


THEOREM 2.1. The limit space of an inverse system of bicompact spaces 
is non-vacuous and bicompact. 


If A? — A, let A,* be the image of A* in A’. Now each A,° is closed and 
any finite number of sets (i =1,- have a non-vacuous intersection ; 
for, if AY is a refinement of A% (1 =1,- - -,&), Ax” lies in this intersection. 
Thus, by Lemma 1. 1, [] Ai* is non-vacuous; and there is a point a* of A* con- 
tained in the image of each A’ such that A°—> A’. By Lemma 2. 1, there is 
a point a of A such that M'(a) =a‘. Thus A is non-vacuous. 

Let F be a closed set in A. We shall prove that F* = M*(F) is closed in 
A*, If A, the statement Mg*(F*) — F* implies Mg*(F*) F (the 
bar denoting the closure). Suppose /* — F* contains a point a*. By Lemma 
2.1, the limit space of the inverse system {#*} of bicompact spaces contains a 
point a whose projection in F* is a*. Clearly ae A. In each neighborhood of 
this point are points of F; hence ae# =F. This implies a*¢ F¥* which is 
impossible. Therefore = F*. 

To prove that A is bicompact we shall use the sufficiency of the condition 
of Lemma 1.1. Let {F,} be any collection of closed sets in A such that any 
finite subcollection has a non-vacuous intersection. Let Fy* be the projection 
of F, in A*. As proved above, F\* is closed. Any finite number of the sets 
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F\* (a fixed) have a non-vacuous intersection; for this intersection contains 

the projection in A* of the intersection of the corresponding sets in A. There- 

fore [[ = F* is non-vacuous. If A’ A+, it is obvious that C Fe, 
N 


By the first part of the theorem, the inverse system consisting of the projections 
{Mg*} and the bicompact spaces {F'*} has a non-vacuous limit set FC A. In 
each neighborhood of a point of F there are points of F,; hence F C Fy = F). 
As is arbitrary, F C J] F); and the theorem is proved. 

We shall need later the following lemma whose proof properly belongs here. 


LemMMA 2.2. If S = {A*} ts an inverse system of bicompact spaces and 
U is an open set of A% containing the image M@(A) of the limit space A of 8S, 
then there ts a refinement A® of A% such that Mg*(A%) C U. 


If, to the contrary, the image in A®% of each refinement A’ of A* meets 
A* — U, the collection of closed sets consisting of A4*—-U and these images 
will have a non-vacuous intersection (use Lemma 1.1). By Lemma 2. 1, this 
intersection which is a subset of A*—U contains the coordinate of a point 
of A. The contradiction proves the lemma. 


3. Equivalence of inverse systems. If S, and S, are two inverse sys- 
tems, and the spaces and mappings of S, are included among those of S;, then 
S, is called a subsystem of 8;. A subsystem Sz of S, is said to be complete 
if each space of S, has a refinement in S>. 


Lemma 3.1. If S, is a complete subsystem of S,, the limit spaces of 
and are homeomorphie. 


The codrdinates of a point of the limit space A, of 9, in the spaces of 9, 
are the codrdinates of a point of the limit space A, of S,. The mapping of 
A, into Az so defined is 1:1 and bicontinuous. First, the image of A, in A, 
covers Az; for, any point a. of A, has a projection in each space of S2 and 
therefore, since S, is complete in §;, a unique projection in each space of §;. 
The set of these projections are the codrdinates of a point a, of A, whose image 
in A, is ad. Next, if a, and a’, are distinct in A,, their images in A, are 
distinct. The distinctness of a, and a’, implies that of their projections a,* and 
a’,* for some a. Let A* be a refinement of A* in Sz. Then and are 
distinct; but this implies that a, and a’, are distinct. Finally, the corre- 
spondence is bicontinuous. For, if V. is a neighborhood of a, determined by 
V8 in Af (A* in S.), the neighborhood V, of a, determined by V? images into 
V.. If V, is a neighborhood of a, determined by V% in A*, let V® be a 
neighborhood of a, in the refinement A’ of A* (A¥% in S.) whose image in A® 


668 NORMAN E. STEENROD. 


lies in V*. Then V? determines a neighborhood V, of a2 covered by the 
image of 

Two inverse systems are said to be immediately equivalent if both are 
complete subsystems of a third. Now it is not yet clear that this relation is a 
transitive one; so we define the following clearly transitive relation. Two 
inverse systems S and 8’ are said to be equivalent if there exists a finite ordered 
set of inverse systems S,S,,- - -,S;, 8” such that neighboring pairs are im- 
mediately equivalent. As an immediate consequence of this definition and 
Lemma 3.1, we have 


THEOREM 3.1. Equivalent inverse systems have homeomorphic limit 


spaces. 


A countable inverse system is called an inverse sequence if; for any pair of 
its spaces, at least one is a refinement of the other. A simple induction proves 
that any countable inverse system contains a complete subsequence. 


4, Inverse homomorphism systems. An inverse system is said to be an 
inverse homomorphism system if each space of the system is a topological group 
and each mapping of the system is a continuous homomorphism.* The homo- 
morphisms of the system are denoted by Hg*. In the expression “ inverse 
homomorphism system ” we shall omit the word “ homomorphism ” when it is 
clear that we are dealing with groups. 

The limit space 9% of the inverse system S = {2*} is converted into a topo- 
logical group by the following definition of addition. If a, = {a,*}, a. = {a,*} 
are two points of HW, then a, + a, is {a,* + a,*} which is clearly an element 
of A. The zero of Mf is {0}, and — {a*} — {—a*}. It is a simple matter to 
prove that Wis a group. We consider now the axiom a) of No. 1. Let U be 
a neighborhood of a,;— a, determined by U% in A*. As Y* is a topological 
group, there are neighborhoods V* and W®* of a,% and a,*, respectively, as 
postulated in a). Then V* and W* determine neighborhoods V and W in 4 
satisfying «). Thus 9% is a topological group. Let us remark that a—a* 
is a homomorphism of into 

As in No. 3, we define for inverse homomorphism systems the notions of 
subsystem, complete subsystems, and equivalence. Noting that, for an inverse 
homomorphism system, the correspondence set up in Lemma 3.1 is an iso- 
morphism, we have 


“It is clear that a similar definition can be made for non-commutative groups, and 
the limit group described below exists. 
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THEOREM 4.1. Hquwalent inverse homomorphism systems have bicon- 
tinuously isomorphic limit groups. 


5. Direct homomorphism systems. Let {8*} be a well-ordered col- 
lection of groups and, for some pairs B*, B let there be defined a homo- 
morphism H*,* of 8° into B* so that axioms a) and b) of No. 2 are satisfied 
and, in place of c), the axiom 


c’) to each pair (a,8) corresponds a y such that H*,” and H*,” are 
defined. 


Such a system S* of groups and homomorphisms we shall call a direct homo- 
morphism system. 

We define the limit group % of the direct system S*. An element of B 
will be a collection {b*} of one element from each of a subcollection of the 
groups of S* satisfying the condition that, if 8*—> B* and B is in the sub- 
collection, so also is BF and H*,6(6*) —6°. Two elements of 8 are equal 
if in some group of 8* their codrdinates are defined and are equal. Let 6, and 
b. be two elements of %. Consider the collection of groups of S* in each of 
which the codrdinates of both 6, and 6, are defined. In each group of this 
collection let us add the codrdinates of 6, and b,. The sums so obtained 
determine an element of $ called the sum 6, + 6b, of 6, and b,. It is verified 
without difficulty that 8 constitutes a group with addition so defined. 

If b* is an element of B* the collection of its images in each 8? such that 
B+ —> BS determines an element b of B. The correspondence H*,(6*) —b 
so defined is a homomorphism. 

We assign to B the discrete topology. The justification will be found in 
the theorem of the next section. We might remark that, in case each B* is a 
topological group and each H*g* is continuous, the method of No. 2 defines 
neighborhoods in 8 which in general fail to satisfy the axiom that two neighbor- 
hoods of a point contain a third in their common part. Other obvious methods 


fail to make of B a topological group. 


6. Dualsystems. Let ¥ be the group of real numbers reduced modulo 
1. Let 8 be an inverse system of bicompact groups {M%*}. Let B* be the 
discrete group of continuous characters ° of %{*. The element of ¥ determined 
by b* B* and we denote by (a*,b*). Suppose The result 
of the homomorphisms W* — A* then A*—> X as determined by the element 
is a continuous character of ‘The correspondence H*_°(b*) = 


5 A continuous character of 9{ is a continuous homomorphic mapping of 9{ into the 
group X (see [17; p. 362]). 
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so obtained is a homomorphism of %* into a subgroup of 8%. This homo- 
morphism is defined to satisfy 


(6.1) (a°, H*,°(b")) — (Hp*(a*), b*) 


for all a® « YW and b*e B*. The collection of groups {B*} and homomorphisms 
{H*,*} form a direct system S* called the system dual to S. 

Conversely, given a direct system S* of discrete groups, by passing to 
character groups we can define an inverse system S of bicompact groups having 
S* as its dual system. 


THEOREM 6.1. If S ts an inverse system of bicompact groups and S* is 
its dual direct system, then the limit group of S* is the group of all continuous 
characters of the limit group of 8. 


Let 6 be an arbitrary element of the limit group 8 of S*. The function 
(6. 2) 6(a) — (H*(a), 6) | 


where 6% is some fixed codrdinate of 6 is a continuous character of the limit 
group of 8S. By (6.1), if B+*— 


(H*(a), 6°) — (Hp*H* (a), b*) — (H?(a), H*a°(b*)) (H*(a), 6°). 


Therefore the character defined by (6.2) is independent of the particular 
codrdinate b* chosen; so the character b(a) may be uniquely associated with 
the element 6 of B. In this way % is a group of continuous characters of . 

Let a be a non-zero element of Y&. Then, for some a, the codrdinate a* 
of a is not equal to zero. Let b* be a character of %{* such that (a%, 6*) 0. 
The image 6 of 6* in B is then a character of M% such that b(a) £0. Hence 
the annihilator * of 8 in 9 is the zero. 

Let 6 be a non-zero element of 8. Then each codrdinate b* of 6 is not 
equal to zero. Let %* be the annihilator of 6* in M*. Let U be a neighbor- 
hood of zero in ¥ containing no subgroup of X other than the zero.’ As b* 
maps %* into zero, there is a neighborhood V of %* which is mapped by 6* 
into U. Suppose, as is impossible, that H«(%) C % for a fixed a. By Lemma 
2.2, there is a refinement MW of A* such that Hg*(M®) CV. Then the 
codrdinate 6° of 6 is defined, and, as 6°40, there is an element a® of 2%? 
such that (a°,6°) 40. However 


* That is, the set of elements of 9{ mapping each element of ¥ into zero. 
™The complement of the closed interval [1/3, 2/3] is such a neighborhood. 
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so there is an element a* of Hp*(%*) such that (a%,6*)'40. But Hg*(%*) 
is a closed subgroup of V; and, as 6* maps V into U, 6* maps H,g*(W) into 
a subgroup of U—therefore into the zero. As this contradicts the preceding 
statement, the assumption H*(%) C %* is false. So there is an element a of M 
whose codrdinate a* is not in WH. As b(a) = (a%, b*) £0, we have proved 
that the annihilator of % in B is the zero. The results of the last two para- 
graphs are sufficient to prove that each of the groups %, B is the group of 
continuous characters of the other ([13], Lemma 5). 


7. The representations of bicompact groups. We shall establish two 
theorems on the representations of discrete groups by direct systems of groups 
having finite bases. The results of the preceding section enable us to state the 
two dual propositions on bicompact groups. 


THEOREM 7.1. A discrete group is always the limit group of some direct 
system of groups each on a finite basis. A system may be chosen so that its 
homomorphisms are isomorphic transformations into subgroups. 


THEOREM 7.2. T'wo direct systems of discrete groups having finite bases 
are equivalent if their limit groups are isomorphic. 


Let B be a discrete group; and let {8%} be the collection of all subgroups 
of B on a finite basis. The system S will consist of these groups. If 8*C Bé 
in B, we introduce in S the isomorphism H,* transforming the group ¥* into 
the subgroup of 8° with which it is identified in 8. Since any two subgroups 
of B, each on a finite basis, are contained in a third subgroup on a finite basis, 
it follows that § is a direct system. The isomorphism between 8 and the limit 
group of § is set up in an obvious fashion. This proves Theorem 7. 1. 

Let S, = {%,%} be a direct system of discrete groups each on a finite basis. 
Let 8 be its limit group. We prove the second theorem by showing that 9, 
and the system S just constructed are equivalent. 

Let 8% be the subgroup of 8,* whose image in % is the zero. %% has a 
finite basis; to each such basis element there is a refinement of 8,% in which 
its projection is zero. Passing to a common refinement of these groups we 
find a refinement %,° of 8,* in which the image of %,% is the zero. Let 9’; 
be the subsystem of S, consisting of the same groups as S, but contains, for 
each a, only those homomorphisms %,* — %,° of S; under which 8,% is mapped 
into zero (we except of course the identity transformations: 8,4 > 8,*). Then 
S, and S’, are equivalent systems. 

Let 8’* = $,* — B,*. We shall enlarge S’, obtaining an equivalent sys- 
tem §,” by adding the groups 8’*. We must add also certain homomorphisms. 
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First 8’* is the homomorphic image of ¥,*, we include this homomorphism 
and then any homomorphism obtained by a combination 8,7 > 8,* > 8. If 
B,* > B, (in §’,), then B” is isomorphic with a subgroup of $,°; we include 
this isomorphism. Then we include any homomorphism resulting from a com- 
bination of any above: B%—~>%,F-— B”. Then 8,” has 8,’ as a complete 
subsystem. The system S’ consisting of all groups of the type 8’ of S,’” and 
all homomorphisms of 8,” between any two such groups, also forms a complete 
subsystem. The system S’ has the advantage that all of its homomorphisms 
are really isomorphic transformations (i.e. as above, @* is mapped iso- 
morphically into a subgroup of 8). This follows from the fact that no non- 
zero element of 8’ images into the zero of 8. Thus each group 8" may be 
identified with a subgroup of 8; and a projection B’*—> B” goes over into 
a relation of inclusion in ¥. It is trivial that the system S’ is equivalent with 
the system S constructed above (except for the possible repetition of the same 
group, it is a complete subsystem of S). We merely use inclusion relations 
in ¥ to define isomorphisms interlocking the two systems. 

By using the theorem of the preceding section we can state two dual 
theorems. The character group of a free discrete group is called a toral group. 
A toral group is always the direct sum of a number of groups each isomorphic 
with the group ¥ (No. 6) [17; p. 370]. The number is called the dimension 
and is equal to the rank of the free group. The character group of a discrete 
group on a finite basis we shall call an elementary group. It is always the 
direct sum of a finite group and a toral group of finite dimension. 


THEOREM 7.3. To each bicompact group corresponds at least one inverse 
system of elementary groups of which tt 1s the limit group. A system can be 
chosen so that each of its groups is covered by the image of any of its refinements. 


THEOREM 7.4. Two inverse systems of elementary groups are equivalent 
if their limit groups are continuously isomorphic.® 


II. Homology groups over a general group of coefficients. 


8. The finite complex. K denotes a finite complex (it need not be 
simplicial) of dimension n. J will denote a closed subcomplex of K. The 


* In view of recent results of van Kampen: “Almost periodic functions and compact 
groups,” Annals of Mathematics, vol. 37 (1936), pp. 78-91, it can be shown that these 
two theorems hold in the non-abelian case if Lie group replaces elementary group. 
The proof of the first depends on the existence in any neighborhood of the identity of a 
closed invariant subgroup such that the factor group is a Lie group. The proof of the 
second depends on the fact that any decreasing sequence of closed subgroups of a Lie 
group is finite. 
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p-cells of K—L are denoted (t= %; p=0,1,:--,n). The 
boundary relations of K mod L are written ® 


where yp is a finite matrix of integers. We assume that © is a topological 
abelian group. 

A p-chain over & of K mod L is a linear form q;H,‘ in the p-cells of K —L 
with coefficients G. Addition is defined by: (qiHp*) + (gi’Ep*) = gi” 
where g;” = gq: + q:’. In this way the p-chains over & of K mod L constitute 
a group denoted by &,(K,L,@) (We shall omit parts of the expression 
R,(K, L,@G) whenever confusion is impossible). 

We introduce a topology in & as follows. Let {U%} be a complete set of 
neighborhoods of zero in G. The set V% of those p-chains whose coefficients 
lie in U* is defined to be a neighborhood of zero in &. The set {V%} is taken 
to be complete. The set V*(£) obtained by adding the chain f to each element 
of V* is a neighborhood of £; and the set {V%(£)} is taken to be complete. 
We proceed to verify that & is a topological group.. Clearly fe V*(£). 

If V*(£) and V4(£) are two neighborhoods of f, let UY be common to 
U* and then V7(£) C V2(£) V9(E). 

Suppose V“(£). Let -, a, be the coefficients of —f; then 
Let be such that g’ implies g’ + qieU*%. Then —¥)C V2 
and this implies V4(f) C V*(E). 

Suppose now that Ff. Let g; be a non-zero coefficient of f’ —¥; then 
let U% be chosen so that gq; is not the difference of any two of its elements. 
Then V4(£) and V%(f’) have no common point. 

Finally let V*(f, —f.) be given. Let U® be such that the difference of 
any two of its elements lies in U*. Then Ff; « V4(f,) and f, « V4(f,) implies 
Y, —¥.¢« V*(f, —f.). Thus & is a Hausdorff space satisfying the axiom «) 
of No. 1. 

Let &* be the subgroup of & of those chains whose coefficients are all 
zero except possibly the i-th. Then it is easy to prove that &* is bicontinuously 
isomorphic with © and & with the direct sum }} R*. Thus 


Lemma 8.1. &,(K,L,@) is the direct sum of &% groups each bicon- 
tinuously isomorphic with &. 


The boundary mod L of a p-chain is defined by 


® When a latin index occurs twice in a term, once above and once below, it is to be 
summed over its range. 


6 
g 
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It is clear that F is a homomorphic mapping of &, into R,_,. In fact. 


Lemma 8.2. The boundary operator is a continuous homomorphic map- 


ping of Ry into Rp-1. 


Let V% be a neighborhood of zero in &y-,. Now gin‘y-+,; is a continuous 
function in the gq; simultaneously and is zero for each qg; = 0. Therefore there 
is a neighborhood of zero in such that U* whenever each 
Let U' Then the neighborhood V4 of zero in de- 


J 
termined by U% is such that F(V*) C V*. Thus F is continuous at the zero 
of &,. As F is homomorphic, it is continuous everywhere. 

It follows from the lemma that the subgroup of &, mapped by F into the 
zero of Sy, is closed in &,. This group, ©,(K, L, G), is called the group of 
p-cycles over & of K mod L. The image under F of R,,, in &, is a subgroup, 
B,(K, L, G), of R, called the group of bounding p-cycles over @ of K mod L. 
Since ypyp-1 = 0, we have B, C G). 


DEFINITION 1. The p-th homology group over @ of K mod L is 
L, 6,(K, L, 6) — B,(K, L, 6) 


where is the closure of 

We will see shortly the conditions that G must satisfy in order that ¥ 
should be closed. We proceed to give the structure of in terms of @ and 
the Betti numbers and torsion coefficients of K mod L. 

Let A» (p = 0,1,- + -,) be a unimodular matrix of integers of order a, 
and let A», denote its inverse: Aplyp—1. Let Gi denote the linear form 
ApiiH,'. We define for each G a boundary 


Let 8’, denote the group of linear forms in the G,‘ with coefficients from @. 
We define a topology for 8’, as we defined one for %,. In analogy with (8. 1) 
the transformation 

(8. 3) F(giGp!) = 


is a continuous homomorphism of ’, into &’,_,. The transformation 


f = 
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is a homomorphism of §’, into &, which is continuous (compare with proof of 
Lemma 8.2). It has the continuous inverse 


(95 Lp!) = Gy*, 


and is therefore a bicontinuous isomorphism between &, and &’,. Comparing 
(8..2) with (8.1) we see that the boundary operator F commutes with this 
isomorphism. ‘Therefore the groups §’, and the boundary operator (8.3) may 
be used to define the homology groups over & of K mod L. 

It is known [15; p. 27] that there exist unimodular matrices A» such that 
the matrices £, of (8.2) are all in quasi-canonical form (i. e. at most one non- 
zero element in any row or column). In this case we can distinguish five types 
of G’s (which are given the new notation a,b,- - - respectively) so that the 
boundary relations (8.2) assume the form 


= dy", F(a,") = 0, (h=1,- +, op), 
= Op'bp', -F'(bp*) = 0, (t=1,: 7), 
(8. 4) F (cp!) = 0, 
F(d,*) = (k= 1,- 
where the 6,4 (1 +, 7) are the invariant factors of yp different from 1, 


= Gp — pp — pp-1 (pp =Tank yp), and wp—pp—rp. If denotes the 
subgroup of &,(G) of elements of the form ga,", etc., then 


8, (K, L,@) = TA, + + + + 
If D’,* is the subgroup of D,* of elements of orders dividing 0%)_,, then 
©, (K, L, G) = = + + + 


If is the subgroup of elements of divisible by 6,4 and is its 
closure, then 


B,(K, L, G) = ¥’,'. 
Referring to Lemma 1. 2, we can state 


THEOREM 8. If Rs, (4 = Tp-15 P = 0, 1, n) are the 
Betti numbers and torsion coefficients of the finite n-complex K mod L, then 
$,(K, L,@) can be continuously decomposed into the direct sum 


Tp Rp Tp-1 
(8. 5) + + 
=i j=1 =1 
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where ©*,‘ is the group obtained by reducing © modulo the closure of the 
subgroup of elements dwisible by 6‘, each Gi is bicontinuously isomorphic 
with &, and &’,* is the subgroup of & of elements whose orders divide 6,.,. 


The condition that 8, should be closed is clearly that each ’,* should be 
closed. Thus the following requirement on & is sufficient for $8, to be closed: 


DIVISION-CLOSURE PROPERTY. For each positive integer m, the subgroup 
of & of elements divisible by m is closed. 

In general this condition is also necessary; for, if m@& is not closed for 
some integer m, the complex K composed of a circle bounding a 2-cell where 
sets of m equally spaced points on the circle are identified has the property that 
%,(K, G) is not closed. 

If G has the division-closure property, then the algebraic structure of 
§,(G) depends only on the algebraic structure of GY. Thus, if G and W are 
isomorphic (though not continuously so) and both have the division-closure 
property, then $,(G) and §,(@’) are isomorphic. 

It is easy to prove that discrete groups, bicompact groups, and vector 
groups have the division-closure property. Likewise the groups of rational 
numbers. If two groups have the property, so also does their direct sum. 
A connected, locally-bicompact group has the property. On the other hand, 
the group of rational numbers of the form p/2" (p and n are integers) with 
the topology it has as a subset of the linear continuum does not have the 
division-closure property. For 1/2 is not divisible (in the group) by 3, while 
the elements divisible by 3 are everywhere dense. 

We state some simple consequences of Theorem 8. 


Corottary 8.1. If & is bicompact, so also is Hp(G). If G is an ele- 
mentary group (No. 7), so is Hp(G). If G is the group & of real numbers 
reduced mod 1, then $,(@) is the direct sum of a toral group of dimension Ry 
and of a finite group isomorphic with the torsion group over the integers of 
one less dimension. 


Thus the Betti numbers and torsion coefficients are invariants of the 
mod 1 homology groups as well as the integer homology groups; hence 


CoroLuary 8.2. The group ¥ and the group of integers are each unt- 
versal coefficient groups for the homology theory of a fimte complez. 


DEFINITION 2. L, ©) = is called the torsion group over ©. 
S,(K, L, = $,(G) —3,(G) is called the reduced homology group. 
> G’* is called the group of impure cycles (see Cech [9]). 


| 
j 
| 
1 
| 
| 
| 
| 
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Remark. The decomposition (8.5) in general cannot be specified in 
terms of invariants of §)(@). For example there may exist a bicontinuous 
isomorphism of ,(@) into itself which carries the torsion group into another 
subgroup. ‘The decomposition is imposed by the structure of the complex, 
not by that of the group. 


9. The abstract space. We describe briefly the procedure of Cech [8]. 
Let A be a set of points. A finite covering ¢ of A is a finite collection of 
subsets of A whose sum is A. A finite covering is a refinement of another if 
every set of the first is contained in some set of the second. In particular, 
any finite covering is a refinement of itself. 

Each finite covering may be regarded as a complex K (the nerve of the 
covering): the sets are the vertices, a collection of n+ 1 vertices are the 
vertices of an n-simplex if the corresponding sets have a non-vacuous inter- 
section. The intersection is associated with the n-simplex. If B is a subset 
of A, it determines a closed subcomplex LZ of K where a simplex is in LZ if and 
only if its associated set meets B. 

If ¢? is a refinement of ¢' (¢*—> ¢') and if K*, L? and K', L* are the 
corresponding complexes and subcomplexes, we may define a simplicial map- 
ping of K? into K*. To each set of ¢° we associate a definite one of the sets 
of ¢' which contains it; then + maps the vertex of K? corresponding to the 
set into the vertex if K* corresponding to the associated containing set. It is 
not difficult to see that + is a simplicial mapping and carries L? into LZ’. The 
projection ~ obtained in this manner is called an allowable projection. In 
general there are many allowable projections. 

If + maps a simplex o, of K* — L? into a simplex of L* or a simplex of 
dimension < p of K'— L* we write algebraically (op) =0. If op is carried 
into a simplex r, of — L* we write r(op) Then, for any chain giop! 
of K? — L? we define r(giop') = gir(op'). In this way we define a homo- 
morphism of R,(K?, into R,(K', L’,@G). Since (like F) is de- 
termined by a finite matrix of integers, we can prove that 7 is continuous 
(just as we proved that is continuous). Since (op) = Fr(op) we find 
that + maps cycles (bounding cycles) into cycles (bounding cycles). Thus x 
induces a continuous homomorphism H of §,(K?, L?, @) into H,(K’, L’, G). 

If x’ is another allowable projection of K* into K‘, and ¢p is a cycle of 
K? mod then, as shown by Cech, m(Cp) ~ (cp) mod Thus any 
allowable projection induces the same homomorphism H. 

Now let © be a family {¢%} of finite coverings of A satisfying the condition 
that any two members of ® have a common refinement in ®. If $° > ¢%, let 
Hg* be the induced homomorphism of = $p(K*, into §,*. The 


2 
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limit group §, of the inverse system {,%} is called the p-th homology over & 
of the family © mod B. 

If A is a topological space and ® is the family of all finite coverings of A 
by closed sets, Hp is called the p-th homology group over & of A mod B 
written §,(A, B,@). By definition $, is a topological invariant of A (i.e. 
homeomorphic spaces have bicontinuously isomorphic homology groups). 


? 


RemakK I. We may also choose ® to be the family of all finite coverings 
of A by open sets, and § is once again a topological invariant. Cech [8; p. 180] 
has proved that, in a normal space, the two homology theories are equivalent.’ 
It must be remarked that the proof of the theorem of the next section uses 
closed coverings in an essential way. Thus we have no proof of the analogous 
theorem for the homology group of a non-normal space based on open coverings. 
This remark applies also to Theorem 12. 


II. If © is bicompact, by Theorem 2.1, §,(A,B,@) is bicompact. 
According to Cech, a cycle of the covering ¢* is essential if it is homologous 
to the projection of a cycle of ¢ for every refinement ¢* of ¢*. Cech proved 
for rational coefficients the fundamental existence theorem that an essential 
cycle of ¢% is a representative of the a-th codrdinate of some element of §),. 
In Lemma 2.1, we established this fundamental existence theorem for bicom- 
pact coefficient groups. According to Cech, a refinement % of o% is normal 
relative to & if the projection in ¢* of each p-cycle over & of 'f* is essential. 
By Corollary 8. 1, $,(K*, L*, G) is an elementary group if © is an elementary 
group. In proving Theorem 7.4, we showed that any elementary group in an 
inverse system of bicompact groups has a normal refinement. Thus normal 
refinements always exist relative to coefficient groups which are elementary. 
If G is bicompact but not elementary, then in general normal refinements do 
not exist. However Lemma 2. 2 states that, for a bicompact G, we may obtain 
refinements as close to being normal as we please. 


III. If K is a finite complex and L a closed subcomplex, we have two 
definitions of §,(K, L, G@), the first, considering K as a complex, the second, 
considering K as a topological space. One establishes a bicontinuous iso- 
morphism between these two groups as follows. Let {K™} be a sequence of 
barycentric subdivisions of K. The set ¢” of the stars of vertices of K™ form 
a finite covering of K by open sets whose associated complex is K™. The 
family 6 — {”} is a complete family in the sense that every covering of K 
by open sets has a refinement in @ (see Remark I, K is normal). It is then 
proved in the usual way that the projection of K™** into K™ induces an iso- 


10 Gech’s proof assumes that A is completely normal, but this is not necessary. 


i 

i 
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morphism of ,(K™", G) into the whole of §,(K”, L",@). It is not 
difficult to see that this isomorphism is bicontinuous. Then the limit group is 
bicontinuously isomorphic with each group of the sequence. 


10. General direct sum theorem. The torsion group over © of A 
mod B is the subgroup of § of those elements represented in each covering 
complex by elements of the torsion group of that complex (Def. 8.2). We 
shall prove ** 


THEOREM 10.1. ,(A, B,@) is the direct sum of the torsion group Zp 
and a reduced homology group Sp. 


In order to exhibit this decomposition of § we shall define a canonical 
inverse system of groups of chains which carries the homology theory of 
A mod B. This canonical system will also be used in the next section. 

To obtain an inverse system of chains we use a type of closed covering 
introduced by Kurosh [14]. We then consider the direct system of groups 
of dual chains (in the sense of Alexander [1]) determined by these coverings. 
To avoid a digression into the theory of dual chains, we define this direct 
system in terms of the inverse system in an invariant fashion using a type of 
argument due to Pontrjagin [16]. In the limit group of the direct system, 
a decomposition into a direct sum is established. Herein is contained a direct 
sum theorem for the dual homology group. We then argue backwards and 
define in each group of the inverse system a canonical basis so that the matrices 
exhibiting the homomorphisms of the system have a simple form. Finally we 
interpolate certain auxiliary groups of chains into the system. The subsystem 
of auxiliary groups is the desired canonical system and the direct sum theorem 
is immediate. 

In the manner of Kurosh [14], we consider finite coverings of A by closed 
sets having the property that each set is the closure of its interior and the 
interiors of distinct sets are non-overlapping. Let ® be the aggregate of such 
coverings of A. It is easy to prove that any finite covering of A by closed sets 
has a refinement in ®. Thus ®& is a complete subfamily of ®, and we may 
restrict our considerations to ©’. These coverings of A have the following 
advantages : 


1°. If ¢*— ¢°, each set of ¢ is an exact sum of sets of ¢$*. 
2°, If ¢*—> 4%, each set of ¢* is contained in only one set of ¢°. 


11 For the special case of a compact metric space and homology groups based on 
integer coefficients, this theorem was proved by Alexander and Cohen [2]. 
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From 1° we deduce that a covering is a refinement of only finitely many 
others. Thus a covering possesses an immediate refinement in the sense that 
there are no coverings of ©’ between the two. In general a covering possesses 
many immediate refinements. From 2° it follows that the projection of the 
nerves K*-—» K* is uniquely determined. As a consequence the groups of 
chains &,* = &,(K*, L*,3) (3 —group of integers) of the covering com- 
plexes K* form an inverse system. From 1° and 2° it is proved that K® is 
completely covered by the image of K*. Then the homomorphism of &,*% into 


&,? is determined by a matrix reducible to the form 


Let &** be the group of homomorphic mappings * of R* into J. K*4 is 
isomorphic to &*, and 8 is the group of homomorphic mappings of R** into §. 
The element of ¥ determined by an element fe R*% and f* « R** is denoted 
(f,€*). Following Alexander [1], we refer to the elements of R** as dual 


chains. An independent basis - -,f in determines a dual basis 
in (and conversely) as follows: (i —=1,---,h) is defined by 
EM) = 1, 0 (i j)). 


The boundary homomorphism F of &®%),, into &,* determines a homo- 
morphism F* of §*,* into &** as follows. If f*,¢R*,*, the function 
(F'(£p.1), is a homomorphism of into Y; it can therefore 
be identified with an element f*>,, Then F*(€*,) is the element f*,,, 
so obtained. By definition 


(10. 1) (F Bp) = (foes, F* ) 


for arbitrary f,,, « ®%,, and f*,«R*,*. If F is given by a matrix y in terms 
of fixed bases in %,,, and *,, and F* by a matrix ¢ in terms of the dual 
bases, by (10. 1) 


Therefore { is the transpose of y. 
If RF — K+, this homomorphism H defines in a similar way a dual H* 


transforming &** into R** satisfying 


In this way {R**} becomes a direct system. From the relation FH = HF and 
the relations (10.1) and (10.2) we can deduce the dual relation 


(10. 3) F*H* — H*F*. 


12 The use of this notion is due to Pontrjagin [16]. Proofs of the statements of 
this paragraph can be found in his paper. 
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Since the matrix of H* is the transpose of that of H, by a remark above, 
bases can be chosen in R** and &** so that this matrix has the form || 1, 0 |. 
Therefore H* maps &** isomorphically into a direct summand of R**, We 
shall use this to prove that the limit group R* of {R**} (No. 5) is a free 
group. We construct a free basis. Choose a free basis in R* and form its 
image in R*. These elements are independent in R*; for the contrary would 
imply a refinement R** of R** into which R** is not isomorphically mapped. 
Suppose we have found an independent set Sg in R* generating a subgroup R*g 
which contains the image of each R** for a<f. Let R*,% be the sub- 
group of R* imaging into R*sz. It follows that there exist groups R** 
(a and a refinement of and the R** in which 
the images of R*° and &** intersect in the image of R*%. Since these trans- 
formations are isomorphisms into direct summands of R*7, it follows that R*, 
is a direct summand of ®**. We can therefore find a set of independent ele- 
ments of &** not in &*,° which with the latter group generate R**. We form 
the image in * of this set and adjoin it to Sg to obtain Sg,,. The remaining 
argument is obvious. It is also clear that R** images into a direct sum- 
mand of 

From the relation (10.3) it is seen that the system of homomorphisms 
> defines a homomorphism F* of R*, into (if « 
F* = (€*%) } As is a free group, R*, decomposes 
into a direct sum ©*,-+ D*, such that F*(€*,) —0 and F* maps D*, 
isomorphically into a subgroup of &*,,,. We digress for the moment to state 
a theorem on the dual homology group. 

If @ is an arbitrary abelian group (no topology assumed) the group 
RK*,(G) of dual chains over & of A mod B is the set of all finite linear forms 
in elements of R*, with coefficients in G. The boundary of a dual chain 
over & is defined F* (gq:€**) = gif’ (£**). It is obvious that ©*,(G) consists 
entirely of dual cycles; these are called the pure cycles. Certain elements of 
9*,(G) may be cycles; this subgroup is called the group of impure cycles. 
Further, since F*F* = 0, €*,(G) contains the subgroup of bounding cycles. 
As the dual homology group is obtained by reducing the group of cycles 


modulo the bounding cycles, we obtain 


THEOREM 10.2. The dual homology group over & of A mod B 1s ex- 
pressible as a direct sum of a group of impure cycles and the group of those 
elements representable as linear forms with coefficients from & in dual cycles 


with integer coefficients.* 


18 This theorem together with an argument of Gech [9] provides a direct proof that 
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We return to the former discussion. Let us choose an independent basis 
for D*,. The group &*,* decomposes into a direct sum €*,* + D*,% where 
F* (€*,*) = 0 and this does not hold for any non-zero element of D*,*. The 
latter group may be chosen in many ways. We make the following selection. 
Choose those elements of &*,;* which image into basis elements of D*,. These 
we call permanent basis elements of D*,*. They generate a direct summand 
of &*,* which does not meet ©*,*. We may therefore adjoin further temporary 
basis elements so as to obtain a complete independent basis for &*,*. 

We now pass to a complete subsystem of {R*,*}. The subsystem will 
contain all the groups of the system but will contain only a subclass of the 
homomorphisms. If &*,;4*—> &*,°, this homomorphism is included in the sub- 
system only if the image in &*,° of an arbitrary element of *,* may be 
reduced to a cycle by the addition of a linear form in permanent basis element 
of 

We prove the existence of such a refinement &*,/ of R*,* as follows. Let 
*,* be the subgroup of D*,* imaging into 6*,. As D*,* has a finite basis, 
in some refinement $*,7 of R*,* the image of D*,* lies in ©*,7. The image 
of each element of &*,* in R*, may be reduced to an element of ©*, by adding 
a finite form in basis elements of D*,. Since &*,% has a finite basis, a finite 
number of the basis elements of D*, will suffice for all elements of R*,*. There 
will exist therefore a &*,° whose image in &*, contains these basis elements 
of D*,. Then a common refinement *,£ of R*;7” and &*,° obviously satisfies 
the above condition. To see that any two groups have a common refinement 
relative to the subsystem, we need only choose for each a proper refinement in 
the subsystem then a refinement of the latter two in the original system. 

Let us perform this operation for p—0. The subsystem obtained has a 
corresponding complete subsystem in {8*,*}. In this subsystem we may 
perform the same operation. The new subsystem has corresponding subsystems 
of dimensions 0 and 2. In the latter, the same operation can be performed. 
In general, if n = 0 is an integer, systems {8,*} can be determined for p=n 
satisfying the above condition. Future considerations will be confined to these 
subsystems. 

For each a, let us choose an independent basis for ©**. Suppose 
R** > K*5; due to the conditions satisfied by R*4, this homomorphism ex- 
pressed in terms of the bases which have been defined in these groups has the 
matrix form 


the integers form a universal coefficient group for the dual homology theory. However 
this result can also be obtained from our Theorem 12 by passing to character groups. 
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D*8 
ev 0 0 
0 XxX’ 0 perm. X?’ == || 1,0 |]. 


0 temp. 
perm. temp. 


In &*, for each a, let us choose the basis dual to the basis of R**. Then 
the homomorphism &* — &* assumes the form 
Be 
(10. 4) W 0 
0 X Z perm. 
0 0 0 temp. 
perm. temp. 


where the basis of © is dual to that of €**, and the basis of B* is dual to that 
of D** and has been divided into two parts according to whether or not an 
element is dual to a permanent or temporary element. 

The group %,° is the group of cycles which bound or have bounding multi- 
ples. To see this, let p be the rank of D*,* (— rank of B,*). As F* maps 
D*,* isomorphically into R ne the smallest direct summand Bes of the latter 
group containing its image has the rank p. We choose an independent basis 
of ie containing a basis of Sabet and then we form the dual basis in %p,,. 
The group D%,, generated by the chains dual to basis elements of Bre, has the 
rank p. Since F and F* are dual, / maps D%p,, isomorphically into a subgroup 
of B,*. As B,% has the rank p, the statement is proved. 

Suppose # is a proper refinement of R*. We shall introduce between these 
two groups a third auxiliary group &®*. It shall be the direct sum 6% + Be 
of two free groups on a finite basis. We assume a 1:1 correspondence between 
the generators of © and © and between the generators of B* and the 
permanent generators of 88, The homomorphism §% — SP is given by this 
correspondence 


(fa 
Be 0 1 perm. 
0 0 temp. 
The homomorphism * — S¢ is given by 
Be 
w | 0 


(10. 6) | 


perm. temp. 


3 

3 
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where the submatrices W, X, Y and Z are those of (10.4). It is clear that 
the product of the homomorphisms 8’ — &§+-> R* is the homomorphism 
R® — R*. We make of the enlarged collection of groups an inverse system as 
follows: If R* RK, we define KR” as the product. If 
— RF — K*, we define as the product. Then, if > KF 
we define R® — K** as the product. 

We shall define a boundary operation F mapping Kee into R,** and the 
latter into RFs. The boundary of any element of B,°* (q = p, p + 1) is defined 
to be zero. The boundary of a linear form in the basis of ©,°* (¢ = p, p+ 1) 
is the image in Be of the boundary of the same linear form in the corresponding 
basis elements of ©. It is clear that the boundary operation commutes with 
the homomorphisms, and Bea is the group of cycles which, bound or have 
bounding multiples. 

Let us consider the complete subsystem composed of those groups having 
two upper indices with all the homomorphisms between two such. In this 
system if RY’ +R” then C7 images into and into BX. This is 
proved by multiplying three matrices of the form (10.4), (10.5) and (10. 6) 
respectively. 

We introduce now the general topological group of coefficients G. °*(G) 
is the group of linear forms in the basis elements of R* with coefficients from 
@. The boundary homomorphisms &,/*(G) are defined in the 
usual way. Thus in &,°*(@) we can distinguish a subgroup of cycles and a 
subgroup of bounding cycles, the latter being contained in the former. §,/*(@) 
is obtained by reducing the group of cycles modulo the closure of the group 
of bounding cycles. A homomorphism ,78 > &,” defines a homomorphism 
(G) > H,~(G) in the usual way (F commutes with > Thus 
{H,*°(@)} is an inverse system. Furthermore it is equivalent with the system 
{H,*(G)}; for and {R,"} (¢q p—1,p,p+1) are equivalent and 
F commutes with the homomorphisms of the enlarged system containing both. 

Now §,*°(@) is the direct sum of a torsion group %,%(@) (elements 
representable by linear forms in basis elements of 8,%) and a group S,7°(@) 
of elements representable as linear forms in basis elements of ©,%8. Since 
RF implies CVE and BF BX, and {S,%%(G)} are 
inverse systems. Then their limit groups %,(G) and S,(@) respectively are 
subgroups of the limit group §,(@) of {,%°(G) } and it is trivial that Hp(G) 
is their direct sum. This completes the proof. 


Remark. Let us note that the canonical system of chains {§,%°} can be 
defined for any finite number of successive values of p, say 0S p = 1, so that 
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the groups of the two systems {R,%*} and {R28} are in 1:1 correspondence 
according to their upper indices and there is defined a homomorphism F 
mapping ROP into &,*° which commutes with the homomorphisms and satisfies 
FF =0. If we pass to the corresponding systems over &, the group §,(@) 
(0 = p=n—1) defined above is the p-th homology group over & of A mod B. 


III. A universal coefficient group. 


11. The construction. We shall Legin with an arbitrary bicompact 
group §, and we shall construct in terms of § and the group & two topological 
groups & and ©. Assuming that H = §,(A, B, X) for a topological space A 
and closed subset B, we prove that B,G) and = (A, B, B) 
(see Theorem 10.1). The construction of Y and © is not invariant since it 
involves a number of choices. To prove that { and © are invariants of the 
pair of groups §, @ it is necessary to carry along with the construction a certain 
amount of algebraic argument. 

By Theorem 7. 3, there is an inverse system of elementary groups having 
§ as limit group. Let S = {§*%} be any such system. As {* is an elementary 
group, we may express it as a direct sum ©* + D¢ of a finite group D* and a 
toral group © of finite dimension d(a). 


Let us express D* as the direct sum of finite cyclic groups %X’% 
-,7(«)) where 6% is the order of We shall suppose there is a 
fixed isomorphism between X’%‘ and the subgroup of X of order 6%. An element 
teX —0) has a correspondent in ¥’** which is denoted 

Let us express © as the direct sum of circular groups ¥% (1 =1,---,d(a)). 
We choose a fixed continuous isomorphism between ¥ and X% and denote the 
correspondent of reX by xX. 

Let ¥ be a continuous homomorphic image of ¥ in ©*. The image of x «eX 
is denoted For some elements x; (x), we must have ® r¥ We 
prove that there are unique integers u; such that 


r¥ 


The function x;(x) is a continuous homomorphism of X into itself (this 
follows from the definition of direct sum). It is well known that any such 
character of ¥ is given by an integer u; satisfying r;(x) — wiz for each xe X. 

The subgroup ©*% of $* is uniquely determined since it is the component 
of zero. The group D* may in general be chosen in several ways. Suppose De 
is a finite subgroup so that 6*— ++ D+. Let us decompose D* into cyclic 
subgroups ¥’*4; and let us decompose 6 in some new way into circular sub- 
groups Then the element (x X, = ()) may be written 
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We shall prove that there are integers vj* and w,* which are unique mod 6% 
such that 


The function x;4(x) maps homomorphically the subgroup of ¥ with generator 
1/6 into ¥ and therefore into a subgroup of itself. Thus there is an integer 
vj* unique mod 6% such that 1 /6% is imaged into v;‘ times itself. In the same 
way we obtain w;‘. 

Thus between the two decompositions of §* into the direct sums of circular 
groups and finite cyclic groups, we have the transformations 


As each transformation is the inverse of the other we obtain 


(11. 3) 


(11.1) { 


(11. 2) 


+- = 0 (mod 
= (mod 6%), 
If $* is a refinement of $*, Hg* maps the circular subgroups ¥% of §° 
into such in $*, and maps the finite groups ¥’4+ into such in §*. Therefore 
we may adopt the notation just described and write Hg* in the form 


and 2% 


where the integers x%# are uniquely determined, and the integers Ye, Bi 


Bj 
are unique mod 6, 


Similarly for the other bases 
If we apply successively the transformations (11.2) for $* then (11.5) and 


finally (11.1), we must obtain the transformation (11.4). We have therefore 
the relations 


= 
(11. 6) + y sh + vi% == (mod 6°) 


where of course there is no summation on £. 
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In terms of &, {H*} and the decomposition of §* into subgroups ¥% 
and %’*+, we construct an inverse system {2%} as follows. Let @*# 
(t=1,---,7(a)) be a group bicontinuously isomorphic with the group 
obtained by reducing & modulo the closure of the subgroup of elements 
divisible by 6%‘. Under this fixed homomorphism of & into G*4+, denote the 


T(a) 
image of ge & by gG**. Let ZT be the direct sum } G*4*. The number 254 
4=1 


of (11.4) is such that £25504 (not summed on /) is the zero of X if oF+y — 0, 
If we let x be the element 1/6°, we see that there is an integer say such that 


= (not summed on j and £). 
We define a homomorphism Hg* of 3 into Z* by the relations 
(11.8) (g@*8) — (i= 1,: 


Since aes is unique mod 6+, soy is unique mod 6%, thus the right side is a 
unique element of 

Due to the ambiguity in representing an element of &*4*, we must prove 
that Hg* is uniquely defined. Suppose gG** = q’G*F, then g — q’ is a limit 
of elements of & divisible by 65+. Therefore (gq — g’) sé is a limit of elements 
divisible by By (11.7), (6 — 9) is a limit of elements divisible 
by 6%. Therefore gst and gst image into the same element of @*4/, and 
Hg* is unique. 

To see that Hg* is continuous, let U be a neighborhood of zero in F*. 
Then U is given as the product space of neighborhoods U/ (j =1,- - -,7(a)) 
of neighborhoods of zero in the G@**/. Let V be a neighborhood of zero in & 
such that V is imaged into =1,- -,7(a#)) under the transformation 
sending ge @ into (not summed on j). The image of V in 
under the homomorphism g —> g@**+ is a neighborhood U’ of zero in @G*F#, 
The product space U’ of the U’* is a neighborhood of zero in 74 mapped by 
into U. 

If the homomorphism Hg* of 34 into T* be defined for every pair a, B 
of ordinals such that §* is a refinement of *, we obtain an inverse system 
{%*}. (The verification of axiom c) of No. 2 is immediate. Since {*} 
satisfies axioms a) and b), we deduce corresponding properties for the integers 
z, y, and z of (11.4) from which it follows that a) and b) hold in {%*}). 
Let us prove that {&%} is independent of the decomposition of §* into sub- 
groups. If §* be decomposed into the subgroups ¥% and ¥’+, we construct 
groups G* in a similar way and obtain a new group 3%. From (11.1) and 
(11.2) we deduce integers ¢;*4 and £;%# such that 
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Gat — \ 


— f (not summed on 


From these relations and (11.3), we deduce 


= 8,4 (mod 6%), 
Then the transformation 

= gt 
has the inverse 


— 


and is therefore a bicontinuous isomorphism between &* and &*. By (11. 5), 
there are integers a satisfying 


z (not summed on 7). 
By (11.6) and (11.7), we obtain 
= se (mod 6%), 
Therefore the homomorphism 
— 


carries over into the homomorphism Hg* under the isomorphisms /{*: 
Hg* = Thus the inverse system is isomorphic with It 
follows that is uniquely defined by and 

A complete subsystem of S = {*%} defines in the same way a complete 
subsystem of {%*}. Thus equivalent systems S and S§ determine equivalent 
systems {*} and {2*}. By Theorem 7. 4, it follows that {T*} is determined 
up to equivalent systems by G and §. Hence by Theorem 4. 1, the limit group 
of is determined up to bicontinuous isomorphisms by and 

In terms of &, {*}, and the decomposition of * into subgroups ¥% and 
we construct an inverse system as follows. Let (1 = 1,---, d(a)) 
be a group bicontinuously isomorphic with @. Let @’ (1 =—1,- - -,7(2)) 
be a group bicontinuously isomorphic with the subgroup of elements of & of 
orders dividing 6*.. As usual the element of @+‘(G’%) corresponding to g«@ 
is denoted g@** (qg@’**). Let S*% be the direct sum 


d(a) T(a) 


i=1 i=1 


Let the homomorphism Hg* of © into S* be defined by 


| 
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= 
11.9 


where the integers x, y and z are those of (11.4). Since y55 and a4 are unique 
mod 68 and g in the second equation is of order 6%, the transformation is 
uniquely defined. It is verified without difficulty that {G*} is an inverse 
system. 

Let us prove that {©*} is independent of the decomposition of §*% into 
subgroups. If §* be decomposed into the subgroups ¥% and ¥’+, we construct 
groups G and G+ in a similar way, and obtain a new group 6. Using 
(11.1), the transformation f* defined by 


= 

= Ge + gw 
has the inverse 

= 

= + giv, 


This follows from the relations (11.3). And the homomorphism H,* defined by 


gz 
(gG"") = gy si G4 + 


satisfies, in view of (11.6), the relation Hg* — f*H,g*f6. And we see that 
{S*} is determined up to isomorphic systems by {§*} and 6. 

Just as above we can prove that the limit group S of {S*} is determined 
up to bicontinuous isomorphisms by & and §. 


12. The isomorphism. We now assume that = §,(A, B, X) for a topo- 
logical space A and closed subset B. We shall prove that T = &,_,(A, B, G) 
and © G,(A, B, G). 

We suppose that {8,*} (¢q=0,1,:--,p-+1) is the canonical inverse 
system of chains constructed in No. 10 for the space A. We suppose, for 
each a, bases have been chosen in the groups &,* and ®%,_, so that the boundary 
relations for the chains of §,* are in quasi-canonical form. We suppose in 
particular that we have split these basis elements into five classes so that the 
relations (8.4) hold. 

If we pass to the corresponding homology groups over ©, we find by 
Theorem 8 that 


It 
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where @**+ is obtained by reducing © modulo the closure of the subgroup of 
elements divisible by ome and 


where G% is isomorphic with & and G’* with the subgroup of & of order 6% | 
In particular 


(12. 1) =D + DH. 


Since §,(A, B, ¥) is the limit group of {,*(X)}, we may suppose that 
the latter is the system used in No. 11 for constructing & and ©, and we may 
suppose moreover that the decomposition there used of each $,*(¥) into a 
direct sum is the decomposition (12.1). It is then immediately clear that 
T+ — F4,,(G) and S¢—GS,*(G). These isomorphisms are. set up in an 
obvious way. We have only to prove that under these isomorphisms the homo- 
morphisms of the systems {%*} and {S*} carry over into those of {2%%_,(G) } 
and {S,*(G)} respectively. The latter case is trivial. For the former, suppose 
the homomorphism of &,* into &,* has on the basis element d,** of class four 
(see (8.4) ) the value 

(we recall that, in a canonical same of re €,f is mapped into 6,*). 
Then, for the homomorphism of §,5(¥) into 


As FH = HF, we have 
(b™ ) = Hg*F = (d,P*) = bai + 


p-1 
It follows that (not summed on j/) is divisible by 1 denotes 
the quotient, an 
Hence 


— 
As this is the homomorphism (11.8), we have proved 


THEOREM 12. The group $,(A, B, G) is the direct sum Zp + Sy where 
Z, is an invariant of the pair G, Hp.1(A, B, ¥) and Sy is an invariant of the 
pair &, H,(A, B,¥). Thus the group & is a universal coefficient group for the 
Cech homology theory of a topological space. 


It is well known that in a compact metric space the Cech theory and the 
Vietoris [18] theory are equivalent; hence 
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CoroLLaRy. The group &¥ is universal for the Vietoris homology theory 
of a compact metric space. 


Remark. Cech has pointed out to me the following simple invariant 
definition of the group © in terms of the groups © and §. Let §* be the 


- discrete group of continuous characters of §. Then © is defined to be the 


group of all homomorphic mappings of * into G. If U is a neighborhood 
of zero in & and hy, he,- + -, hy, are a finite number of elements of $*, the set 
V of elements of © mapping each h,; into U is called a neighborhood of zero 
in ©. That © is the group constructed in No. 11 is obvious if § is an ele- 
mentary group. Otherwise let § be a limit group of the inverse system {§*} 
of elementary groups. Let ©* be the group of homomorphic mappings of *4 
into G. As {H**} is a direct system (No. 5), it is easy to see that {S*} is 
an inverse system and that its limit group is the group of homomorphic map- 
pings of * into &. In this way the case of a general bicompact group © is 
reduced to that of an elementary group. If one could find an equally simple 
invariant definition of & in terms of & and §, the argument of the preceding 
two sections could be greatly simplified. 


IV. The infinite complex. 


13. Infinite cycles. Let K be an infinite complex with a countable 
number of cells. We require that K be locally finite in the sense that the star 
of any vertex is finite. Let Z be a closed subcomplex of K and let the p-cells 
of K — L be ordered in a sequence: Hp’ (i=1,2,---). A p-chain over & 
of K mod JL is an infinite linear form: qiH#,‘. These constitute a group 
&,(K, L,@) in which a topology is introduced as follows. If U is a neigh- 
borhood of zero in & and n is an integer, the set V of those chains whose 
first n coefficients lie in U is a neighborhood of zero in &. As in the case 
of a finite complex, the boundary operator F' is a continuous homomorphism 
of &, into ®,.,. Then cycles and bounding cycles can be distinguished. The 
group §,(K, L,@) is obtained by reducing the group of cycles modulo the 
closure of the subgroup of bounding cycles. 


14. Universal group theorem. If we can show that the homology 
theory of an infinite complex can be analyzed in terms of inverse systems of 
homology groups of finite complexes, the proof that ¥ is a universal coefficient 
group for infinite cycles is clearly contained in the preceding sections. The 
definition just given of §,(K, L,@) is standard since it follows closely the 
spirit of the definition of Lefschetz [15; p. 299]. Consider the following 
alternative definition. 
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Let {L*} be a sequence of closed subcomplexes of K such that [] L*= L, 
L* L***, and each K — finite. Let &,*(6) = 8&,(K, L*,@). Suppose 
I+ IF. To each chain of &,°(@) we associate the chain of R,*(G) obtained 
by omitting its terms involving cells on Z* This is a homomorphism of 
R,°(G) into KR,*(G). It preserves cycles and bounding cycles, and therefore 
induces a continuous homomorphism of ,°(@) into ,4(@). In this way 
{,*(G)} constitutes an inverse system with a limit group §’,(K, L,G). It 
is clear that ’,(G) does not depend on the particular sequence {LZ}; for any 
other sequence {L’*} satisfying the same conditions determines an equivalent 
system {’,;*(G)}. We will see under what conditions the group ’,(K, L, G) 
is §,(K, L, G). 

We define a continuous homomorphism of §,(@) into §’,(@) as follows. 
If ¢, is an infinite cycle mod L, let ¢,* be the cycle mod L* obtained by omitting 
terms of ¢, involving cells on L*. Suppose h « §,(@) has ¢, as a representative 
cycle. Then ¢,* is representative of a class h*« H,“(@). Clearly {fh} is an 
element H’,(G). If then ~ ¢,%, and is independent of the 
representative of h. Thus is a continuous homomorphism of 
H,(G) into H’,(G). In fact f is an isomorphism of §,(@%) into a subgroup 
of ’,(@). For suppose f(f) —0. Then each ¢,* is a limit of bounding 
cycles mod L*. That is: to a neighborhood V of ¢,* corresponds a chain f,,, 
such that F'(f,,,) mod Z* lies in V. If W is a neighborhood of ¢, determined 
by U in @ and the integer n, choose L* so that it does not contain the first n 
p-cells of K—L. Let V be the neighborhood of ¢,* determined by U in ©. 
Then F(f,,,) mod Z lies in W. Thus ¢, is a limit of bounding cycles, and 
0. 

If the group @ has the division-closure property (No. 8), we shall prove 
that the inverse of f is defined over the whole of $’,(@). Suppose f’ = {h*} 
is an arbitrary element of ’,(@). Let ¢,* be a representative of h*. Then 
¢p**? — ¢,% reduced mod L* is a limit of bounding cycles. As & has the division- 
closure property, the group of bounding cycles of K mod L* is closed. Hence 
there is a chain f*,,, such that 


F(€%,1) — Cp* mod L*., 
Consider the sequence of chains 
a-1 
i=1 


where F(f‘,,,) is the boundary mod L of #*),,. The (#-+-1)-st term is the 
a-th when reduced mod L*. The sequence therefore converges to a cycle ¢, of 


| 
| 
| 
| 
| 
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K mod L. Furthermore mod L*; hence ¢y represents a class h Hp(G) 
such that f(}) =’. It is not difficult to show that the inverse of f when 
defined is continuous. 

Thus the two definitions of )(K,Z,@) are equivalent if G has the 
division-closure property. If we prefer the second definition then we can assert 
without qualification that ¥ is universal for the infinite cycles of an infinite 
complex. 

It would be interesting to determine whether or not the two definitions 
are always equivalent. 


Appendix I. 


15. The homology groups of a bicompact connected group. We pro- 
pose to establish the following 


THEOREM 15. If Wis a bicompact connected group, then A and $,(A, X) 
are bicontinuously 1somor phic. 


The theorem is fairly trivial for a toral group. The general case is obtained 
by a limiting process to which the next few sections are devoted. We base our 
definition of homology groups on finite coverings by open sets. This we may do, 
for a topological group satisfies the separation axiom 5 of Hausdorff; so a 
bicompact group is normal (Remark I, No.9). In Theorem 17, open coverings 
are used in an essential way, we have no proof of the theorem if the homology 
groups are based on closed coverings. 


16. The induced homomorphism. Let A‘ and A? be topological spaces 
and f a continuous mapping of A’ into a subset of A?. Let {¢!*} (i =1, 2) 
be a complete system of finite coverings by open sets of A‘. Let K* be the 
nerve of and = §,(K*, G) and = H,( A+, G). 

By means of f we shall define an inverse system S?? which includes 
S? = as a subsystem and S' = {,'*} as a complete subsystem. 
shall consist of the groups of the systems S* and S?; it shall include all the 
homomorphisms of S' and S? and certain additional ones defined as follows. 
An open set in A? has an open set as its inverse image in A’. Thus ¢?¢ has as 
its inverse image a finite covering by open sets y** of A’. Let $'* be a refine- 
ment of y’*. Then the projections ¢% > y'*-—> ¢* determines a simplicial 
mapping of K’* into K**. Let H% be the continuous homomorphism of §,14 
into $,"* induced by this simplicial mapping (No. 9). Let us include among 
the homomorphisms of S'? the homomorphisms H*? for all « and related B 
satisfying the condition that ¢' is a refinement of y'*. It is not difficult to 
prove that S?* is an inverse system. 
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As 8’ is a complete subsystem of S'*, ,' is the limit group of 81. The 
coordinates of an element h* of §,' in the groups of S? make up the codrdinates 
of an element h? of §,?. The correspondence f(§*) =? is a homomorphism 
of §,1 into §,?. It is continuous; for, if V? is a neighborhood of h? determined 
by a neighborhood V** of h?¢, then the neighborhood V* of h* determined by 
V4 is such that f(V1) C V?. 

The homomorphism f of §,' into $2 is said to be induced by f. 

We must show that f is independent of the systems {¢'*} and {¢?*} used 
in its definition. But this is trivial; for new systems may be included with 


the old as complete subsystems of larger systems. 


Lemma 16. If f and g are continuous mappings of A* into A? and A? 
into A®, respectively, then the induced homomorphisms satisfy: (gf) = gf. 


In §'? there are no homomorphisms of a group of S? into one of S$’. 
Similarly in 87%. Hence we may form the logical sum of S’* and S8”* and 
obtain a new inverse system S'** which contains S'* as a complete subsystem. 
In S*2® we may compare (gf) and gf; and the assertion of the lemma follows. 


17. On the homology groups of a limit space. Let {A*%} be an inverse 
system of bicompact spaces and A its limit space. We shall assume that, for 
all a, each point of A* is the codrdinate of an element of A. The set of groups 
{Hp%} (Dp* = Hp(A*%, G) ) together with the homomorphisms induced by the 
mappings of the system constitutes, by Lemma 16, an inverse system. Let 


THEOREM 17. §, is the limit group of {H,*}. 


Let {¢°”} be a complete system of finite coverings by open sets of A* 
((«) indicates that @ is fixed). Each open set of ¢% has an open inverse image 
in A. Hence ¢% determines a finite covering y% of A by open sets. The 
double system {{*5}} is complete. For let y be an arbitrary finite covering 
of A by open sets. As A is bicompact, y has a refinement y’ consisting of 
neighborhoods. Let the open set V‘ (i=1,---,k) of W be defined by the 
neighborhood V% in A*. Let A* be a common refinement of A%,- - -, A. 
Then the images V% of the V‘ in A® constitute a finite covering of A* by open 
sets. Let ¢%° be a refinement of this covering; then clearly y% is a refine- 
ment of y. 

The nerve K% of $% is likewise the nerve of y%*, for the image of A in A®% 
covers Let = §,(K*%,@). Then is the limit group of the 
double system As if and only if §,% is the 
limit group of the subsystem {§,‘°}. 


( 

p 
as 
Dp = Dp (A, G). 

3 

an 

1- 

for 

ra 

(18 

Let 

the 

the 


UNIVERSAL HOMOLOGY GROUPS. 695 


The codrdinates in the subsystem {H,‘~*} of an element h « §, make up 
an element h*%« ,%. By the definition of the induced homomorphisms, the 
elements f* are the codrdinates of an element ff’ of the limit group §’, of 
{§,%}. The correspondence f(h) =f’ so defined is a bicontinuous isomorphism. 
It is trivial that f is a homomorphism. If f’ is an arbitrary element of ’p, 
its codrdinate in §,* has a codrdinate in Suppose > H,%. 
Let A€ be a refinement of AY and A*; and let y* be a refinement of y and 
y¥, Then, by the definition of the induced homomorphism of {,* into §,*, 
we have h*—> %. Similarly }*—”. From the uniqueness of projections 
> It follows that {{**}} is an element he §, such that f(h) =f’. 
Therefore covers Hp. 

If h, and are distinct in then, for some pair a, B, and are 
distinct. Then and are distinct; and, finally’; and are distinct. 
Thus f is an isomorphism. 

Let V’ be a neighborhood of f’ in §’, determined by a neighborhood V4 
of * in §,% which, in turn, is determined by a neighborhood V% of 8 in 
$,°. Then V2 determines a neighborhood V of h in » such that f(V)C V’. 
So f is continuous. On the other hand, if V is a neighborhood of § in §, 
determined by a neighborhood V% of 9% in $,%8, V%% determines a neighbor- 
hood V% of §* in §,*%, and this in turn determines a neighborhood V’ of ff in 
§’, satisfying f(V) © V’. So f is inversely continuous, and the theorem is 
proved. 


18. Proof of Theorem 15. By Theorem 7.3, % may be represented 
as the limit group of an inverse system {9%} of elementary groups so that the 
image of Mf in M* covers the latter. As % is connected, so is A*; hence 
Y* is a finite dimensional toral group. Let us express 9% as the direct sum 
k 
> X* of groups isomorphic with ¥. The point set ¥% is a simple closed curve 
i=1 
I on Y*. Giving to ¥ a definite orientation gives to each simple closed curve 
an orientation so that the set of 1-cycles (over ¥) so obtained form a 
1-dimensional homology basis in %*. 

If ¥* is a homomorphic image of X¥ in %*, we may express X* as a linear 
form a,¥% in the basis subgroups with integer coefficients (see No. 11). If 
I is the singular image on M* of the basic 1-cycle of X, we assert that 


(18. 1) ~ 


Let be the 1-cycle which is the singular image of the basic 1-cycle of ¥ under 
the mapping which sends re X into = + Let T be 
the 2-simplex in the (x, y)-plane having the vertices (0,0), (0,1), and (1,1). 
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Let C1, C2, C; be the edges [(0, 0), (0, 1)], [ (0, 1), (1, 1)] [ (0, 0), (1, 1)] 
respectively. If 7 is suitably oriented, then F(T) =C,+C.—C3. The 
transformation 


of T into W* (on the right side z and y are real numbers mod 1) is continuous 
over 7 and maps C, into C, into and C; into Thus 
r¢~a,r +1¢, We may treat I in the same way. Performing this opera- 
tion & times, we obtain the relation (18.1). 

We suppose that we have chosen basis subgroups ¥% (1 —1,- - -,k(a)) 
and corresponding 1-cycles T* on each group W* of the system. If H& > Ye, 
this homomorphism f may be written (No. 11) 


(18. 2) f = 
Then, by (18.1), 
(18. 3) f(T8*) ~ 


Let $* = §,(W*,¥). * may be represented as the group of linear 
forms where Let be the isomorphism which pairs of * 
with of 

If 95 — W, the induced homomorphism §,6 > §,%, by (18.3), is 


f (eT) = 


It follows that the system of isomorphisms {J*} establishes an isomorphism 
between the inverse systems {2%} and {H*}. The limit group H of {H*} is 
therefore bicontinuously isomorphic with &%. By Theorem 17, § is §,(4, %). 
This completes the proof. 


Appendix II. 


Example 1. We shall prove that the integers do not form a universal 
coefficient group for the homology theory of a compact space. 

Let A™ (m —1,2,- - -) be a simple closed curve, and Mm, a continuous 
mapping of A™** into A™ of degree 2 (i.e. A™*! is wrapped twice around A”). 
Let A be the limit space of this inverse sequence.1* Then A is 1-dimensional, 
bicompact, and it has the 2nd countability axiom. It may therefore be im- 
bedded homeomorphically in euclidean 3-space. §,(A™,%) (3 = group of 
integers) is a free group on one generator. The induced homomorphism of 
§,(A™*, 3) into §:(A™, 3) maps the generator of the first group into twice 


14 This example was considered by Vietoris 18. 
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the generator of the second. One proves readily that the limit group of 
{§:(A”, §) } reduces to the zero. By Theorem 17, this limit group is §,(A, 3). 
On the other hand, §,(A™, ¥) is isomorphic with ¥ and the homomorphism 
of §,(A™", ¥) into §:(A™, ¥) has the degree 2. It follows, by Lemma 2. 1, 
that §1(A,%) is not the zero group. In fact if M™n,, is sufficiently smooth, 
it is easy to see that ,(A,%) and A are homeomorphic. Since one cannot 
deduce the structure of §,(A,%) from that of §1(A,%) the statement is 
proved. 


Example 2. We shall prove that X is not a universal coefficient group for 
the homology theory of the finite cycles of an infinite complex. 

Let A” (m = 1,2,- - -) be a simple closed curve and M™»,, a continuous 
mapping of A” into A™ of degree m-+-1. Let A be the limit space of this 
sequence, and let A be imbedded homeomorphically in euclidean 3-space EF. 
It is not difficult to prove that the 1-dimensional homology group over ¥ of 
the finite cycles of H, — A is isomorphic with the group of rational numbers. 
Let A’ be homeomorphic with A, and let it be imbedded in #, — A. Then the 
1-dimensional homology group over ¥ of the finite cycles of #; — (A + A’) 
is the direct sum of two rational groups. Thus the two homology groups have 
ranks 1 and 2 respectively. However if we apply the theorem of Cech [9] to 
compute the 1-dimensional groups over X of the finite cycles of H; — A and 
E,—(A-+ <A’) it is found that the first group is obtained by reducing 
X modulo its subgroup of elements of finite order, and the second group is 
obtained by reducing a 2-dimensional toral group modulo its subgroup of 
elements of finite order. Both of these groups are isomorphic with the direct 
sum of groups of rational numbers equal in number to the power of the con- 
tinuum. This proves the statement. 


Example 3. We shall prove that, even if the coefficient group has the 
division-closure property, the group of bounding cycles in an infinite complex 
may not be closed. This is in contrast with the case of a finite complex (No.8). 

Let L’ be the product complex of a circle by a line segment. We choose 
one of the two circles bounding L’ and identify triplets of equally spaced points. 
The resulting complex consists of two 1-cycles I and I and a 2-chain LZ such 
that F(L) Let Li (i —=1,2,-- +) be a sequence of such com- 
plexes; and let us identify with (i= 2, 3,- - -) and give this cycle 
the new notation T;. Let us add a 2-cell ZL, whose boundary is Ty. Then 
F(L,) and F(Li) — 30; (i =1, +) are the bounding rela- 
tions in the resulting infinite complex K. As 
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k 
the infinite 1-cycle I; is a limit of the bounding cycles 1; (k = 1, 2,- - -). 
i=1 


i=1 
Suppose as is impossible, that there are integers x; (i = 0, 1, 2,- - -) such that 


ie. io @) 
F(>«Li) =STi. By a simple computation 
4=0 4=1 
F( 2 = 32;) Tj. 
=0 4=1 


It follows that 3x, = 2;,—1. Thus As the 
z’s are integers, this cannot hold for every integer 7. The contradiction proves 
the statement. 


Example 4. We have proved in No. 10, that the p-th homology group 
of a topological space decomposes into a direct sum of a torsion group and a 
reduced homology group. In the special case of a finite complex, we have seen 
in No. 8 that the reduced homology group admits a further decomposition into 
the direct sum of two groups. We shall show by an example that this further 
decomposition does not occur in general in the homology groups of a compact 
metric space. 

For a finite complex K, 2,(K,X) reduces to zero and $,(K,%) is the 
direct sum of its component of zero and a finite group. We shall construct 
a 2-dimensional compact metric space A such that the component of zero of 
§.(A, ¥) is not a direct summand of the entire group. 

Let be the discrete group generated by @2,° - and do, 
subject to the relations 2?"e, = 0 and 2d, = + (n= 1, 2,° °°). 

Let us prove that the subgroup © of * of elements of finite order is 


generated by ¢1,¢2,---°. Suppose a= > ae; + > Biai is of finite order. 
n 1 0 
Then a’ = > Bia; is of some finite order k > 0. It follows that there exist 
0 
integers Xi, pi (1 —=1,- -, m) giving the identity 
0 1 1 
Comparing coefficients, we have 


= 0 (t>n), kBn = kBi = — (1=—1,- : -,n—1), 
kBo =— — wi = 0 (1=1,- 


We find that p», is divisible by &; then, inductively, we find that pi 


18 For the construction of this group and the proof of its properties the author is 
indebted to Dr. Reinhold Baer. 


If 
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(t=1,: is divisible by k. Let Then B, ——r, 
Bi = — Bn = 2tn, and 
n-i n n 


n 
D Bids = — 110 + — + = — = 
0 1 1 


1 
n 
Hence a = > (a; + 71) e:; as was to be proved. 
1 


We prove now that € is not a direct summand of *. The difference 


group §*—€ has @,4,,--- as generators with the relations 2d, = dn-1 
(n=1,2,---). If, to the contrary, € is a direct summand, then there are 
elements fj (1—0,1,2,---) in such that 2(a,+f:) fir 
(1=1,2,---). Using the relations in §*, we find that 

= 2fi + 


Then, for each integer n, 
fo = 2"fn + Dd 24 7G. 
1 


m(n) 
As f, is an element of & we can set fn = | %"e;.. We may assume without loss 


of generality that m(n) =n. Then, if & is the order of fo, 


m(n) 


1 1 


Let n be even and i—n/2. Then k=0 (mod 2”/*+'), As this holds for 
every even integer n, we find that k = 0 which contradicts the fact that k is 
the order of fy (if fo = 0, (1) holds for any integer &). This proves that € 
is not a direct summand of §*. 

Let § be the group of characters of *. The annihilator of € in H is the 
component of zero of § (see [17], p. 386, Corollary 1c). As € is not a direct 
summand of *, the component of zero of § is not a direct summand of 
({17], p. 382, Theorem 1b). We shall construct a compact metric space A 
such that = §.(A, &). 


We first construct a direct sequence {*”} whose limit group is §*. $*" 


has e;” (1 =1,- - -,m) and c” as its generators with the relations 274e;" = 0 
(t=1,---,m). The homomorphism H* of H*” into H*"*' is defined by 
H*(c*) Dome! __ H* (e;") (4 — m). 


If we form the inverse sequence {§”} dual to {H*”"} (No. 6), we find that 


H” ~ xX/mi 


$ 
n 
< 
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where ¥” is isomorphic with ¥ and X’" is isomorphic with the subgroup of 
® of order 274. The homomorphism H of $,"** into Hp)” is given by 


Let @ denote the point set in the plane consisting of the unit circle C and 
its interior. On C let us identify the point having the angular codrdinate 
6+ p(2r/k) 0S 6 < 2x/k) with the point 6. In this way 
Q is converted into a complex Q* such that .(Q*, ¥) is isomorphic with the 
subgroup X” of ¥ of order k. Let K™ (m =—1, 2,- - -) be a complex composed 
of a 2-sphere P”™ and the complexes Q? (i =1,- - -,m); we now denote these 
latter by Q™?*. Let a be a continuous mapping of K™** into K™ which maps 
P™*! onto P™ with degree 2, onto (1 =1,---,m) with degree 
+ 1, and Q™*+-2(™+1) onto P™ with degree — 1. It follows that §.(K”, X)—= §" 
and the homomorphism of §.(K™"',%) into §.(K™,) induced by = is the 
homomorphism H of §”*? into H". If A is the limit space of the inverse 
sequence {K”}, A is bicompact and has the 2nd countability axiom. As A 
possesses arbitrarily small mappings into 2-dimensional complexes, A is at most 
2-dimensional. By Theorem 17, §2.(A, X%) is the limit group of 


{H2(K™, = {H"}. 


Thus § = §.(A,%), and the component of zero of §.(A,X) is not a direct 
summand. As §.(A,#) is not zero, A is 2-dimensional. 

Let A be imbedded in euclidean 5-space H;. By the Pontrjagin theorem 
of duality [17], the 2-dimensional group over the integers of the finite cycles 
of H; — A is the group §*. In this the dual case the torsion group is not a 
direct summand of the homology group. 


Example 5. We shall prove that ¥ considered as a discrete group is not 
a universal coefficient group. Thus the emphasis we have placed on the notion 
of a topologized homology group is essential. 

Let W& be the character group of the discrete group of rational numbers. 
It is compact, connected, metric and 1-dimensional, and it contains no elements 
of finite order. If we construct in this group a Hamel basis, we find that 
is isomorphic with the direct sum of a set of groups each isomorphic with the 
group of rational numbers, the number of summands being the power of the 
continuum. The same is true of the direct sum &+ Of. Let X, denote the 
group X with the discrete topology. As both ¥, and & have the division-closure 
property, §:(%,%) and §,(H,X,) are isomorphic (though not continuously 
so). By Theorem 15, M% and §.(%,%) are isomorphic, likewise %f + %% and 
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Then and + MW, X.) are isomorphic. How- 
ever, if t is the group of rational numbers, it can be shown that §.(H, R) and 
§,(4 + W, R) have ranks 1 and 2 respectively. So Xp is not universal. 


or 
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ON CLOSED SPACES OF CONSTANT MEAN CURVATURE. 
By T. Y. THomas. 


Theorems on spaces of constant mean curvature (Einstein spaces) defined 
analytically by the equations 


Bag = (Bag 


where A is the mean curvature and the B’s are the components of the curva- 
ture tensor, have been given by Kasner, Schouten and Struik.1 These theorems 
are all of local character. In particular it has been shown that if the space is 
of dimensionality n = 2, 3 it must be of constant curvature. The following 
paper deals with closed? hypersurfaces S (without boundary) of constant 
mean curvature 4 > 0 and dimensionality n = 2 in a euclidean space F of 
n-+-1 dimensions. In view of the above mentioned result, such spaces must 
be of constant curvature if n 2,3. We shall here prove that they must 
likewise be of constant curvature for n=4. As our proof depends on the 
fact that S is closed this result appears essentially as a theorem in the large 
and in this sense is distinguished from the local theorems of the above writers. 
Our work is based on equations established in the paper by T. Y. Thomas, 
“On the variation of curvature in Riemann spaces of constant mean curva- 
ture,” Annali di Mathematica, vol. 13 (1934-35), p. 227 and the paper by 
C. B. Allendoerfer, “ Einstein spaces of class one,” to appear in the Bulletin 
of the American Mathematical Society. From the latter of these we take 
the equations 
(1) bpybas = kigpygas + + BapspBuvya], 


where ds? == > bapdx*dx8 
b= 


1 a,b=1 


1. Kasner, “The impossibility of Einstein fields immersed in flat space of five 
dimensions,” American Journal of Mathematics, vol. 43 (1921), p. 126; “ Finite repre- 
sentations of the solar gravitational field in flat space of six dimensions,” ibid., p. 130; 
“ Geometrical theorems on Einstein’s cosmological equations,” ibid., p. 217. 

J. A. Schouten and D. J. Struik, “On some properties of general manifolds re- 
lating to Einstein’s theory of gravitation,” American Journal of Mathematics, vol. 43 
(1921), p. 213. 

® By saying briefly that the hypersurface S is closed, we mean in the terminology 
of the point set theory that S is compact and closed with respect to H. Hence 8 is 
contained in a finite portion of the euclidean space Z. 
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are the first and second fundamental forms of the hypersurface § and 


A 


From the former of these papers we select the equations 


(2) pv — (4/3)AK + = 


a, 


Here K,yv are the components of the second extension of the sectional curva- 
ture K determined by the orthogonal unit vectors A, and A, at any point P 
of the hypersurface § and the Bagys,nv are the components of the second ex- 
tension of the curvature tensor B. We have the relations ® 


(3) = 9" Bapyi,pv = (2/3)rABagys + ge” 


Myv=1 a,b=1 


X [BapapBoys + 2BapipBrayy + 


Now interchange the indices y, 8 in (1) and subtract. When use is made 
of the Gauss equations relating the coefficients bag of the second fundamental 
form of the hypersurface S to the components of the curvature tensor we obtain 


(4) Bapys = (9pyJas — 
+he g” 9" BapapBrvys + + 2BaapsBopyv] 


a,b=1 Myv= 


+ ke aed | BayspBovya + BapypPBovas BapapBovy |. 
Myv=1 


a,b=1 


We observe that when the last set of terms in (4) is multiplied by A,“A2FA,7A2° 
and summed on repeated indices the expression vanishes identically. Hence 
in consequence of (2), (3), (4) and the equations defining the sectional 
curvature K * we have 


K (24+ (1/ke))K — oF 


Sg” = 2r[(n —1)K —a] 


or 


when we substitute the above values of the constants kh, and ko. 


* These relations appear as equations (3.7) in Thomas (loc. cit.). Attention is 
here called to several typographical errors in the derivation of these relations. The 
term Bi the right member of (3.2) should be replaced by Ba poe,yg: Also in 
the equations at the bottom of p. 230 the term Bi pé,t,¢ 12 the left member should be 
replaced by Ba pyi.et and the term Bapys,et in the right member should be replaced 
by Ba 

*The equations (1.2) of Thomas (loc. cit.). 
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Since 8 is closed in the euclidean space H there exists a point P of S at 
which K assumes its maximum value. Since 8 is without boundary the point 
P will be an inner point of 8 and hence at P the left member of (5) will be 
= 0. Suppose that § is not a space of constant curvature. Then at P the 
bracket expression will be > 0. Since A > 0 by hypothesis it follows that the 
right member of (5) will be positive at the point P thus giving a contradiction. 
Hence the hypersurface 8 must have constant curvature. 

We observe that the above requirements regarding continuity and differ- 
entiability are met if the hypersurface 8 is defined by functions ¢‘(z) where 
i=1,---,2-+ 1 which are continuous and possess continuous partial deriva- 
tives to the fourth order.’ Such a surface is said by some writers to be of 
class C*. Using this terminology we have proved the following theorem. 


THEOREM. Any hypersurface S of class C* of constant mean curvature 
d > 0 and dimensionality n= 4 in a euclidean space E of n +1 dimensions, 
the hypersurface S being closed but without boundary, is a space of constant 
curvature. 


In view of the above mentioned local theorems our theorem is proved if 
n == 2,3 for hypersurfaces S of class C*. We do not consider the question of 
whether the above theorem is valid for hypersurfaces of less restrictive class. 


PRINCETON UNIVERSITY. 


5In fact under this hypothesis the coefficients of the second fundamental form 
of § are continuous and possess continuous first and second derivatives. Cp. §1 and 
§2 of T. Y. Thomas, “Riemann spaces of class one and their characterization,” 
to appear shortly in the Acta Mathematica. Hence it follows from the Gauss equations 
that the components of the curvature tensor are continuous with continuous first and 
second derivatives and this permits the definition of the second extension of the curva- 
ture tensor whose components occur in the equations (2) and (3). 


] 


” 


id 


ON CONTINUA OF CONDENSATION. 


By G. T. WHysurn. 


A continuum JM is said to have property N* provided that for every 
« > 0 there exists a finite collection G of disjoint non-degenerate subcontinua 
of M such that every subcontinuum of M of diameter > « contains some con- 
tinuum of G. Recently a study has been made by R. L. Moore? of this 
property in connection with various sorts of continua of condensation. Among 
other results, Moore proves that “The set of all regular curves with property 
N includes the set of all dendrons and all regular curves without continua of 
condensation and is included in the set of all regular curves with no essential 
continuum of condensation ” (loc. cit., p. 72). 

In this paper I shall prove the following theorem * which yields exactly the 
relation between property N and the existence of continua of condensation in 
a given continuum: 


THEOREM. In order that a compact metric continuum M have property 
N it 1s necessary and sufficient that M be locally connected and that no cyclic 
element of M have a continuum of condensation. 


Proof. The condition is necessary. In the first place, since clearly if M 
has property WV it cannot contain an infinite sequence of disjoint continua all 
of diameter greater than some d > 0, it follows that not only M but every 
subcontinuum of M must be locally connected. Thus the first condition is 
necessary. 

Now let H be any true cyclic element of M, and suppose, contrary to our 
theorem, that H has a continuum of condensation K. Now obviously any sub- 
continuum of M must also have property N, so # has property N. Since, by 
the above, K must be locally connected, we can suppose without loss of gen- 
erality that K is a simple arc ab. Lete—4p(a,b). Since K is a continuum 


1See R. L. Moore, “ Fundamental point set theorems,” Rice Institute Pamphlet, 
vol. 23, no. 1 (1936), see p. 67. 

2 Loc. cit. See also an abstract in Bulletin of the American Mathematical Society, 
vol. 42 (1936), p. 35. 

* This theorem was recently communicated to R. L. Moore, who states that he had 
not thought of the theorem but that he can prove it with the aid of some results 
which he has found but not yet published. 
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of condensation of FH, it follows by a theorem of the author’s* that the non- 
local separating points of # are dense on K. Now let Wi, W2,---, Wn be a 
set of disjoint continua such that every subcontinuum of FH of diameter > « 
contains a continuum W;. Let Wn,, Wn,,: >, Wn, be the continua which 
lie wholly in K and let Y be the sum of the remaining ones. Then for each 
ij, Wn, is a subare a;b; of ab; hence Wn, contains an inner point which 
is not a local separating point of H, and accordingly there exists an are ry; 
in such that are in the order a, ai, yi, bi, b, K =a; + Yi, 
and ziyi;:Y —0. Now for each i< j, replace the arc xy; of ab by the arc 
iyi and call the continuum thus formed H. Then since H > a+ b, we have 
But since for no does H contain the arc ay; of K, H con- 
tains no set W,,; and since ay; Y =0 for each i j, H can contain no set 
of Y. Hence H contains no set W; whatever. Thus the supposition that the 
second condition is not necessary leads to a contradiction. 

The proof for the sufficiency of the conditions will be given in five steps. 


(1) Any continuum M having no continuum of condensation has property 
Proof. Let «> 0 be given. We can write ° 
(i) M=F+ 


— 
where F is closed and totally disconnected and each set a;x;b; is an open free 


arc. Since at most a finite number of the arcs aja;b; are of diameter = €/5, 
by adding a finite number of points on these to F clearly we can obtain the 


decomposition (i) so that all ares ajx;b; are of diameter <«/5. Let us 
suppose this has been done. 
Now since F is totally disconnected and closed, it follows at once that 
k 
there exists an integer k such that every component of M— > a,x;b; is of 
i=1 
diameter < </5. For otherwise we could find a monotone decreasing sequence 
of continua K,, Kz, K3,- such that for each k, = and K;, is a 
component of M— >} aix;b;; this is impossible since then WK, wouid be a 


i=1 


continuum in F of diameter = «/5. 


For each 1 = k, let W; be any closed arc contained wholly in a;a;b;._ Then 


*See Mathematische Annalen, vol. 102 (1929), p. 320. 

5 See Moore, loc. cit. The proof is given here merely for the sake of completeness. 

®See Urysohn, Verhandelingen der Akademie te Amsterdam, vol. 13, no. 3 (1927), 
p. 57. 
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every subcontinuum of M of diameter > « must contain one of these arcs W,. 
For let Q be a subcontinuum of M of diameter >e. Then Q intersects at 


k 
least two components of M — > a;a;b; since if L is any one such component, 
i=1 


then L + all arcs ajv;b; having an endpoint on L is a set of diameter < 3/5. 
Let a,be@, where a and 6b lie in different components Ca and C, of 
M— Saja;b;. Let ab be an arc in Q. Let a be the last point of Ca on ab 
i=1 
in the order a,b and let 6’ be the first point following a’ which belongs to 


M— aixib;. Then clearly a’b’ is one of the arcs for some 
i=1 


Whence Q a’b’ Wj. 


(2) If no true cyclic element of a locally connected continuum S has a con- 
tinuum of condensation, neither does any cyclic chain of 8. 


For let Q be a subcontinuum of a cyclic chain C'(a,b). Then Q contains 
an arc pq, and pq has a segment zy which either belongs to the set K of all 
points separating a and 6 in C(a, b) or to a true cyclic element C; in C(a, b). 
If ayC K, clearly ry— (x+y) is open in C(a,b). If ay Cd;, then 
[ay — (K-ay)]-C(a,b) — 
densation of C;, some subare 2’y of xy is such that a’y’- C(a,b) —Q=0. 


C; =0; and since zy is not a continuum of con- 


Thus in either case Q is not a continuum of condensation of C(a, b). 


(3) If no true cyclic element of a locally connected continuum S has a con- 
tinuum of condensation and tf we express 


k 
J 
S == > C (pis qi) C (pi qi) -+- H 
4=1 i=k+1 
as in the cyclic chain approximation theorem,’ then for no k does 
A, => C (pi, qi) have a continuum of condensation. Thus every Hy has 
i=1 
property N. 


(4) If every H;, in a locally connected continuum S has property N, so also 
does S. 


Proof. Let «> 0. Then there exists a & such that every component of 
8S — H;, is of diameter < «/3. Since H;, has property N, there exists a finite 


7 See Kuratowski and Whyburn, Fundamenta Mathematicae, t. 16 (1930), pp. 305- 
331. Here C(p,;,9,) is a cyclic chain. 
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number of disjoint continua W,, W2,- --, Wn» in H; such that any subcon- 
tinuum of H;, of diameter > «/3 contains one of these continua W;. 

Now let Q be an arbitrary subcontinuum of § of diameter >c. Let 
p,qeQ be chosen so that p(p,q) >«. Let p —p if pe Hy, and if not let p’ 
be the boundary of the component Q, of S — H;, containing p. Similarly let 
gy =q if ge H; and otherwise let ¢ be the boundary of the component Q, of 
S — H;, containing g. Then since 


+ (9,7) = 8(Qr) + 8(Qa) < €/8 + €/3 = 2/3, 


we have 


> </3. 
Thus since p’ + q’ C Q- Hz, we have 
8(Q- Hx) > «/3. 


But Q: H; is a continuum. Whence Q- Hx —- W; for some j. Accordingly, 
S has property NV. 
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CONTINUOUS TRANSFORMATIONS PRESERVING ALL 
TOPOLOGICAL PROPERTIES. 


By James F. WARDWELL. 


1. Introduction. This paper concerns itself with a solution to the fol- 
lowing problem:* If A and B are any compact metric spaces and 7(A) = B 
is a continuous transformation, under what conditions will B be homeomorphic 
with A, that is, what continuous transformations will preserve all topological 
properties of A? In view of the fact that continuous transformations and 
upper semi-continuous decompositions ? are known to be equivalent * for com- 
pact metric spaces, the above problem can be stated in this way: If we have 
an upper semi-continuous decomposition of a compact metric space A, under 
what conditions will the hyperspace B of this decomposition be the same kind 
of space as A, that is, be homeomorphie with A? 

The solution to this problem, for the case when A is a plane or sphere, 
is due to R. L. Moore.* It may be stated as follows: If A 1s a topological 
sphere and T(A) = B is a monotone transformation ® such that, for any be B, 
T*(b) does not separate A, then B 1s a topological sphere. 

However, no conditions have heretofore been found which yield the desired 
result for general compact metric spaces or even for any compact Euclidean 
spaces of higher dimension than two. 


2. Conditions. A little investigation makes it clear that the conditions 
which are to be imposed must be conditions on the complements of the sets of 
the decomposition (that is, the sets T-1(b), for b « B) in the space as well as 


This problem was suggested by G. T. Whyburn to whom the author is greatly 
indebted for his helpful suggestions and criticism in the preparation of this paper. 
See the abstract of his paper “ Analytic topology ” in American Mathematical Monthly, 
vol. 42 (1935), p. 190. 

2See R. L. Moore, Transactions of the American Mathematical Society, vol. 27 
(1925), pp. 416-428. 

®See P. Alexandroff, Mathematische Annalen, vol. 96 (1927), pp. 551-571, and 
C. Kuratowski, Fundamenta Mathematicae, vol. 11 (1928), pp. 169-185. 

* See loc. cit. 

5 A continuous transformation 7'(A) = B is said to be a monotone transformation 
when each set 7-1(b), for 6 ¢ B, is connected. See C. B. Morrey, Jr., American Journal 
of Mathematics, vol. 57 (1935), pp. 17-50, and G. T. Whyburn, American Journal of 
Mathematics, vol. 56 (1934), no. 2, pp. 294-302. 
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on these sets themselves. It seemed that the following condition might yield 


the desired result: 


I. For any be B and any xeA, there exists a homeomorphism 
W(A—z) =A—T*"*(b). 


However we have not been able to show that, for arbitrary compact metric 
spaces A and B, B is homeomorphic with A when this condition is satisfied, 
even when almost all of the sets T-'(b) are degenerate. The same was true 


for this condition: 


II. For any be B and any xe T*(b), there extsts a homeomorphism 
W(A—z2z) =A—T™"(b). 


This last condition is less restrictive than the first one in that it does not 
make the space A homogeneous while condition I does. If II is satisfied and 
if A is homogeneous, then I is obviously satisfied. 

We finally found that if condition II was further restricted to give: 


III. For any «> 0, any be B, and any xe T*(b), there exists a homeo- 
morphism W(A—z2z) =A—T-'(b) which is stationary® outside of the 
e-neighborhood of T-*(b). 


the desired results are obtained for the case stated in section 7 below. 
3. Some effects of these conditions. 


If the compact metric space A is connected, conditions I and IIT each 
imply that T(A) == B is a monotone transformation. 


In order to demonstrate this result, let us assume the contrary in both 
eases. Then there exists some set 7-1(b) —C, where C = C, + C2, mutually 
separated. Now C,-C.,—0, since C is closed. Take neighborhoods U, and 
Uz of C, and C, respectively so that Let U2. There 
exists a closed cutting § in A —U which separates U, and U, in A, that is, 
A—S —A,-+ Az, mutually separated, where 


a “4,250,250, 


For condition I, take any xe A —S. Now there exists a homeomorphism 
W(A—z) =A—C. If we apply W~ to the set 


A—C—S8S = + (Az — C2) 


° A transformation W is said to be stationary over all points y for which W(y)=¥. 
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we obtain a separation 
A—x—W*(8S) = W"(A,— C1) + C2). 


Now z+ W*(S) is a closed cutting of A, and z is an isolated point of this 
cutting. Furthermore z is a limit point of both W-(A,—C,) and 
W*(A,—C,). Therefore, by an established theorem,’ z is a local separating 
point’ of A. Now for any point y in A —z, there exists a homeomorphism 
R(A—zx) =A-—y. Hence every point of A is a local separating point of A. 
Now A is homogenous, and hence every point of A is of the same Menger 
order. Accordingly no point of A is of order greater than 2 because, by the 
Local Separating Point—Order Theorem,’ there exists at most a countable 
number of local separating points of order greater than 2. Since A consists 
of more than one point and is connected, it follows that every point of A is of 
order exactly 2. Therefore A is a simple closed curve. From this it follows 
that C, + C. separates A; and thus x separates A, which is a contradiction, 
since no single point separates a simple closed curve. Hence, for condition I, 
every set 7’-'(b) is connected, that is, 7 is a monotone transformation. 

For condition III, take any point ee C,. By hypothesis, there exists a 
homeomorphism W(A—z)—A-—C which is stationary outside of U. 
Let R(A) =A be the transformation such that, for any ye A—QC, 
R(y) =W~(y) while R(C) =z. Now R is continuous. Let the cutting | 
S—A—U. Then we have A—S —A— (A—JU) =U, + mutually 
separated. Applying R to A—S we have: A—R(S) = R(U;) + R(U2). 
However, R(S) = W-*(S) =8S, since W is stationary in A— JU. Therefore, 
A—S=—R(U,) + R(U2). Let P be the set of all points p of U2 so that 
R(p) C U,. Consequently R(U,2—P) C U2. If we let Q9=S+U0.—P, 
thn A~=Q+0U0,+P. Now it can easily be seen that Q + U, and P are 
mutually separated sets. Hence we have a separation of the connected set A; 
and this is a contradiction. Therefore 7 is a monotone transformation also 
in this case. 

Since conditions I and III each make the transformation T a monotone 
cne when A is connected, it follows that each of these conditions reduces to 
those of Moore for the case of the plane. 


Condition II does not make T a monotone transformation even when A 
ts connected. 


This result is illustrated by the following example. Take a line LZ in a 
plane and a segment pq on this line. In the interior of pq take a point p,, 


7See G. T. Whyburn, Monatshefte fiir Mathematik und Physik, vol. 36 (1929), 
pp. 305-314. 
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and in the interior of p,q take a point q,. In pp, take a sequence {pi} of 
points converging to p, ordering these points so that pis. C ppi, for each i. 
Take a similar sequence {qi} of points in qig converging to g. On one side 
of the line Z construct some simple arcs as follows: Take a simple arc C 
from p, to g, which meets pq only in the points p, and q;. For each 1, take 


a simple are C; from 9; to pis, which meets the set pg + C + > C; only in pi 
j=l 
and pis:, and such that 8(C;) +0. For the points of {qi}, for each 1, take a 
4-1 
simple arc D; from qi to gis. which meets pg +C+ + Dj only in 
k=1 j=1 


the points gi and qi,:, and such that 8(D;) >~0. On the other side of ZL 
construct sequences of simple closed curves as follows: At each point p; take 
a sequence {/;,‘} of simple closed curves converging to p;, every two of which 
intersect only in and so that Hy‘: = 0, for 17, and for all and m. 
At each point q; take a sequence {F,'} of simple closed curves converging to 
qi, every two of which intersect only in qi, and so that Fy‘: FJ =0, for 
1 =€ j, and for all & and all m, and no one of which intersects any of the F;‘, 
for all i and all &. Let A represent the set 


og + C +3 (01 4+ Ds) +23 (Bx! + Fit). 


Now A is a connected compact metric space. Take a decomposition of A into 
the set p, + q; and the points of A-- (pi+q.:). This is obviously an upper 
semi-continuous decomposition. We must now show that A — (p,+ q:) is 
homeomorphic with A — p, and with A—gq;. Now A—(p,+q:) consists 
of the sets: 

+ + Ei‘) — ps, 


(aq + ED. 


i=2 k=1 


and the countable collection of free open arcs: 


--pi, and forall k. 


Furthermore, A — p, and A — q;, each consist of the same number and same 
types of sets as A— (p+ q:), and it is easily seen that both A — p, and 
A — q; are homeomorphic with A — (p; + q:). 


If A is a 2-dimensional manifold, conditions I and III are equivalent on A. 


For, if condition III is given, condition I is satisfied because A is homo- 
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geneous. If condition I is given, we have, for any set 7 (b), for 
beB=T(A), and any A, a homeomorphism W(A — = A—T™1(b). 
Now take the point z in T-'(6). The set T-'(b) is connected since A is con- 
nected. Take a monotone sequence {U;} of neighborhoods closing down 
on x such that U; is a closed 2-cell, for each 7. Let W(Ui;—z) = Vi? 
and Vi° + 7-*(b) = Vi, for each i. The neighborhoods V; close down on 
T-1(b) since the neighborhoods U; close down on x. Let Ci = Ui — Vis, 
and Dj = Vi— Vin, for each 1. Now W[F(Ui)] =F(V:),® for each i, 
and W is a homeomorphism. Hence for each i, OC; + F(Ui) + F(Ui.1) and 
Di + F(Vi) + F( Vis.) are each homeomorphic with a circular ring. For any 
e > 0 take an e-neighborhood U, of T-'(b) so that U;-—T-‘(b) is homeo- 
morphic with a 2-cell Ve of x minus z. Pick a k large enough so that 
and U; U,. Now there exists a homeomorphism 


R.[ (Ue — Ux) + F(Ux) + F(Uc)] = (Ue— Vu) + F(Ve) + F(Ue), 


where R.(p) = p for pe F(U-), since each of these sets is a circular ring and 
clearly any homeomorphism between the two outer curves of two such rings 
can be extended to the whole rings.? Let Re = S;1. Similarly there exists a 


homeomorphism 
Cx + F(Ux%) + = De + P(Ve) + 


such that for xe F(U;). Likewise there exists a homeo- 
morphism 


[Crs + F (Ux) + F(Ux.2) | — Dress + F( + F(Vusz) 


such that = for ce F(Ux1), and so on. In general for 
} =—1 we have a homeomorphism 


such that = for ce F(Ux.;). 

Now define a transformation as follows: S(p) =p if 
S(p) =Re(p) if pe + F(Ux) + P(Uc), S(p) =S;(p) for j =k 
where j is the least integer such that p is a point of Cj + F(U;) + F(Uj41). 
Now S(A—a) = A—T™~(b) is a homeomorphism which is stationary out- 
side of U,. Hence condition IIT is satisfied. 


®The boundary P — P of any open set P is represented by F(P). 
® See Schoenflies, Mathematische Annalen, vol. 62 (1906), p. 324. 
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4. Notation. If A and B are any compact metric spaces and T(A) = B 
is a continuous transformation, let G— G, denote the collection of all non- 
degenerate sets 7-*(b), for be B in A. Let G, denote the collection of all 
sets of G which intersect L = LL, = lim. sup. G. Let G, be the collection of 
all sets of G, which intersect L, = lim. sup. G4, ete. 

If the collection G is countable, let {g;*} represent the sets of Gx-1 — Gi, 
for k=1,2,---. Cover each g;* by a neighborhood U;* so that: (a) 


i-1 
gj* =0, for (b) S Uj" =0; (c) no set of G, intersects 
j-1 


U*, for any 1; and (d) U;* is contained in the p(gi*, Ix-1) /2-neighborhood 
of gi", for each 1. 


5. Lemma. If A and B are compact metric spaces dnd T(A) =B is 
continuous and such that for any « > 0, any be B, and any xe T-1(b), there 
exists a homeomorphism W(A—ax) =A—T*(b) which is stationary out- 
side of the e-neighborhood of T-'(b), and if there exists an integer k so that 
Gy, = 0, then A is homeomorphic with B. 


Proof. 1°. If G; 0, for any integer 1, then Gj_, is a null sequence.” 
For, if not, there exists a number d > 0 such that there is an infinite collec- 
tion {h;} of sets of G;_, the diameter 8(h;) of each of which is greater than d. 
Hence, if we take a convergent subsequence {h’;} of {hi}, 8(lim. sup. {h’;}) = d. 
Now lim. sup. {h’;} C T-*(p) for some pe B. Therefore 8(7T*(p)) =d, 
and thus T-*(p) ¢ Gi, since L;-, contains lim. sup. {hi}. This contradicts the 
fact that Gi = 0. 

We shall make the proof by induction. 


2°. We shall first demonstrate the result for the case k 1. From 1° 
it follows that G is a null sequence, since G, —0. Now {gi'} denotes the 
collection of sets of G. Take a point y; © gi‘, for each i. Let T'(gi') = bi, for 
each 1. By hypothesis, there exists a homeomorphism *! W,(A — y,) = A— gi’ 
which is stationary in A—JU,'’. Now TW,(A—y:) =B—}d,. Let 
T,(A) =B be the transformation such that for any © A, T,(2) = T W;(z) 
when ze A—¥y,, and T:(y:) Now T, is univaiued and continuous, 
since 7’ and W, are, and since A is compact. Now T, is such that 
T,* (bi) = for 1=2,---, since T; —T over A—U;'. Similarly, for 


10 A sequence {M i} of sets is said to be a null sequence provided that, for any 
e > 0, there are at most a finite number of the sets which have a diameter greater 
than e. 

11 The method used here was suggested by a proof given by Mrs. Lucille Whyburn 
for a certain finite case of our problem. 
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each n, there exists a homeomorphism Wn(A— yn) = A — gn’ which is sta- 
tionary in A—U,". Moreover g,'=T-* (bn), and thus 


— yn) =A—TH (bn). 


Hence Tn-1.Wn(A — yn) = B—bdn. Let Tn(A) =B be the transformation 
such that, for A — yn, Tn(@) = Tn1+Wn(@), and Tn(yn) = bn. Now Tn is 
ulso univalued and continuous. Furthermore 7’,"'(b;) = for 1 > n, and 
Tn1(b;) is a single point for each 7 =n. From our definition of T,(A) = B 
it follows that, for any n, and any re A: 


T,(2) = except for Yn, 
T'n(2) = Tn-2Wa-1Wa(2) except for = Yn OF Yn-1, 
T,(2) Wa(z) except for re > yi, 
4=2 
Tn(z) =T Wn(x) exceptfor re 
ia 


Let S =lim. {7',}. We will now prove that {7} is uniformly con- 


vergent. Since all 7’, are continuous over A, it will follow that § is also 
continuous. Since 7’ is continuous and is defined over a compact space, it is 
uniformly continuous. Hence, for any e > 0, there exists a 8 such that, if 
p(t,y) < &, for ye A, p(T (x), T(y)) <«. Take anye >0. Let8=& 2. 
Cover each point of LZ by a 8/2-neighborhood V>5,2 and by a 8-neighborhood V5. 
Since L is closed and compact we can find a finite number of the neighborhoods 
Voj2, say V45/2, * whose sum covers LZ. Let Vo', Vs?,° Vo’, 


h 
be the corresponding 8-neighborhoods. Now V= L. Since 


is a null sequence and because of our definition of the neighborhoods U;,', 
it follows that {U;7} s a null sequence and lim. sup. {U;1} = L. Hence there 
exists an integer N such that 8(U,’) < 8/2, for alln > N. There also exists 


h 

an integer M so that Um: > V+s,. 0, for all m > M. For, if not, there 
i=1 

would be an infinite collection of the sets of {U1} which did not intersect 


h 
= V's. Since A is compact, this collection would possess a limit point p 
i=1 


h 
which is contained in Z but not contained in }} V‘s,., which is a contradiction. 
4=1 


ne 
or 
ot 
g, 
at 
any 
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Let WN, be the larger of the two numbers N and M. For any n> N,, 
is contained in some V4’, for r—=1,2,---, or h. For VG 0, 
for some r, sincen > M. Also 8(U,’) < 8/2 since n > N. Hence C Vy". 
For any point rze(A— Ui'), Tn(z) = Ty and 


i=Ne+1 
= Ty for n > Now all Wj, for 7 > are 
stationary outside of U,’. Hence = =Tnip(x). There- 


i=Net1 


fore, for any such p(T'n(%), Tnip(x) ) = 0, for n > and p—1,2,---. 
For any ze > (Ui:—y), we have that =T Ww Wr(2), 
i=Ne+1 


since, by our definition of the neighborhoods U;', all Wj, for 7= N, are 
stationary for all such points z. Now z is contained in U;', for some h; and 
U;} is contained in V5", for some r. Each Wz, for VN. << k =n, transforms a 
point of U;' only into some other point of Ux’. Therefore y = Wy,41°** Wn(2) 
is contained in U;' which is contained in Vs". Likewise 


Wwe’ * Wasp(2) C Unt C Vor. 


Hence 
p(y; 2) < 
However 
and 
Tnip(@) =T = T(z). 
Accordingly 


p(T n(x), Trip ) = p(T (y), T(z)) <«, for n> and p=l, 


since T is uniformly continuous. For any yi, Ti(yi) by definition. 
But =T(yi). Hence Ti(yi) =T (yi), for all If c—y, for any 
i> WN. = TiWia: for i>N. n>WN,, and n>1. But 
all W;, for 1 < jn, are stationary on Therefore 


T,(z) =T,(z) —T(z), forall n. 


If =T (x), by definition. In the same way = T(2), 
fori >WN.,n > N,. Hence 


p(T Tnsp(z)) = 0, for n> p=1,2,---, for 


i=Netl 
Therefore, for any « > 0, there exists an N, such that for any n > N,, and 
for any 
weA, for p=—1,2,---. 


Hence {7} converges uniformly to 8. Consequently § is continuous. 


| 

| 


and 
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Furthermore § is univalued both ways. For take any two distinct points 


p and q of A. There exists an integer N such that p+qCA ¥ U7? 
i=N 


Moreover 7'y is univalued both ways over A — }} U;'. Therefore 
i=N 


Ty(p) ATy(q). 


Now for any point 
zeA— > for all j. 
i=N 


Hence 
S(p) = Ty.j(p) =Tx(p) x(q) == = 8(q). 


Accordingly S(A) = B is a homeomorphism. 


3°. We now assume that the lemma is true when G;_, = 0 and proceed 
to prove that it is then true when G;_,~0 but G, = 0. 

Take a decomposition of A into the sets of G,. and the points of 
A—G,... This is obviously an upper semi-continuous decomposition. Let 
its hyperspace be C and let ¢(4) —C be the continuous transformation asso- 
ciated with the decomposition. The sets of Gx. form a null sequence {g;*} 
since G;—0. Let t(gi*) =c,eC, for each 1. Now for any point ceC, 
t*(c) is a single point unless c = c;, for some 1; and ¢-1(c;) = gi* = T-1(b), 
a non-degenerate set, for some be B. Hence {t*(c;)} is the null sequence 
{gi*}. Furthermore, lim. sup. {¢-'(c;)} = lim. sup. {g:"} which is Lx-,, and 
the collection of sets of G which intersect Ly, is vacuous, by hypothesis. 
Moreover, for any « > 0, any ¢-'(c), for ce C, and any ye t-'(c), there exists 
2 homeomorphism W(A—y) =A-—t'(c) which is stationary outside of 
the e-neighborhood of ¢-'(c), because any non-degenerate ¢-*(c) is aset T-*(b), 
for some b ¢ B. Hence the conditions of this lemma are satisfied by (A) = C 
for the case demonstrated in part 2°. Therefore A is homeomorphic with C. 

Let 7(C) =Tt'(C) =B. Then 7(C) =B is a univalued trans- 
formation. Moreover it is continuous, since 7 and ¢ are each continuous, 
and A is compact. All Z-1(b), for be B, are degenerate except when 7*(b) 
is a set of G—G,.,.. Let H be the collection of all non-degenerate sets 
Z+(b), for be B. Let H, be the collection of all sets of H which intersect 
M =lim. sup. H. Let Hz be the collection of all sets of H, which intersect 
M,—lim. sup. H,, ete. Wherefore, H=t(G@), and Hi =t(Gi), for each 
i<k. However ¢(G,.,) consists of the collection {ci} of single points of C. 
Hence = 0. 

Take any « > 0, any non-degenerate Z-'(b), for be B, and any point 
yeZ(b). We must show that there exists a homeomorphism 


); 

d 

a 
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W(C—y) =C—Z"(b) 


which is stationary outside of tve e-neighborhood U, of Z-*(b) in C. 

Now ¢ is uniformly continuous, since A is compact. Hence there exists 
a 6. so that if p(r,s) < &, for r,se A, then p(t(r),t(s)) <«. Take a neigh- 
borhood V of T-'(b) in A such that V is contained in the 6,-neighborhood of 
T-1(b), and such that V - g;* 0, for all 7. We can do this because the sets 
T-\(p), for pe B, are closed and disjoint, and T-1(b) = 0, since 
is non-degenerate in C. If we let r—t"*(y), then eT *(b). Now, by 
hypothesis, there exists a homeomorphism — = which is 
stationary in A—V. However, A—2—t'(C—y). Hence 


Rt'(C—y) =A—T*(b). 
We now designate by W the transformation 
tRt*(C—y) =C—Z"(b). 


Now W(C—y) =C—Z-"(b) is univalued. For take any point 
geC—y. If qA~c, for any i, W(q) =tRt*(q) is a single point of 
C — Z-1(b), because ¢ is one-to-one for such points q and RF is a homeo- 
morphism. If q—c;, for some i, then ¢t*(q) —gi*. Furthermore 
R t+(q) =t"(q), since gi*- V =0 and is stationary outside of V. There- 
fore W(q)})—tt*(q) =q. By a similar proof we see that W~ is also uni- 
valued. Hence W is one-to-one. 

Furthermore, W and W~ are both continuous since ¢ and R are con- 
tinuous and A is compact. Therefore W is a homeomorphism. 

Now W is stationary outside of U.. For if we take any point ge C — U,, 
then t-*(q)-:V Hence, since is stationary outside of V, 


Ri*(q) =t"(q). 
Thus we have 
W(q) =tRt'(q) =tt*(q) 


Accordingly the homeomorphism 
W(C—y) =C—Z"*(b) 


is stationary outside of U,. 

Hence the conditions of the lemma are satisfied by 7(C) —B for the 
case k —1. We have assumed that for this case the lemma is true. Where- 
fore, OC is homeomorphic with B. However, we have seen that A is homeo- 
morphic with C. Therefore A is homeomorphic with B. 
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6. Corollaries. There are some properties of the homeomorphism, say 
S(A) = B, whose existence is established in the above lemma, which follow 
from the proof of the lemma. These will be stated and verified in the follow- 
ing two corollaries. We will assume that the conditions of the lemma are 
satisfied. 


CoroLuaRy I. The homeomorphism §(A) = B, whose existence is estab- 
lished im the lemma, ts such that S=T over all points of A lying in 
k 


j=l t=1 
Proof. We shall make the proof by induction. Take any point p in 
k 

A—> If k =1, then {g;'} is a null sequence. Now W;(p) =p, 


j=1 
for all 7, since W; is stationary outside of U;*, for every j7. Now, for all m, 


Tm(p) =T Wi: -Wm(p). Hence T'm(p) =T(p), for all m. Therefore 
S(p) =T(p) for this case. 

Now let us assume that this is also true for & —1, and prove that it is 
then true for k. The sequence {g;"} is a null sequence, since G. —0. Take 


a decomposition of A into the sets of {g:*} and the points of A— > gi". 


This is an upper semi-continuous decomposition. Let its hyper-space be C 
and let {(A) = C be the continuous transformation associated with the decom- 
position. Now ¢(A) —C satisfies the conditions of the lemma for the case 
k==1. Hence there exists a homeomorphism R,(A) = C so that R, =t over 


all points of the set A — % U;*, as we have just demonstrated above. Now 


we established in part 3° of the proof of the lemma that the conditions of the 
lemma are satisfied for the case k —1 by the spaces C and B and the trans- 
formation Z(C) = T t-*(C’) = B, where the non-degenerate sets in C are the 
sets t(gi4) and the corresponding neighborhoods are the neighborhoods ¢(U;/) 
for all 1, and for j << %&. From our assumption it then follows that there 


k-1 
exists a homeomorphism R2(C’) = B such that R. = Z over C —¥ >> t(U;). 
Now §(A) —RR,(A) =B. Furthermore S(p) = R2R:(p) Rot(p), 
& 
since R,(p) =t(p). Now t(p) CC— t(Ui/). Hence R.t(p) == Z t(p). 


However Z t(p) = T t-'t(p) —T(p). Thus S(p) =T(p) for any point p 
k © 

n A—> 
j=1 t=1 


Coronary II. The homeomorphism S(A) =B, whose existence ts 
established in the lemma, is such that, for any pe A, if pC Ua, for any 
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zk, and any d, S*T(p) CU,’, for some p=k and some r, such that 
there is a chain of neighborhoods Ua*, U-*,- - -,U, so that each two con- 
secutive neighborhoods in this chain intersect each other. 


Proof. We shall make the proof by induction. 
If then Now, for any j, S(U;1) =7;(U;'), since, for 
any point ce U;', T,(2) =T;(z) for >j. Furthermore 
— yj) =T W,(U,’ — ys) 
by definition, and because all W; are stationary over U;*, for 1 < j, since 


=0 fori 7. Now, since W; is stationary in A — Uj’, we have 


W — — — 
Hence we have 


S(U;*) —8(y;) = 8(0;' — =T (0; —T(g7). 


But S(y;) =b; =T(g;'). Therefore S(U;1) =T(U;'). Thus, for any 
point p C for any 7, S’T(p) C 

We now assume that the statement is true for k — 1 and proceed to prove 
it for k. The sequence Gz. = {g:*} is a null sequence, since G,—0. Take 
a decomposition of A into the sets of Gx, and the points of A — G1, and 
thus obtain the hyperspace C, the transformations 


t(A) =C, Z(C) =Tt*(C) =B 
and the homeomorphisms 
R,(A) =C, R.(C) =B and §(A) = R2R,(A) = B 


as in the proof of Corollary I. From our assumption it follows that 
R.(C) = B is such that R21Z(C) =C satisfies the results of this corollary 
for the case k —1. Now T(A) =Zt(A) =B. Hence we have that 


(A) = t(A) =A. 
Take any point p of A. If pC U;/, for any 7 Sk, and any 1, then 
q—t(p) 


According to our assumption, if gC ¢(Ua*), for any x= k—1, and any 
d, R.'Z(q) is in a neighborhood ¢(U,’) for some p and some r, such that 
there is a chain of neighborhoods t(Ua*), t(Ue®),- - -,¢#(U+") such that each 
two consecutive neighborhoods in this chain intersect each other. Now if 
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R"Z(q) 
then 
(p) = (q)] C Ur, 
since 
R,(z) =t(xz) forany re A— > 
4$=1 

Now the chain of neighborhoods U;j, Ua*,- - -,U," is such that each two 


consecutive neighborhoods of the chain intersect each other. For U;/-Ua* +0 
since t(U;/) -t(Ua*) and any other two consecutive ones intersect 
because their images under ¢ do. Hence the corollary is established for this 
case. Now if R.*Z(q) C t(Um*), for some m, then we have that 


ST (p) = C Unk, 


since, for all m, Ri(Um*) =t(Um*), by the first part of this proof. The 
chain Ua*,- -, Ur’, Um*® is obviously such that each two consecutive 
neighborhoods of the chain intersect. For 


Um* ZO since t(U;") (q), 


and by the above argument. Hence the corollary is also established for 
this case. 


?. THroreM. If A and B are compact metric spaces and T(A) =B 
is continuous and satisfies the conditions: (1) for any e > 0, any set T-1(b), 
for be B, and any xe T-*(b), there exists a homeomorphism 


W(A—2) =A—T™(b) 


which is stationary outside of the e-neighborhood of T-'(b); (2) there exists 
some number x of the first or second number class such that Ga =0; and 


le ©) 
(3) [] Li ts a zero-dimensional set, then A is homeomorphic with B. 
0 


Proof. The theorem is true for any finite number a, by the lemma. We 
will now prove that the theorem is true when « =w. When this is established, 
it will follow that it is true for any a >». For, if « is an isolated number, 
the result is obtained by induction as in the lemma. If @ is a limit number, 
we again use induction, that is, we suppose the theorem true for all B < a, 
and then prove that it is also true for « by the same method of proof we shall 
use here for % = ow. 
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Let H, be the collection of all sets g;' of G—G, such that 
wo 

7°> DUiT=—0. Let {hj} represent the collection H,. Let V;' denote 
r=2 4=1 


the neighborhood U; which covers h,', for each 7. Let Hz be the collection 
of all sets of (G — H.) — G, whose neighborhoods U do not intersect > > U;’. 


r=3 i=1 


Let {h;?} represent the collection H.; and let V;? denote the neighborhood 
U;°, s==1 or % 2, which covers h;”, for each 1. Let H; be the collection of all 


sets of (G — — Gs whose neighborhoods U do not intersect 


r=4 i=1 


Let {h;*} the collection H,; and let denote the neighborhood U;'. 
s = 1, 2, or 3, which covers h;*, for each 7. Continue in this way indefinitely. 
Now >} 4i=—G. For take any geG. There exists a finite integer N 
i=1 
which is the largest number so that ge Gy. Now, by definition, the “tis 
hood U of g is contained in the p(g, Ly) /2-neighborhood of g, thus U- Ly =0. 
Take a neighborhood V of Ly so that V-U =0. Now there enbita an integer 


@) 
M so that U;” C V, for all m > M and all i, since lim. sup. © } Uii = Ly. 
j=N+1 i=1 
oo 
Therefore U does not intersect } > Ui". Hence ge H, for some s= M. 


r=M+1 i=1 
Take a decomposition of A into the sets of H, and the points of A — H,. 
This is obviously an upper semi-continuous decomposition. Let its hyperspace 
be C, and let 7,(A) —(;, be the continuous transformation associated with 
the decomposition. Now no sets of H, intersect lim.sup. H,. Therefore 
T,(A) =C, satisfies the conditions of the lemma for the case k ~ 1. Hence, 
by Corollary I section 6, there exists a homeomorphism 8,(A) = C, such that 


@) 
S,=T, over A—> Vit. Let Z,(A) = 8,°T,(A) =A. Now Z, is uni- 
ia 


valued and continuous; Z,(h;') is a point of A, for each 1; and Z,(hi*) = hi, 
for all k > 1 and for all i. 

Take a decomposition of A into the sets of Hz and the points of A — H:. 
This is an upper semi-continuous decomposition. Let C2 be its hyperspace and 
T,(A) =C, its associated continuous transformation. Now T.(A) =(: 
satisfies the conditions of the lemma for the case k = 2. Hence there exists 

fo 
a homeomorphism S,(A) such that S,=T, over Let 
4=1 
Z,(A) =8.27°T.Z,(A) =A. Now Z, is univalued and continuous and such 
that: Z.(hi/) is a point of A, for jack 1 or 2 and for each i; and Z, is the 
identity transformation over Vi*. Hence Z.(hi*) =h,*, for all 


k=1 4=1 


A 
| 
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k > 2 and for all i. Continuing in this way indefinitely we get a sequence 
{Zn} of such transformations. 
Let Z = lim. {Zn}. We shall now prove that {Z,} converges uniformly 


n=CO 


to Z. It will then follow that Z is continuous. Take any e>0. Now 


since J] LZ; is closed, compact, and zero-dimensional, we can cover it by a 
0 


finite number of disjoint ¢«/2-neighborhoods, say W,,W.,---°,Wn. Let W 
h 
denote } W;. Now there exists an M such that 3} SVi/CW. For, if not, 


4=1 j=M+1 
then no matter what M we take, there exists some m > M and some i so that 
W. Take a sequence M, < M;<: of integers and take the 
corresponding Vi" C W. Take a point pm, of Vim but not contained in W. 
Now {pm,} contains a convergent subsequence {p’m,} which converges to a 
point p. Now pC ZL because lim. sup. } Vii Also, for any finite 


g=1 
integer n, infinitely many of the points of {p’m,} have subscripts greater than 


n. Therefore p C Lp for every finite n. Hence pC J] Zi, which is a contra- 
0 


diction. Furthermore there exists an integer N = M so that for alln > N 
and all 1, Vi" C W, for some r. For, if not, then no matter what N we take, 
there exists some n > N and some so the V;" - W,, for any r. Take a sequence 
{N;} of integers such that M< < N.< N; and take the corre- 
sponding Ve ¢ W,, for any r. Now no Ve will intersect both W, and W,, 
for r,s =1,2,- --, or h, unless the corresponding set h rs intersects both W, 
and W,, since W,: W; —0, for 1=4 7, and since each ¥? C W. Hence there 
exists some wu and some v so that each set of some subcollection {hx} of the 
collection {his} have points in both W, and W,. Take a point px in hy: Wy 


and a point gx in hy: Wy, for each k. Now {px} contains a convergent sub- 


sequence {p’,} which converges to a point pC J[ Li, and {qz} contains a con- 
0 


vergent subsequence {q’,} which converges to a point gC [[ Li. Obviously 
0 


p and q are distinct points. Furthermore, since p’, and q’; are on the same 
set hy — T-1(b;,), for some by ¢ B, and since 7 is continuous, it follows that 
p+qCT-1(b), for some be B. Hence this set T-1(b) is a set of G., which 
contradicts our assumption that G, = 0. 

The integer N depends upon «. Take any re A. Now 
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and 
= n+p Sn 7 n (2). 


If Zy(z) then (x) =Zy(x), for all k>N. There- 
j=N+1 i=1 


fore Z,(x) =Zy(zx). Likewise Zn,p(z) = for p—1,2,---. Hence 
p(Zn(x), = 90, for n > N and p—1, 2,--~-, in this case. If 


Zy(z)C then Zy(x) C W, for some r—1,2,---, or h. If 
j=Nt1 

Zy(x) C V**, for some dj, then is a point of for some 

m;, where VN**C W,. For, by Corollary I, there is a chain of neighbor- 

hoods -,V%*, so that each two consecutive neighborhoods in 

the chain intersect. Hence V¥*C W, since none of the V's lying in any 


1 


of the other W;’s will intersect those in W,, as Wi: Wj; =0, fori]. There- 

fore Sx" TwuZy(z) C Wy for this case. If Zy(z) CS V;4*1, then we have 
N+ 4=1 


then (2) is a point of for some mz, where CWw,, 


by the same argument as above. If > V;%*, then we have 
4=1 


that CW,. Continue in this same 
way. Finally if the set (2) C V"q,, for some dn, then 
C V%m,, for some mn, where C Wr. If 


4=1 
then 


Therefore Z,({x) is a point p of W,, and likewise 


= (p) =e Wr. 


n+1 


Accordingly 


p(Zn(x), =p(p,9) for n> N, 


and so {Z,} converges uniformly to Z. Hence Z is continuous. 

Now Z transforms any set ge @ into a single point of A. Furthermore, 
for any point ae A, Z-1(a) is either a point p of A or a set ge Gin A. Con- 
sider T7Z*(A) B. If Z*(a) = pe A, TZ*(a) — T(p) B. if 
Z*(a) =g, where g = 7-1(b), for some be B, then T Z(a) = T(g) which 
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is the point b. Hence T Z-*(A) —B is univalued. It is obviously continuous, 
since 7’ and Z are continuous and A is compact. 

Now [7 Z*|*(B) =ZT~(B) =A is also univalued. For take any 
point be B. If T-*(b) =peA, then Z T-*(b) =Z(p) which is a point of A. 
since Z is univalued. If 7-*(b) =geG in A, then Z T-1(b) =Z(g) which 
is also a point of A by the definition of Z. 

Therefore 7’ Z-'(A) =B is continuous and is univalued both ways. 
Hence, since A is compact, it is a homeomorphism. 


8. Applications. The following two theorems classify some of the types 
of sets into which we can decompose the compact Euclidean 3-space,'* so that, 
if the decomposition is upper semi-continuous and conditions (2) and (3) of 
the last theorem are satisfied, the hyperspace of the decomposition is also a 
compact Euclidean 3-space. 


THEOREM a. Let A be a compact Huclidean 3-space and T(A) =Ba 
continuous transformation such that each non-degenerate set T-*(b), for be B, 
is an isotopic sphere ** plus its interior. Define the collections G and G; and 
the sets Li, for each i, as before. If there exists a number «@ of the first or 


fo @) 
second number class so that Ga =0; and if [[ Li ts a zero-dimensional set ; 
0 


then B is also a compact Euclidean 3-space. 


Proof. Take any «> 0, any set geG, any xeg, and any geometric 
sphere C in A. Let SC + its interior. There exists a homeomorphism 
Z(A) =A so that Z(S) = g, since g is an isotopic sphere plus its interior. 
Let Z-*(2) =y. Now yCS. It is well known that there exists a homeo- 
morphism R(A—y)=—A-—S which is stationary outside of the 8,-neighbor- 
hood Us of S. Let W(A—2) =ZRZ(A—zr) =A—g. Now W is a 
homeomorphism which is stationary outside of V.(g) by the proof used in the 
lemma for similar transformations. Therefore the conditions of the theorem 
in the last section are satisfied. Accordingly A is homeomorphic with B. 


THEOREM b. Let A be a compact Euclidean 3-space and T(A) =B 
a continuous transformation such that each non-degenerate T-'(b), for be B, 
is a convex set in A. Define the collections G and Gj, and the sets Li, for 
each i, as before. If there exists a number a of the first or second number 


72 That is, the ordinary Euclidean 3-space compactified by adding the points at 
infinity. 

18 A set S in A is said to be an isotopic sphere if, for any geometric sphere C in A 
there exists a homeomorphism R(A) =A such that R(C) =S. 
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oo - 

class so that Gg =0; and if JJ Li is a zero-dimensional set: then B is also 
0 

a compact Euclidean 3-space. 


Proof. We again take any « > 0, any set ge G, and any zegin A. Also 
take a convex «-neighborhood V, of g in A. Take a system of spherical 
codrdinates in A with the point z as origin. Choose any 6 and any ¢. The 
ray determined by this choice will intersect F(V-) in a single point, say 
(d, 0,), and it will intersect F(g) in a single point, say (c,6,¢). On this 


ray set up the following homeomorphism: r=d, 


and 7” =r, if r>d, where (r,0,¢) represents any point on this ray. If 
we let 6 and @¢ vary over all possible values, we get a homeomorphism 
W(A—2z) =A-—g which is stationary outside of V.. Therefore, by the 
theorem of section 7, A is homeomorphic with B. 


Since conditions I and III of section 2 were shown in section 3 to be 
equivalent when A is a 2-dimensional manifold, and in view of the theorem 
of section 7, we have the following: 


THEOREM c. The hyperspace B of any upper semi-continuous decom- 
position G of a 2-dimensional manifold A, where G is such that, for any ge G 
and any xe A, there exists a homeomorphism W(A —2x) = A —4g, and such 
that conditions (2) and (3) of the theorem of section 7 are satisfied, is the 
same kind of 2-dimensional manifold, i.e. is homeomorphic with A. 
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ERGODIC CURVES. 


By Monroz H. Martin. 


The problem of determining the least time required by the point of some 
motion to come within a distance e of every point of the phase space was first 
considered by Birkhoff.t More recently Errera* has treated the problem in 
the plane of determining the length of the shortest curve, such that the dis- 
tance of every point of a given domain D is at a distance S e from some point 
of the curve. He has solved the problem in case the domain D can be “ swept 
out ” by moving the center of a circle of radius « along a Jordan curve of a 
certain special type. However, his methods fail to yield any information for 
an arbitrary domain D and it is not even certain, a priori, that a curve of 
shortest length, possessing the required property, exists. 

In this paper this existence question is taken up in a slightly more general 
form, the domain D being replaced by a bounded point set M. The set of 
continuous, rectifiable curves, which are such that an arbitrary point of M lies 
at a distance =e from some point of the curve, is proved to contain at least 
one curve whose length equals the greatest lower bound, A(e), of the lengths 
of the curves in the set. The set of such curves is shown to be closed. A(e) 
is proved to be a monotone non-increasing function of e which is continuous on 
the right for any positive «. Whether A(e) is continuous on the left, is an 
open question. The relation of the behavior of A(e) in the neighborhood of 
«= 0 to the structure of M is investigated. 

The author is indebted to Professor Tamarkin for pointing out the useful- 
ness of a result of Tonelli (Lemma 4 in the present paper), the author’s own 
proof having been invalid at this point. 


1. Notation and definiitons. Unless explicitly stated otherwise, « denotes 
a positive number ‘throughout the paper. 2, y denote ordinary Cartesian 
coordinates in the Euclidean plane #, and M a bounded point set in EF con- 
taining more than one point of #. The Euclidean distance between two 
points P, Q of £ is denoted by | PQ |. 

If P is a fixed point in EF, the set of those points Q in FH for which 


*G. D. Birkhoff, “ Probability and physical systems,” Bulletin of the American 
Mathematical Society, vol. 38 (1932), pp. 375-377. 
* A. Errera, “Un probléme de géométrie infinitésimale,”’ Memoires Académie royale 
de Belgique, vol. 12, no. 1441 (1932). 
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| PQ | Sp will constitute a circular region. p is the radius of the circular 
region and P its center. A circular region T encloses M if every point of M 
is a point of Lr. 
A continuous curve*® is an ordered set of points in F defined by the 
equations 
t=f(t), y=g(t), 


for ¢ varying from a to b, where f(t), g(t) are real, continuous, single-valued 
functions of ¢ defined in the closed interval [a,b]. If f(t), g(t) have bounded 
variation in [a,b], the curve is rectifiable. A continuous curve is e-ergodic to 
M if an arbitrary point of M is at a distance = ¢« from some point of the curve. 
The set of points on a continuous curve is bounded, perfect and connected. 
In particular, it contains all of its limit points. Hence, if a continuous curve 
C be em-ergodic to M and lim em == 0, it follows that C contains all the points 


of M. More generally, if C’ be en-ergodic to M and lim ew —e, it is seen that 
C is e-ergodic to M. Two continuous curves 
Ci: t=fi(t), y= gilt), t=, (t= 1,2), 


will be said to lie in the y-neighborhood of each other,* if the points on them 
corresponding to the same value of ¢ always lie at a distance = y from each 
other. 
Consider a succession 


of sets of points in #. A point P of EF will be a point of accumulation of the 
succession ® if for any positive number 7, there are infinitely many sets An of 
the succession having at least one point P,, satisfying the condition | PP» | S ». 
Given a set of continuous curves 


8: {c—f(t),y—g(t)}, OStS1, 


a continuous curve 
C: y=Gt), OStS1, 
is a curve of accumulation of S,° if for any positive number 7, there are in- 


finitely many curves C’ of S such that C, C’ lie in the y-neighborhood of each 
other. S is said to be closed if it contains all of its curves of accumulation. 


*Cf., for example, L. Tonelli, Fondamenti di calcolo delle variazioni, vol. 1, p. 34. 

“Cf. Tonelli, op. cit., p. 72. 

5 Cf. M. Cipolla, “Sul postulato di Zermelo e la teoria dei limiti delle funzioni,” 
Aiti dell’Accademia Gioenia in Catania, Serie 5*, vol. 6, p. 3, or Tonelli, op. cit., p. 73. 

® Tonelli, op. cit., pp. 73-74. 
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Given a succession 
of sets of continuous curves, all defined in the interval 0 S ¢ S 1, the curve C 
is a curve of accumulation of the succession,® if for any positive number 7, 
there are infinitely many sets S», of the succession having at least one curve C, 
such that C, Cy lie in the y-neighborhood of each other. The curve C will be « 
limit curve of the succession," if for any positive number », there exists an N, 
such that C and an arbitrary member of S, lie in the »-neighborhood of each 
other for n > N,. The succession is then said to converge uniformly towards C." 
The adoption of the above definitions enables us later on to avoid the use 
of Zermelo’s general selection principle. 


2. Preliminary lemmas. In this section we collect four lemmas for later 
reference. 


LeMMA 1. Among the circular regions enclosing a given M, there is one, 
I, whose radius p (p > 0) is less than that of any other. 


Let F(P) denote the least upper bound of | PQ |, where P is a fixed 
point in # and Q an arbitrary point of M. F(P) is defined and continuous 
at any P. The value of the greatest lower bound of F'(P) is taken at least 
once by F(P), say at R. 

A circular region of radius F(R) with FR as center encloses M, and is the 
‘circular region T of least radius. For, F(P) = F(R), and the equality sign 
holds only if P coincides with R. To prove this, suppose /'(P) = F(R) with 
P and R different. Take P and F as centers of circular regions of radii F(R). 
The two circular regions so obtained must intersect, since each encloses M. 
The part common to the two circular regions contains M and can be enclosed 
by a circular region of radius less than F(#). But this is impossible, since 
F(R) is the greatest lower bound of F(P). 

Lemma 2. If a succession S’,,8’s,- of sets of continuous 
curves e-ergodic to M converges uniformly towards a limit curve C, then C is 
also «-ergodic to M.® 


7 Tonelli, op. cit., p. 76. 
8 When the convergence is not uniform, C is not necessarily e-ergodic to M. For 
example, let M comprise the points of the two intervals on y=0, y=1 for which 


OSa5e (e < 1/2), and let 8’, contain the single curve 


= em2e-2t2e-me* t?, 


Here is 


and is not e-ergodic to M. 
On the other hand ( may be e-ergodic to M even if the convergence be not uniform, 
as is the case in the example just given, when the points on y = 1 are removed from MM. 
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Let P be an arbitrary point of M and y be the circular region with center 
P and radius «. Denote by %m the set of points in which y is intersected by 
the members of S’m. Since no Sm is vacuous, the succession 3, Sm,° 
possesses ® at least one point of accumulation on y, say Q. If 7 denotes an 
arbitrarily small positive number, there are infinitely many sets 3m each 
having at least one point Pm, such that | Q@Pm|< 7/2. If m be taken suffi- 
ciently large, due to the hypothesis of uniform convergence, there is a point 
Rm on C such that | PmRm|< 7/2. Hence | QRm| <7 and Q is a limit 
point for the points comprising C. @Q therefore belongs to C, which estab- 
lishes the lemma. 

Lemmas 3 and 4 are due to Tonelli.” 


Lemma 3. Ina set 8 of infinitely many continuous, rectifiable curves 
[succession S,,S2,- -,Sn,° of sets of continuous, rectifiable curves], all 
contained in a finite domain and all having a length less than a fixed number, 
the following hold: 


(a) there exists a parametric representation of the type 


for each curve of the set [succession] ; 
(b) the set [succession] possesses at least one continuous and rectifiable 
curve of accumulation 


C: y=G@(t), O5t51; 


(c) there exists a process which makes a well-defined curve of accumula- 
tion C correspond to the given set [succession] and which determines a succes- 
ston +, S’m,* which converges uniformly towards C, where S’m 
is a set of curves extracted from S[S,(n = m) ]. 


Lemma 4. For a set of continuous, rectifiable curves all of whose lengths 
are less than L, the curves of accumulation of the set are ail rectifiable and 
have lengths not greater than L. 


3. Ergodic curves and the ergodic function A(e). We begin with 


DEFINITION 1. The greatest lower bound of the lengths of the con- 


®M. Cipolla, loc. cit., p. 3, proves this for linear point sets. The proof for point 
sets in the plane is quite simple and is omitted. 
1° Op. cit. For Lemma 3 see pp. 86-92, for Lemma 4 see p. 75. 
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tinuous, rectifiable curves e-ergodic to M is the ergodic function of M and is 
denoted by A(e). 
We now prove 


THEOREM 1. The ergodic function A(e) of M is finite and non-negative, 
being equal to zero if, and only if «=p, where p is the radius of the circular 
region I’ in Lemma 1. There exists at least one well-defined continuous, 
rectifiable curve of length A(e) which is e-ergodic to M. 


To prove that A(e) is finite, take r, @ as polar codérdinates with the 
pole at the center of the circular region T in Lemma 1 and draw the curve 
r= 6/27 (0 2p/e). This curve is e-ergodic to M, and since it has 
finite length, A(e) is finite. 

Obviously A(e«) cannot be negative. That A(e) —0 for «=p is trivial 
in view of the significance ascribed to p in Lemma 1. The proof that 
A(e) > 0 for e < p is deferred until the end of the proof of this theorem. 

Suppose «<p. We show that there exists a well-defined, continuous, 
rectifiable curve, e-ergodic to M, whose length equals A(e). Let ** 
be a monotone decreasing sequence of positive numbers converging to A(e). 
Consider the succession 


of sets of continuous, rectifiable curves e-ergodic to M, in which S» comprises 
the totality of such curves whose lengths are less than An, but not less than Ans. 
A circular region concentric with the circular region T in Lemma 1 and having 
a radius p+ A, + « contains all the curves in (1), inasmuch as the lengths 
of the curves in (1) are all less than A;. Hence (1) can be identified as the 
succession S,, S.,---,Sn,:** in Lemma 3. According to this lemma, the 
succession possesses at least one well-defined, continuous, rectifiable curve of 
accumulation (’, part (c) of the lemma providing a succession 


of sets of curves which converges uniformly to C. Since the curves in the 
succession are all «-ergodic to M, Lemma 2 applies to show that C is e-ergodic 
to M. Now consider the sets of curves 


8’. +: + +° mie (m = 1, 2,* 


C is a curve of accumulation for each of these sets, and for any given value. 
of m the lengths of the members of the set are all less than Am. From Lemma 
4 it follows, therefore, that the length J of C cannot exceed Am, and hence, 
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since lim Am = A(e), we have 1] = A(e). On the other hand C is «-ergodic to 


M, so that 1 = A(e), 1 = A(e). 

We are now in a position to prove that A(e) >0 for «<p. Suppose 
A(e) =0. The curve C constructed above is e-ergodic to M and has length 
zero, i.e., it is a point. A circular region of radius « with this point as center 
would enclose M. Since e < p, this contradicts Lemma 1. Hence A(e) > 0. 

When «= p, we have A(e) —0 and the above curve € degenerates to a 
point which is the center of T for «—p, and can be any point in a certain 
point set for « > p. 

The theorem just established prompts 


DEFINITION 2. A continuous, rectifiable curve of length A(e) which is 
e-ergodic to M will be termed an ergodic curve of M. When A(e) =0, the 
ergodic curve of M is said to be degenerate or to be an ergodic point of M. 

One readily sees that the set of ergodic points of M existing for a given 
value of « («e =p) is closed. We complete this result by proving 


THEOREM 2. The set 8, of ergodic curves of M existing for a given value 
of « (e 1s closed. 


Let C be an arbitrary, continuous curve of accumulation of S,. Following 
Lemma 4, ( is seen to be rectifiable and to have a length 1 = A(e). 
Consider the succession 


of sets of curves extracted from S, by taking S’m to be the totality of those 
members C’» of S_ such that C’m, C lie in the 1/m-neighborhood of each other. 
No S8’m is vacuous. The succession converges uniformly to C, so that Lemma 2 
applies to prove that C is «-ergodic to M. Hence 1= A(e), i.e, 1 = A(e), 
and therefore C belongs to S. 

Further information as to the nature of A(e) is given in 


THEOREM 3. The ergodic function A(e) is a monotone non-increasing 
function of « which ts always continuous on the right. 


To prove that A(e) is a monotone non-increasing function of «, let 
0<«<«. According to Theorem 1, there is at least one ergodic curve for 
e=e,. Since it is e,-ergodic to M, it is a fortiori ¢.-ergodic to M, and therefore 
A(es) S A(e,). 
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We now establish that A(e +0) —A(e) for e<p. The equation ob- 
viously holds for «=p. Since A(e) is a monotone non-increasing function 
of e, it is sufficient to show that the inequality 


(2) A(e+0) < A(e), 


is impossible. Assuming (2) to hold, we let «, - be a monotone 
decreasing sequence of e-values lying in the open interval (0,p) and con- 
verging to the value e in (2). Consider the succession 


of sets of curves in which S, comprises a single, well-defined curve, this curve 
being an ergodic curve of M for « = e, constructed according to the principles 
laid down in the proof of Theorem 1. The lengths of the curves in (3) are 
all less than A; where A is any number between A(e-+ 0) and A(e). A finite 
domain contains all the curves in (3) and therefore according to Lemma 3, 
there is at least one well-defined, continuous, rectifiable curve of accumulation 
C of the succession. 

From Lemma 4 it is seen that the length of C cannot exceed A and hence 
is less than A(e). 

Now Lemma 3 asserts that a succession 


of sets of curves can be found which converges uniformly to C. Consider the 
successions 


Each of these successions converges uniformly to C and for any given value 
of m the members of the succession are all ¢€,-ergodic to M. Hence C is 


ém-ergodic to M and, since lim em —e, C is e-ergodic to M. 


This is a contradiction; for C cannot be e-ergodic to M, since its length 
is less than A(e). Hence A(e +0) = A(e). 

Our last theorem deals with the structure of M and the behavior of A(e) 
in the neighborhood of « = 0. 


THEOREM 4. In order that A(+ 0) be finite, it is necessary and suffi- 
cient that M lie on a continuous, rectifiable curve. 


The sufficiency of the condition is obvious. 
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In order to prove the necessity of the condition, suppose A(+ 0) to be 
finite and let be a monotone decreasing sequence of e-values 
lying in the open interval (0,p) and converging to 0. Following the proof 
of Theorem 3, construct the succession (3) of sets of curves. The lengths 
of the curves in this succession cannot exceed A(-+ 0) and are therefore less 
than A, where A denotes an arbitrary positive number greater thai A(-+- 0) 
[A(0) is as yet undefined]. On extracting the succession (4) from (3) and 
forming the successions (5), we see that the curve of accumulation C is 
em-ergodic to M, with lim em 0. Hence C contains all the points of M. 

Remarks. In Theorem 4 the length of C cannot exceed A and therefore 
cannot exceed A(-+ 0). On the other hand, no continuous, rectifiable curve 
can contain M and have a length / less than A(+0). For, if such a curve 
exists, A(e,) 1 and therefore A(-+ 0) =/1, which is a contradiction. The 
length of C accordingly equals A(-+ 0). 

If we now define A(0) as the greatest lower bound of the lengths of the 
continuous, rectifiable curves which contain M, we see that Theorems 1 and 3 
both hold for 0 = «Sp, provided that A(+ 0) be finite. 


TRINITY COLLEGE, 
HARTFORD, CONNECTICUT. 
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NOTE ON A RESULT OF M. H. MARTIN CONCERNING A 
PARTICULAR MASS RATIO IN THE RESTRICTED 
PROBLEM OF THREE BODIES. 


By REIN. 


In his paper, “ On the libration points of the restricted problem of three 
bodies,” * M. H. Martin states the following theorem: 


THEOREM 3. There exists in the interval 0 <p <1 one and only one 
value of »=p* for which the following relations hold between the functions 


pi(m) and p2(m) : 


<pe(u) for OS pi(u*) ; 
pi(H) > p2(u) for p*<p<l, 
and here p* > 4. 


Here y is the mass of one of the two finite bodies (the unit of mass being 
taken as the sum of the masses of the two finite bodies), and pi(m) and p2() 
are the distances of the collinear libration points Z, and LZ. from the mass p 
(the constant distance between two finite bodies being taken as the unit of 
distance), which are functions of » defined uniquely by the equations: 


f=0, 1+ 
(1—p:)? TP (1 + pz)? p2 
See the equations (14a) and (14b) of Martin’s paper. 
The above theorem is, however, erroneous and should be formulated in 
its correct form as follows: 


(a) 


THEOREM. In the interval 0<p<1 the functions p,(y) and p2(p) 
satisfy the inequality pi(n) < p2(p). 


That is, the particular mass ratio »* found by Martin does not exist. 
Indeed, we can write the equations (a) in the form 


i—p 
(1—p,)? 


+ pi (1 + po? 


1 American Journal of Mathematics, vol. 53 (1931), p. 167. 
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Then p:(») will be defined as the positive abscissa of the intersection point 


of the curves 


and p2(u) as the positive abscissa of the intersection point of the curves 
file) —4. 
(1 + p) p 


Thereby, 0<pi<1, 0<p2<1 for 0<y<1 according to Martin’s 
Theorem I.? 


But + 1 
t 
and | for 0<p<l. 
dp dp 


This means that the intersection point of the curves F, and f, always lies 
to the left of the intersection point of the curves F, and f. for both the curves 
f: and f. are symmetrical with respect to the straight line f—1—vp and 
F, = F,=1—vyp for p=0. Hence, pi < pe for all the values of » within 
the interval 0 << p< 1. 

Dr. Martin’s error entered when he derived his equation (27), which 
defines the value p* =p; — pe. In fact, he writes: 


p*(p° — — 2p’ + 6) =0. 
Actually, the correct form of this equation is 
p*(p® — — 3) = 0. 


The examination of the equation p® — 3p° — p? + 3 =0 shows immediately 
that it has only two positive roots, p= 1 and p= V3, both lying outside the 
interval of the values of p, and p. for0 <<p< 1. 

Miss Jenny E. Rosenthal in her paper “ Note on the numerical value of a 
particular mass ratio in the restricted problem of three bodies,” * has calculated 
from Martin’s equation (27) the numerical values of p* and p*. This equation 
being incorrect, the results of Miss Rosenthal’s calculations could not be correct. 


Moscow, U.S.S. R. 


2 Thid. 
American Journal of Mathematics, vol. 53 (1931), p. 258. 
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ON THE ADDITION OF CONVEX CURVES. 


By RicHarp KERSHNER. 


If C denotes a convex Jordan curve in the plane let O(C’) denote the open, 
bounded domain surrounded by C, so that the closed region 2(C) is the logical 
sum 2(C) + C. If A and B are two point sets in the z-plane, where z= 2 + y, 
their vectorial sum * will be denoted by A (+) B. 

In connection with his investigation of the distribution of the values of 
the Riemann zeta function,’ Bohr * has studied the vectorial addition of convex 
curves from a geometrical point of view. He has proven,* among other things, 


that if Ci, C2,- - -, Cn are convex curves, then either there exists a convex Cg 
such that 


or there exist two convex curves Cy and C; such that (Cz) © 2(C7) and 


(2) O2(+) (+) Cn — 


so that the vectorial sum is either a closed bounded region or a ring shaped 
region bounded by two convex curves. 

Following a suggestion of Wintner, Haviland® applied the supporting 
function (Stiitzfunktion) of Brunn and Minkowski to the study of Bohr’s 
problem and showed that if h:(6),h2(@),° - -,hn(@) are the supporting func- 
tions of the curves C;,C2,- --,C, and if hy(@) is the supporting function 
of Cz, then 


* By the vectorial sum of two sets A and B is meant the set =z, + 2,, where 
z,C A and z, (CB. It is clear that this addition is associative and commutative. 

2 Cf. e.g. Titchmarsh, The Zeta Function of Riemann. 

3H. Bohr, “Om Addition of unendelig mange konvekse Kurver,” Danske Viden- 
skabernes Selskab (Forhandlinger, 1913), pp. 325-366; also, for a further study cf. 
H. Bohr and B. Jessen, “Om Sandsynlighedsfordelinger ved Addition of konvekse 
Kurver,” Danske Videnskabernes Selskab, Skrifter, (8), vol. 12, no. 3 (1929). 

* Cf. H. Bohr, loc. cit.; also H. Bohr and B. Jessen, loc. cit. For a short presenta- 
tion of the proof of this fact cf. B. Jessen and A. Wintner, “ Distribution functions and 
the Riemann zeta function,” Transactions of the American Mathematical Society, 
vol. 38 (1935), p. 69. 

SE. K. Haviland, “On the addition of convex curves in Bohr’s theory of Dirichlet 
series,” American Journal of Mathematics, vol. 55 (1933), pp. 332-334. 
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(3) he (8) — hy (8). 


Using this explicit formula and Minkowski’s results on mixed area, Haviland 
improved on the results of Bohr concerning relations between the areas of 
0(C;) and Q(Cz). He also derived results with regard to lengths and curva- 
tures. Finally, Bohr and Jessen ® have recently shown that, with the use of 
the supporting functions, it is possible to determine the set of those o > 1 for 
which the closure of the values attained by the logarithm of the Riemann zeta 
function on the line o is a convex region; for the remaining values of o > 1 
this closure is ring-shaped. They also pointed out a geometrical criterion for 
the existence of an inner curve in the case of arbitrary symmetric convex curves, 

The object of the present note is an analytical discussion of the inner 
curve C; similar to that given by Haviland for Cz. In particular there will 
be obtained a rule giving the supporting function h;(6) of C; in terms of the 
supporting functions h;(@) of the added curves C; in the same manner as the 
rule (2) gives hn(@). There will also be obtained results for the length of C;, 
for the curvature along this curve and for the area of 2(Cr). As an applica- 
tion of the analytical results concerning h;(6) there is given a simple mechanical 
construction of C; whenever C; exists.’ In particular there is a geometrical 
criterion that C; exist, i.e. that (2) hold. This criterion will imply the above- 
mentioned criterion found by Bohr and Jessen in the case of symmetric curves. 

We treat first the sum of two convex curves and prove 


THEOREM Let so that either C, (+) C2=Q(Cz) or 


C, (+) =2(Cz) 


the curve obtained by rotating C. about the origin of the plane through an 
angle r. Then the curve C; exists if and only if C, may be placed in 2(C;) 
by a translation. 


It may be supposed that 1, = 1, where 1; is the length of Cj. Let C2 represent 


Proof. Suppose that C; exists so that 2(C;) is not empty. It is clear that 
a translation of C, effects only a translation on the region (Cz) —2(C1). 


*H. Bohr and B. Jessen, “On the distribution of the values of the Riemann zeta 


function,” American Journal of Mathematics, vol. 58 (1936), pp. 35-44. 
7 For further applications cf. R. Kershner and A. Wintner, “On the boundary of 
the range of values of ¢(s),” American Journal of Mathematics, vol. 58 (1936), pp. 


421-425. 
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Hence we may translate C, into a new position C,* in such a way that 2(C7*) 
includes the origin of the plane, where, of course, 


C1(+)C.* = —0(0;*). 


Since the origin is in Q(C;*), no point of C.* is symmetrical, with respect 
to the origin, to a point of O;. Hence, the curve C,*, obtained by rotating 
C,* about the origin through an angle x, does not intersect C;. Since 
l, <1, either C,* is in Q(C,) or A(C,) and Q(C,*) are disjoint. Now the 
latter case is impossible. For in this case the set 2(C,) (+) 2(C,*) would 
not contain the origin, whereas it is obvious ® that 


2(C,) (+) 2(C,*) = 


and we have supposed that the origin was in 9(C;*) CQ(Cz*). Hence 02* 
is in 2(C,) and the “only if” of Theorem J, is proven. The “if” may be 
shown by following the above proof in the reverse direction. 

Next we prove 


THEOREM II,. Let n=2 andl,=l,. Let T, be the set of all points 
(z,y) of the plane which satisfy 


(4) xcos6+ ysin@ < h,(@) —h2(6+ 7) for all 0. 


Then tf T; is not empty Cy; exists and T; =Q(C7); tf T; is empty Cr does 
not exist. 


Proof. It is clear, here also, that a translation of C, effects a translation 
of T;. Hence we may translate C, into a new position C,* in such a way 
that 7';* contains the origin (where, of course, 7’;* is defined in terms of C, 
and C,* exactly as 7’; was defined in terms of C, and C,) if and only if T, 
isnot empty. But 7;* contains the origin if and only if 


(5) 0 <hy(0) —hs*(0+ for all 0 


where h.*(@) is the supporting function of C,*. Since the supporting func- 
tion h(@) of any convex curve is defined ® as 


(6) h(@) = max [2 cos 6 + ysin 6], (x,y) on C, 


it is clear that h.*(6-+ 7) is the supporting function of the curve C.* 


* Cf. E. K. Haviland, loc. cit., p. 332. 
°Cf., e.g., G. Pélya and G. Szegi, Aufgaben und Lehrsitze aus der Analysis J. 
(Berlin, 1925), p. 106. 
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obtained by rotating C.* about the origin through an angle z. Hence the 
relation (5) implies that C,* is within C,. Thus 7’; is not empty if and only if 
C, may be placed entirely within C, by means of a translation. Consequently, 
by Theorem I,, 7’; is empty if and only if C; does not exist and the last part 
of Theorem II has been proven. 

Suppose now that 7’; is not empty. 

First, 7; C 2(Cz). For, it is seen from (3) and (6) that 2(Cz) is the 
set of points (x, y) satisfying 


(7) xcos 6+ ysind=h,(6) + h2(6) for all 6; 


and (4) implies (7), since —h2.(@-+ 7) < h2(6). In fact, h2(6) + h2(6+ 7) 
(> 0) is precisely the width of the curve C, in the direction 6. 

Next T;C 0(C7). (It has already been shown that C; exists). For let 
= 2; + iy; be a point of Cj, where 1, 2, and let 6, = be a value 
of 6 such that 
(8) cos 0, + y; sin 6; = h,(6,). 


Then, since z. is on C2, the definition (6) of h.(@) gives 
(9) cos sin = he(@) for all 6; 
hence, in particular (9) holds for 6 = 6, + 7 and 
(10) COS 0, + y2 sin 0, = —he(6, +7). 
From (8) and (10) 
(x, + 22) cos 6, + (y: + sin = hi(1) + 7), 


so that C, (+) C2 =2(Cz) —2(C;) CQ(Cz) i.e. C Q(C)). 
Finally, 7; (C7). For, let B be the boundary of and let 
Zo = Xo + yo be any point of B. Then, by the definition of 77, 


(11) Ly cos 6 + yo sin d= h;(0) —h.2(6+ 7) for all 6, 
while, for at least one 6, say 0 = 4, 
(12) Lo COS Oy + Yo SIN = hs —he(O + 7). 


Let 22 = 22(90) = 22(00) + ty2(8)) be a point of C, in the direction 4) + 7, 
i.e. satisfying 


(13) COS (09 + + sin (0% +7) +7). 
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From (6), 
(14) x, cos (0-+ 7) + y28in (0+ 7) Sh2(6+ 7) for all 0. 
Let 29 — = 2%, = 2, Then, from (12), (13) and (11), (14) 
COS Oy + SiN 6) =h1(6)) and x, cos 6+ y, sin? =h,(6) for all 6. 


Thus z, is a point of C,, as well as z. a point of C2, and 2, + 2 = 2% where 
was any point of B. Thus, BC —Q(C;). Since T; is obviously 
convex, this implies 7; 0(C;). But it has already been shown that 
T; (C7) so that the proof of Theorem IT, is complete. 

Theorem II, implies a simple mechanical way in which (C7) may be 
determined: (C7) is, up to a translation, the locus of a point which is con- 
sidered as rigidly attached to (, when C, is translated in all possible manners 
in Q(C,). This fact, which is completely equivalent to Theorem IIo, merely 
expresses the amount of indeterminateness in the choice of the translation 
which occurred in the proof of Theorem I. It would be possible to give an 
entirely geometrical proof of Theorem II, based on this reasoning. 

Since B = (7, every point 2 of C7 satisfies (11) and (12). From these 
inequalities it does not follow that the supporting function h,(6) of C7 is 
identically h,(@) —h.(@-+ 7). However (11) gives immediately 


hi(9) Shy(0) —h2(9 +m) for all 6. 


Furthermore, if there is a unique supporting line through a given point Zp 
of Cy, i.e. if 
Lo cos yo sin = 


is satisfied for a unique 6 = 6), then by (12) 
h1(9) hy (9) + 


The curve C; is said to have a corner at z = 2 if the supporting line through 
% is not unique. The above remarks imply 


THEOREM The supporting function of Cr satisfies 
(15) hi(@) Sh, (6) 7) for all 6 


and the equality sign holds save at most for the 6-intervals corresponding to 
corners of 


We now give the corresponding theorems for the sum of n convex curves. 
6 
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THEOREM I. LetC,,C2,---, Cyn ben conver curves of lengths l,,12,- -, ly 
respectively and call (+) C2 (+) Cn =(Cz) —2(C1) where 
Q(C,) represents the empty set if C; does not exist. Suppose that l, =1,---=l,. 
Call C.(+) Cs (+) Cn =(Dz) —Q(Dz) where Q(D;) is the 
empty set if D; does not exist. Then C; exists if and only if Dp, the curve 
obtained by rotating Dy about the origin through an angle x, can be placed 
in 2(C,;) by a translation. 


THEOREM II. Let T; be the set of all points z satisfying 
(16) xcos 6+ ysind < h,(0) 7) for all 8, 
j=2 
where h;(6) 1s the supporting function of Cj (j =1,2,---,n). Then if T; 
is not empty C; exists and T; = Q(C_) ; if T; is empty Cy does not exist. 


Proof. Since the supporting function gz(@) of Dz satisfies, by (3), the 
relation 


(17) gu(9) h, (6), 


it may be shown, as it was in the case of two curves, that Theorem I is implied 
by Theorem II; so it is sufficient to prove the latter. 

Now Theorem IT is true for the case of two curves. Suppose Theorem II 
has been proven for the case of n—1 curves. Then, using the notations of 
Theorem I and calling g;(@) the supporting function of D;, we have 


(18) g1(8) he(8) — 


Now it is well known that if h(6) is the supporting function and / the length 
of a convex curve, 


(19) 


Let A; be the length of D;. Then, by (18) and (19), 


IIA 


(20) — Dj. 

j=3 
Suppose first that 7; is empty. Then, as in Theorem II), the curve Dp cannot 
be placed within C, by a translation. On the other hand, the length d; of Di 
is, by (20), less than /,, and, since 1, = 12, less than 1,. Hence, there exists a 


he 


II 
of 


th 
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convex curve H between D; and Dz, i.e. in 29(Dz) —Q(Dr), of length less 
than or equal to /, such that # cannot be placed within C, by a translation. 
The region C’, (+) # is, by Theorem Ip, a closed convex region, and a fortiori, 
C; does not exist. 

Suppose now that 7’; is not empty. Then C, (+) Ds =Q(Cz) —T; by 
(17) and Theorem II,. Let F be any convex curve in 0(Dz) —Q(Dr) and 
let &(@) be its supporting function. Let C, (+) F= (Gz) —2(Gz) where 
(G;) represents the empty set if G; does not exist. Then the supporting 
function of Gz is, by (3), equal to h,(6) + &(6) and the supporting function 
of G; is, by Theorem IIo, equal to h,(6) —k(6-+ 7), except, at most, at the 
possible corners of (;. 


Since k(6) = gn(0) = >> h;(@) for all 6, we have 
j=2 
hi (9) — + 7) Sh, (9) + 7) 
= h,(0) +h(0) Shi (6) + for all @. 


Hence 2(Gy) —2(G1) CQ(Cy) —T;. But F was any convex curve in 
0(Dz) —Q(Dz). Consequently 


(21) Ci (+) Da = Ci (+) C2 (4+) °° Cn 
and = (Cr). 
Relations (17) and (21), together with Theorem III), give immediately 


THEOREM III. The supporting function h1(6) of Cr satisfies 
(22) hi (8) Shs (0) +x), for all 6, 


and the equality sign holds save at most for the 6-intervals corresponding to 
corners of C;. Thus, tf {zx} ts the sequence of corners (tf any) of C1 and {@x} 
is the sequence of the corresponding open 6-intervals and if ® denotes the 
closed set ® = [0, 27] — 3@x then 


h1(8) = hy (8) —Shy(0-+n), if 
h;(0) = 2; cos6+ sin 0, if OC aj + yj. 
It may be mentioned that all the above results are true, with appropriate 


changes in statement, for the vectorial sum of convex bodies of any number 
of dimensions. 
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We now proceed to the length, area and curvature relations implied by (22). 
Formula (19), for the length of a convex curve, together with (22), 


gives immediately 
(23) ZI 


where /; is the length of C7. 
It is well known that the area A(C’) of Q(C), where C is a convex curve 


with supporting function h(6), is represented by the formula 
20 


Let M(C,D), where C and D are convex curves, represent the Minkowski 
mixed area ° of the regions Q(C) and Q(D). Then by (22), (24), and (17) 


or 


A(Ci) — 4 f +=) — 


i. 


(25) A(C1) S A(C,) + A(Dz) —2M(C,, Dz). 
Since, according to Minkowski, 


M(C,D) 2 VA(C)A(D), 


(25) becomes 


VA(Gn S VAG) — 
or, since*! YA(Dz) = 


VAG), 


If (25) is compared with the corresponding formula of Haviland, 


A(Cz) =A(C,) + A(Dz) + 2M (Ci, Dz), 
one finds 


A= A(Cz) —A(Cr) = 4M(C,, Ds) =4 M(Ci, C5), 
j=2 


10 Cf. e.g., W. Blaschke, Kreis und Kugel (Leipzig, 1916), pp. 106-107, or T. 
Bonnesen, Les Problémes des Isoperimétres (Paris, 1929), Ch. V. 
11 Cf. E. K. Haviland, loc. cit., p. 334. 
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where A is the area of the ring-shaped region (2). Hence 
A=4VA(G) 2 VA(G)). 
We summarize the above results on area and length relations in 


THEOREM IV. Let 1; be the length of Cj and A(C;) the area of Q(C;). 
Let 1; be the length of Cr and A(C;) the area of Q(Cr). Let A be the area 
of C1 (+) Co (4+) °° (4+) Cn. Then, tf Cr exists, 


(i) 
and 
(ii) VAG) VAG) — VAG). 


Whether C; exists or not 


(iii) 
j=2 


where M(C;, C;) is the mixed area of 2(C,) and Q(C;), and 


(iv) A=4VA(G) VAG). 
=2 
In (i) and (ili) the equality sign holds if Cy has no corners. 


Suppose, now, that the supporting functions h;(6) have continuous second 
derivatives, and that the radius of curvature p;(@) of C; is defined, so that 


(26) pj(8) = hj (8) — hj" (8). 


Suppose that the point in the direction 6, on C; is not a corner or a cluster 


point of corners, so that 


hi(8) —hi(0) 4-7), if 46 
j=2 


for some e > 0. Then, by (26), 
p1(9;) = — 2 pi (4: + 7) 


j=2 
where p;(6,) is the radius of curvature of C; at the point in the direction 4,. 


In particular, if C; has no corners then p;(6) = 2 pj(9-+ 7) for all 6 where 
=2 


| 

) 
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the equality sign holds at most for discrete 6-values. It is easy to see, in view 
of Theorem II, that the converse of this last statement is also true. Thus 
we have 


THEOREM V. If hj(@) has a continuous second derwative for j =1,2,---,n, 
then a necessary and sufficient condition that Cy exist and have no corners 


is that pi(@) = > pj(0.+ 7) for all 6 where the equality sign holds at most 
j=2 


for discrete @-values. In general, if the point in the direction 6, on Cy is not 
a corner or a cluster point of corners of Cy; then the radius of curvature p1(6) 
of C; ts defined for 6 = 6,, and 


pr(8:) = — +n). 
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THE IDEMPOTENT AND NILPOTENT ELEMENTS OF A MATRIX. 


By JoHN WILLIAMSON. 


Introduction. Associated with each latent root or characteristic number 
of a square matrix A are two matrices, the principal idempotent and nilpotent, 
elements. ‘These two matrices are polynomials in A and are uniquely de- 
termined by certain simple conditions.’ In the following pages we show how 
analogous results hold, when all operations are restricted to the field K, in 
which the elements of A lie. Since, as a rule, the characteristic numbers of A 
do not lie in the field K, we replace them, or more exactly, their corresponding 
linear factors in the characteristic equation of A, by the irreducible factors 
pi(x) of the characteristic equation of A. We prove that, associated with each 
characteristic dwisor p;(x), there are two matrices which are polynomials in A 
with coefficients in K and which may justifiably be called the principal 
idempotent and nilpotent elements of A associated with p;(z). In case 
pi(x) = & — @; is linear, these two matrices are the principal idempotent and 
nilpotent elements associated with the characteristic number z;, These idem- 
potent and nilpotent elements assume a very simple form, when the matrix A 
is reduced to a suitable canonical form. This canonical form is analogous to 
the classical canonical form of a matrix. In the final section we use this 
canonical form to deduce theorems on matrices with elements in a field K 
from known theorems on matrices with elements in an algebraically closed field. 


1, Preliminary lemmas. Let K be a commutative field of characteristic 
zero and let r(x) be a polynomial in the ring K[2x] of degree v, with leading 
coefficient unity, and irreducible in K[z]. 


LemMMA 1. For every positive integer m there exists a unique polynomial 
g(x) in K[2x] of degree less than mv and such that 


(1) (t—g(x))™=0 mod [p(z) ]”, 

(2) (x— g(z))* 40 mod[p(z)]", 0OSi<cm, 
and 

(3) plg(z)] =0 mod [p(z) ]”. 


1J. H. Wedderburn, “ Lectures on matrices,” American Mathematical Colloquium 
Publications (1934), pp. 29 and 30. 
? Wedderburn, op. cit., p. 128. 
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We shall prove this lemma by induction on m. If g(x) satisfies (1), 


(4) g(x) =z mod p(z), 


and, since the only polynomial of degree less than y satisfying (4) is = itself, 
our lemma is true, when m1, with g(x) =z. Since p(z) is irreducible, 
p(x) and its derivative p’(x) are relatively prime. Accordingly there exist 
two uniquely determined polynomials in K[z], h(a) of degree less than y and 
r(x) of degree less than vy — 1, such that 


(5) h(x)p’(x) + r(x) =1. 
If, 
(6) Gm(x) = hyp + hop? ++ m= 2, 


where p= p(x) and each hi — (zx) is a polynomial in K[2z] of degree less 
than v, then gm(z) is the most general polynomial in K[z] of degree less than 
mv, which satisfies (4). Further, 


(7) p(gm) =p t+ + 


When the right hand of (7) is expanded in powers of p, it is apparent that 
m1 occurs only in terms containing a factor p* where s= m—1. Hence, 
if we consider the value of p(gm) modulo p™, all terms involving hm_, dis- 
appear. Accordingly, 


(8) P( gm) = p(gm-+) mod 


where gm-1(Z) is obtained from gm(x) in (6) by putting hm.—0. It is 
therefore an immediate consequence of (8) that, if 


P(gm) =0 mod p”, 
P(9m-1) =0 mod 


Let us now make the induction assumption, that gm_,(z) is the unique poly- 
nomial of Lemma 1, satisfying (1), (2) and (3), when m is replaced by 
m—1. Hence 

(9) P(Gm-1+) =kmsp™* mod p™, 


where km_; is a uniquely determined polynomial of degree less than v. From 
(7) and (8) we see that 


P(9m+) + mod p”, 
(km-1 + mod p™ by (9). 


P(gm) 


Il il 


Therefore, 
P(gm) =0 mod p™, 


\ 


SS 


m 
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if and only if, 
(10) + mod p. 


But, it follows from (5) that 
+ = + p’ mod p. 
Since p’ is relatively prime to p, (10) is true, if and only if, 
him-1 + Akm+=0 mod p. 


This last congruence determines km, and therefore gm(x) uniquely. Since, 
when hy Hence gm(zx) satisfies (2) and 
g(@) = 9m(x) is the unique polynomial of Lemma 1 satisfying (1), (2) 
and (3). 

If v = 1, so that p(x) = x— 4, gm(a) is the same for all values of m = 2. 
In fact gm(z) =a; for (x—a) and a—a=0=0 mod a) ™ 
for all positive integral values of m. This however is not true in general. 

Let P be a square matrix of order v with elements in K, whose char- 
acteristic polynomial is the irreducible polynomial p(x). For definiteness we 
may take P to be the companion matrix of p(z).* There is a one to one 
correspondence between the matrices f(P), where f(x) is a polynomial of K[z2], 
and the polynomials f(@), where 6 is a zero of p(x). Since the correspondence 
is preserved under addition and multiplication it is apparent that the totality 
of matrices f(P) forms a field simply isomorphic with the algebraic extension 
field K(6). Consequently the minimal or reduced characteristic polynomial 
of f(P) is an irreducible polynomial g(x) of degree » where v/p—=ao, an 
integer. Accordingly the characteristic polynomial of f(P) is [q(a)]% and 
the elementary factors of f(P) are g(x) counted o times.® If @Q is the com- 
panion matrix of g(x), f(P) is therefore similar in K to the diagonal block 
matrix 


Qo = [9 Q,° 


consisting of the matrix Q repeated o times in the leading diagonal; that is, 
there exists a non-singular matrix (’ with elements in K, such that 


(11) Cf(P) C+ = Qo. 


Let £; denote the unit matrix of order i and U;, the auxiliary unit matrix 
of order i, that is the matrix all of whose elements are zero except those in the 


3C. C. MacDuffee, The Theory of Matrices, Berlin, 1933, p. 20. 

*B. L. Van der Waerden, Moderne Algebra, vol. 1, p. 98. 

5 The powers of the distinct irreducible factors of the invariant factors of A — 2H 
are called the elementary factors of A. 
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diagonal to the right of the leading one, each of which is unity. Then the 
matrix W of order k 


may be written in the convenient form 
(13) By: Uy. 


It now follows from (11) that 


By a simple rearrangement of the rows and the same rearrangement of the 
columns, this last matrix may be reduced to a diagonal block matrix of o blocks 
each block being the matrix Q- H;, + E,- Uz. Since the minimal equation of 
Q: + Ey: Ux is (q(x) = 0,° we have proved ; 


LemMMA 2. The elementary factors of the matric W defined by (12) are 
[q(x) ]* repeated o times, where q(x) 1s the minimal polynomial of f(P) and 
is of degree p= v/e. 


2. Matrices with a single characteristic divisor. Let A be a square matrix 
with elements in K, whose minimal equation is ¢(z) = [p(x) ]™ —0, where 
p(x) is the irreducible polynomial of the previous section, and lc‘ g(x) be the 
unique polynomial of Lemma 1 satisfying (1), (2) and (3). If g(x) =y, 
as a consequence of (1) and (2), 


(14) (x—y)™=0, (x—y)*¥0 mod [p(z)]™, OSi<m. 
Hence, if f(x) is any polynomial of K[z], 


(15) =f(y) + f(y) (e@—y) 
1/(m—1) 1 (y) (2 —y)™ mod 


If we substitute the matrix A for the indeterminate x, we deduce from (3) 
that, if g(A) = Ai, 
(16) p(A1) =0 


and, from (14), that the matrix », — A — A; satisfies 


m™” = 0, 0, 0OSi<m. 


* Wedderburn, op. cit., p. 124. 


a 


— 


THE IDEMPOTENT AND NILPOTENT ELEMENTS OF A MATRIX. 751 


Further, from (15), we have 


(17) f(A) =f(Ar) + 1/(m— 1) 1 (AL). 


In (17) the polynomials f(A,), f’(A1) etc. may all be reduced modulo p(A:) 
by virtue of (16). 
We now prove the theorem. 


THEOREM I. If g(x) =0 1s the minimal equation of f(A1), 
and (Ar) = 0, (Ar) FO, 


then the minimal equation of f(A) ts [q(x) ]* = 0, where « is a positive integer 
uniquely defined by the inequalities, 
(18) 


Proof. Since g[f(Ai)]—0, qg[f(A) ]* = 90, while, since f®(A,) ~ 9, 
g[f(A)]*?~ 0. But q(x) is irreducible * and so the minimal equation of 


f(A) is ]}*=0. 


Moreover 


mod 


and 


(19) mod [p(x)]*, #0 mod [p(z) 


We have therefore the corollary. The integer s may be determined by the 
congruences (19). 


~(. Hence, as a consequence of the definition of m, 


3. Matrices with more than one characteristic divisor. Let A be a square 
matrix with elements in K, whose reduced characteristic equation is 


= [pi(x) = 


where (i= 1,2,- - -,¢), are ¢ distinct irreducible polynomials in K[z] 
of degrees »; respectively each with leading coefficient unity. The degree of 
¢() is accordingly given by the equation, 


v= > 
4=1 


hi(x) = $(2)/[pi (x) ]™, 


If 


* The totality of matrices f(A,) is simply isomorphic to the field K(@). 
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hi(z) and [p;(x)]”* are relatively prime, so that there exist two polynomials 
M;(z) and N;(z) in K[z], of degrees less than my, and v — m4; respectively, 
such that 

Mihi + pi Ni = 1. 


Since, when 1 7, hi =0 mod pj”, it follows that 


t 
Mihi =1 mod (j =1,2,---,¢), 
4=1 


and accordingly that 
t 
(20) Mihi =1 mod 


4=1 


Since the congruence (20) is of degree less than y in 2, it must be an identity 
and on writing Mihi = ¢i we have 


t 


(21) = 1. 

It is an immediate consequence of the definition of ¢; that 

(22) =0 mod $(z) (tJ), 
and of (21) and (22) that 

(23) = $1 #0 mod $(z). 


Let gi(x) = yi be the polynomial of Lemma 1, when p(z), v and m are 
replaced by pi (x), and m, respectively. Then 


— yi) oi = =0 mod G(2), 
[(c— FO mod g(x), OSG < mM. 


Consequently, if f(z) is any polynomial of K[z], 


1)! f (ys) yi) ™ 1} mod 
{f (yids) bi + f (yids) (2 — Yi) 
1/(mi—1)! fF (@— ys) ™ mod (2). 


We now replace the indeterminate x by the matrix A and write 


Ai=gi(A)i(A), 


$i(A) = $i, (A— Ai) = 1, 


i 
t t 
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so that 
t 

(24) pi = E, the unit matrix, i? = pi 0, = 0, 4 ni” 0, 
4=1 
nid ~ 0, 0Sjcm (t—1,2,---,¢#). 


Further, since 
pi(yi) =0 mod 
Dilys) bi = pi(yihi) >i = 0 mod 
so that 
(25) pi(Ai)di = 0 (fen 1,2,- +, 


If ¢; = L, that is, if t= 1, the minimal equation of A; is pi(z) = 0. 
Otherwise the minimal equation of A; is zp(x) —0, since, by (25), 
Aypi(Ai) =0 and pi(x) is irreducible. If pi(x) is linear, so that 
pi(x) =x@—aj, Ai = Aidi = aii; but as a rule it is simpler in this case 
to take A; = ai 

It is apparent that the matrices ¢; and , which satisfy (24), are 
respectively idempotent and nilpotent and that 


A = +m + + +° + 


More generally any polynomial f(A) may be written in the form 


t 
(26) f(A) = +P (Aa) 
In (26), since 7; contains the factor ¢;, by virtue of (25) each polynomial 
f*” (Ai) may be reduced modulo »;(A;). The minimal equation of f(A) may 


now be determined. Let f‘*(A;) be the first of the derivatives of f(A;), 
which does not vanish, and let x; be determined by the inequalities 


(27) (Ki — 1)s; < Mi KiS4. 


If gi(z) = 0, is the minimal equation of f(A;), it may happen that, for two 
or more distinct values of 1, the polynomials q;(z) coincide. If so, we write 
k, for the largest of the corresponding integers x;, while, if qi(x) arises from 
only one value of i, we write kj = x«;. Then, the minimal equation of f(A) ts 


(28) = 0, 


where the product extends over all distinct polynomials q(x). As in the 
corollary to Theorem 1 we see that the integers s; in (27) may be determined 
from the congruences 


qilf(z)] =0 mod gi[f(z)] #0 mod 


ly, 
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We shall call the matrices ¢; and »; the principal idempotent and nilpotent 
elements of A associated with the characteristic divisor p,(x). The matrices 
di, m and A, are uniquely defined by (24) and (25) as is shown by the 
following theorem. 


THEOREM 2. If y% and B, are 2t matrices with elements in K all com- 
mutative with A, which satisfy the conditions, 


(i) Bi = = Wi Bi, (ii) pa (Bi) = 0, 
(ii) (iv) (A is nilpotent, 


then = and By = Ay (t—1,2,---, 


The proof of this theorem is similar to that of Wedderburn for the simpler 
case in which K is algebraically closed.* Let 


615 = (1,7 = 1, 2,° 
Then, since ¢; is a polynomial in A and y; is commutative with A, 


615 = 


Further, the matrices 
m= (A—Ai)d and (A—B;) yj. 
are both nilpotent and are commutative. Since 


= [As + (A — Ax) ] is = Aides + 
= [Bj + (A — B;) = + 


(29) (Ai — By) 045 = Ess — ey. 


Since €; and »; are both nilpotent and all matrices on the right of (29) are 
commutative, (A; — B;)6;; is nilpotent. Consequently [pi (Ai) — pi (By) ] 
is nilpotent and by (25) pi(By;)6:; is nilpotent, so that for some integer k, 


(30) [pi (By) = 0. 
Further as a consequence of (ii) 


(31) pi (By) = 0. 


® Wedderburn, op. cit., p. 29. If K is algebraically closed the conditions are simpli- 
fied since B,=a,), and (i) and (ii) are automatically satisfied. 
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Since, when i= j, [pi(x)]* and p;(x) are relatively prime there exist two 
polynomials h(x) and r(x) in K[z] such that 


h(x) + r(x) pj = 1. 
Accordingly from (30) and (31) we have 


[h(B;) [pi (Bs) + (Bs) pj (By) = 615 = 0, Aj. 
Hence 
= = 0, 1 Aj. 
But 


t t t 
=1 =1 


so that the first part of the theorem is proved. 
As (A — A;)¢; and (A — By) are nilpotent, — Ai) ¢i is nil- 
potent. If let —0, p* 0. Since, 


Bidi = + 
pil Bi) bi = pi (Ai) bi + p's (Ai) ip mod p?, 


and by (ii) and (25) 
(32) (Ai) dip =0 mod p’. 


If r,(z) is the polynomial r(x) of (5), when p(x) is replaced by pi(z), 


p's (Ai) oi = 
so that by (32) 


pip =p =0 mod 


Therefore p*=0 mod p*** and hence p* 0, contrary to hypothesis. Ac- 
cordingly p = 0, so that 

Aids = Bidi = Bis 
and our theorem is proved. 


4, The canonical form. The principal idempotent and nilpotent elements 
assume a very simple form, if the matrix A is taken in the canonical form 


described below.® Let the elementary factors of A—zE be 


Further, let P; denote the companion matrix of p;(x) and Ey; and Ui; the 


® Wedderburn, op. cit., p. 124. 
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unit matrix and the auxiliary unit matrix of order e;;. Then with the notation 
of (12) and (13) the matrix 


(34) Ni = Big + 

has the single elementary factor [pi(az) ]°‘/; the diagonal block matrix 
M; = (Nar, Nex, ] 

has the elementary factors [pi(x) (7 =1,2,- and the matrix 

(35) M =[M,, - Mt) = Mi, F2] 


the elementary factors (33). Accordingly M is similar to A in K and may | 
be taken-as the canonical form of A. If A is in the canonical form (35), 
it follows from Theorem 2 that the matrices $i, 7; and A; are given by 


$i = (01, Ha, Ey, Biz: Ly, Eir,, 02], 
[0,, Ly: Vis, Ey, Ly, Uir,; 02], 
A, = [0,, Bas, +, 02], 


where 0, and 0, are the zero matrices of the same orders respectively as F’, and ¢ 
F, in (35). It is apparent that y; is nilpotent of index e;; so that ei, = mi. / 

Corresponding to each particular elementary factor [p;i(x)]%) is the 
idempotent element ¢i;, obtained from ¢; by replacing each block except 
E,,: Ei; by the zero matrix, and the nilpotent element 7i;, obtained from yi vi 
in the same manner. These idempotent and nilpotent elements reduce to the n 
partial idempotent and nilpotent elements associated with a characteristic 
number a; is case p,(x) is linear.’ 


5. Applications of the canonical form. We now proceed to consider the 
general form of a matrix X commutative with the matrix A, whose elementary ts 
factors are given by (33). If AX — XA, since ¢; is a polynomial in A, 


(36) Pir = Xi (i—1,2,---,t#), 
and 
X= DAM. 
i=1 
Further, if f( 
(37) AgiXi = XiAdGi (4—1, elc 
-t t t 
AX == Ax Xi = > AdgiXi, 
=1 —+ i=1 

t t 
XiAdi = = XA. abs 

4=1 4=1 


of 


10 Cf. Wedderburn, op. cit., p. 42. 
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Hence, a necessary and sufficient condition, that X be commutative with A, 
is that (37) be true. If A is in the canonical form (35), it follows from (37) 
that X is a diagonal block matrix [X,, X.,- -+,X+], where X; is a square 
matrix of the same order as M; and is commutative with M;. Since M; has 
the single characteristic divisor pi(x), it will, therefore, be sufficient to con- 
sider the case in which A has a single characteristic divisor. We take A in 


the canonical form 
A = No, Nr], 


where N; is obtained from Ni; in (34) by replacing P; by P, vi by v, es; by ej 
etc. Since AX = XA and A, is a polynomial in A, ALY = XA,. If A; and 
X are considered as matrices with elements, which are matrices of order y, 
A, is a diagonal matrix, each element being P, and accordingly each element 
of X is commutative with P and is therefore a polynomial in P. Hence, if @ 
is a zero of p(x) and A{6} is the matrix obtained from A by replacing P by 6 
and Ey by 1, there is a one to one correspondence between the matrices with 
elements in K commutative with A and the matrices with elements in K(@) 
commutative with A{6}. The form of a matrix ¥{6} commutative with 
A{6} is known," and from it we deduce the following result. Let 


where X; is a matrix with the same number of rows e; as N; and the same 
number of columns e; as Nj, be a matrix with elements in K commutative 
with A. Then, if e; = e; =e, 


, Gj 
X ( X ji (0 where Gij and G54 
are square matrices of order ev and are of the form 


hi(P) Be + he(P) -Ue +h3(P) +: +he(P) 


where hi(P) is a polynomial in P with coefficients in K.” 

In conclusion we determine the elementary factors of a matrix polynomial 
f(A) from the corresponding theorem in the case that K is algebraically 
closed.1* It is apparent from the canonical form (35) that the elementary 


11 Wedderburn, op. cit., p. 104. 

12R, C. Trott, Bulletin of the American Mathematical Society, January, 1935, 
abstract no. 95, p. 42. 

18 These results were determined by N. H. McCoy, “On the rational canonical form 
of a function of a matrix,” American Journal of Mathematics, vol. 57 (1935), pp. 491- 
502. The following shows the close connection between his results and the earlier ones. 
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factors of f(A) are the elementary factors of the matrices f(Ni;). Hence 
it will be sufficient to consider the case in which A has the single elementary 
factor [p(«z) ]”. We may assume then that A is in the normal form (cf. (18) ). 


so that A, = P-E». Let f*(P) be the first of the derivatives of f(P) dif- 
ferent from zero and let x be determined by (18), and let 


(38) (x —1)s, 


so that 1=/=s. If @ is a zero of p(x) and A{0} + Um, f (8) is 
the first of the derivatives of f(6) different from zero, and therefore f(A{6}) 
has the elementary divisors f(@)]|* counted 7 times and [2 —f(6)]™ 
counted times.’* Hence there exists a non-singular matrix ({6} with 
elements in K (6), such that 


(39) H{6}, 


where H{6@} is a diagonal block matrix, consisting of / blocks f(@) Hx + Ux 
and s—1 blocks f(6) Ex, + Ux-1. If in (39) 6 is replaced by the matrix P, 


CAC" = 


where H consists of / blocks f(P) - Lx + Ev: Ux and s—1 blocks 


But, with the notation of Lemma 2, the elementary factors of f(P) - Ex + Ev: Ux 
are [q(x) ]* counted o times and those of f(2?) - Ev: Ux-, are [q(a) 
counted o times. Hence, if q(x), of degree p, is the minimal polynomial of 
f(P), i.e. of f(A), the elementary factors of f(A) are [q(x)]* counted ol 
times and [q(x)]** counted o(s—1) times, where o = v/p. | 

Since the integer s in (38) may be defined by the congruences (19), this 
last result is McCoy’s Theorem 1. 
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14D), E. Rutherford, “On the canonical form of a rational integral function of a 
matrix,” Proceedings of the Edinburgh Mathematical Society, ser. 2, vol. 3 (1932), pp. r 
135-143; C. C. MacDuffee, “On a fundamental theorem in matric theory,” American x 
Journal of Mathematics, vol. 58 (1936), pp. 504-506. 

15 Since C {0} is non-singular, ( is non-singular. See J. Williamson, “ Latent roots Ty 
of a matrix of special type,” Bulletin of the American Mathematical Society, vol. 37 A 
(1931), p. 587, Theorem 1. 
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THE ARITHMETICAL FUNCTION M(n, f,g) AND ITS ‘ASSO- 
CIATES CONNECTED WITH ELLIPTIC POWER SERIES. 


By E. T. Bett. 


1. Introduction. Let M(n,f,g) denote the number of those representa- 
tions of the integer n as a sum of f squares, precisely g of which are odd and 
occupy the first g places in the representations, both the arrangement of the 
squares and the signs of their square roots being relevant in enumerating the 
representations; also let N(n,f,g) denote the similarly defined function in 
which the square roots of the odd squares are positive. Then 


(1.1) M(n, f, 9g) = 2 N(n, f, 9). 


In a former paper? it was shown that the calculation of N(n, f,g) is an 
essential step in obtaining the explicit forms of the numerical coefficients 
occurring in the power series for elliptic functions (in either the Jacobian 
or the Weierstrassian form). Here we shall give several linear recurrences 
by which the calculations can be performed expeditiously.,- Certain sets of 
these (§§ 9, 10, 11) are complete—no more of the kind given exist. The 
recurrences introduce functions of divisors, and although these may be 
evaluated with ease directly, we have also reduced their calculation to linear 
recurrences. Incidentally some curious results (§ 12) on numbers of repre- 
sentations are noted. 

The initial values must be noticed. Refer to (2.1) for e. 


(1.2) M(s,1,0) if ss0mod 4, 
M(s,1,0) = 2e(s/4) if s=0mod4; 


(1.3) M(s,9,g)=0 if ss4gmod 8, 
M(8s + 1,1,1) = + 1) ; 


(1.4) M(s,f,g)=0 if g>f; in all of which s2=0; 
(1.5) M(0,f,0)—1, f20; M(n,0,0)=—0, n>0. 


If R,(n) denotes the total number of representations of n as a sum of 
r squares, 


1 Transactions of the American Mathematical Society, vol. 36 (1934), pp. 841-852. 
The functions M, N are also useful in the theory of numbers; see R. D. James, 
American Journal of Mathematics, vol. 58 (1936), pp. 536-544, where further references 
are given. 
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(1.6) 


(2. 
(2. 
(2. 
(2. 
(2. 


(2. 


(2. 
(2. 


(2. 
(2. 
(2. 
(2. 
(2. 
(2. 


(2. 


(2. 


(2. 
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M(An,r,0) = F,(n). 


2. Arithmetical functions. For convenient reference we collect here the 
definitions of the arithmetical functions occurring in the sequel. 

In the following definitions n, m, a, r, a, b denote integers; n >0;420; 
m > 0 is odd; n = 2%m;r,a,b = 0. 


1) 
2) 
3) 
4) 
5) 


6) 


7) 
8) 


9) 

10) 
11) 
12) 
13) 
14) 


15) 


«(n) = 1 or 0 according as n is or is not a square; «(0) = 3. 

(—1|m) = (— 

¢-(n) =the sum of the r-th powers of all the divisors of n. 

=-(m). 

é-(n) = the excess of the sum of the r-th powers of all those divisors 
of n that are of the form 44+ 1 over the like sum for the 
divisors of the form 4k + 3; é(n) =&(n). 

&’,(n) = the excess of the sum of the r-th powers of all those divisors 
of n whose conjugates are of the form 4k + 1 over the like sum 
in which the conjugates are of the form 4k + 3.: (If n = ds, d, 8 
integers > 0, d,8 are called conjugate divisors of, n.) 

&",(n) =&,(n) — €,(n). 

a(n) =nrt’_,(n), = the sum of the r-th powers of all those divisors 
of n whose conjugates are odd. 

Ar(m) == [1 + 2(—1)"]e-(n). 

Br(n) = 4¢’,(n) —&,(n). 

¢’,(n) =the sum of the r-th powers of all the even divisors of n. 

pr(n) = —0"-(n). 

wo(n) = 2%,(m). 

60,0 (1) 

= [3a+ 6 +(—1)"(3a— b) (n)—(a+ [1 +(—1)"]Jo(n). 
y(n) = — = (3 (m). 


As immediate consequences of the definitions we have 


16) 


17) 


Er(m) = &(m), = (—1|m)é-(m) ; 

= = [1 — (— 1|m) 27] é-(m) ; 
Br(n) = 1|m) — 1]é-(m) ; 

E(4n —1) 0; o(2n) = 2(n). 

= (n) —4(a + b)w(n), 

= 2b£,(m). 


3. Connection of M, N with elliptic power series. By (1.1) it is suff- 


for 
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cient to show the connection for either M or N. For comparison with the 
paper cited ? we choose N. As before, m is odd. 


(3.1) (— 1)*Q,(k*) [2*/(2s) !], Qu = ar(s) 


(m-1)/2 
(2m, 4s + 2, 4r + 2)qr(s) = 
_ (— 1)*P.(k?) 28+1 2r. 
(3. 2) an 2, (Qs +1)! : 


24rp,r(s)N (2m, 4s + 4, 4r + 2) = foe41(m). 


r-0 
co 8-1 
(3.3) dnx=—1-+ > (—1)*R*(k?) Re (hk?) 1; (s) 
g=1 j=0 
n-1 
247N (4n, 48 + 2, 47 + = 
j=0 
There are similar results for 7/sn x, x*/sn*a, @ (x), or any elliptic func- 
tion or quotient of theta functions. From the recurrences for the qr(s), pr(s), 
rj(s) the explicit forms of the Q.(‘k?), Ps(k*?), Rs(k?) are calculated in terms 
of functions NV, £22, £2841. Thus (see the paper cited) 
do(s) = 1, 24q,(s) = 37* — 8s — 1, 
28qo(s) = — 8(s — 1)37* + 32s? 48s — 9, 


and soon. The general form of qg,(s) (also of the other coefficients) is readily 
inferred (loc. cit.) from the recurrences involving N. For the first few 
coefficients q,(s), etc., the necessary N’s are easily calculated directly; for a 
systematic evaluation this more or less tentative method is impracticable. 

It may be noted that an interesting sequence of successive approximations 
to the values of elliptic functions is obtained by retaining only powers of k? not 
exceeding the ¢-th, for {== 0,1,2,--.-. The series so truncated at the ¢-th 
power of k? can be summed in finite form. 


4. Generating functions. In the usual notation for the elliptic theta 
functions we have (4.1)—(4.3), in which sums and products refer to all 


integers n > 0, to all integers v =0, to all odd integers m > 0, or to all odd 
integers 0 respectively. 


(4. 1) Q,=Q,(q): 
Qo = (1 — q?"), Q, + 
q”), Q; = q”). 


2The following misprints occur: p. 842 (1), for w? read x"; p. 843, last line, 
for read 3%’. 
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(4. 2) 0, =0,(q): 
Jo = 1+ 23(—1)"q” = 3(—1)"q"; 
= 2%(— 1|m) = (— 1 |p) 
0, = 1+ = 
(4. 3) 0:90.03; = 1, = 
Do = QoQ”, = 
= I; = QoQ’. 


The sum of @ odd squares is of the form 8s + a; the sum of b even squares 
is of the form 4s. Thus, from the definition (§ 1) of M, 


(4. 4) — (4s + a, a +b, a), 
8=0 
(a,b integers = 0). 
Hence, from (4. 3), 


oo 
(4. 5) 2?” —= g°M (4s + a,a + b, a). 
Define the operation A by 
(4. 6) AF(q) = 4q(4/dq) log F(q). 


Then A[F(q)-- G(q)] =4AF(q) +:-:+AG(q). A short calculation 
gives (4. 7)—(4. 9), in which & refers to all integers n > 0, (see the definitions 


in § 2). 


(4. 7) AQ AQ: (n), 
AQ, = — AQs =— ; 


hence, by (4.6), (4.3), 


(4.8) = 5 
(4. 9) Ad, = — 23q"w(n), 4AW, = 1 — 243q7"f,(n), 
4A9, =1-+ 83q?"y(n), Ads = — 23q"(—1)"o(n). 


The next are equivalent to the classical theorems on numbers of repre- 
sentations as sums of 2, 4, 6, 8 squares.’ By (4.4) the two statements in each 
of (4.10)—(4. 23) express the same theorem. The summations refer to all 
integers n > 0 or to all odd integers m > 0, and s is an integer = 0. 


8 All are collected in my paper, American Journal of Mathematics, vol. 42 (1920), 
pp. 168-188. They follow at once from theorems of Jacobi in the Fundamenta Nova. 
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(4.10) 0.2 = 439"/E(m), M(8s + 2, 2,2) —4€(4s + 1). 

(4.11) M(8s + 4, 4,4) —16f,(2s + 1). 

(4.12) —— 43q"/é,”(m), M(8s + 6, 6,6) + 3). 
(4.13) = 2563q7"a,(), M(8s + 8, 8, 8) = 256a3(4s + 4). 
(4.14) 9,2 =1-+ 43q"é(n), M(4n, 2,0) = 4€(n). 

(4.15) M(4n, 4,0) =8(—1)"A,(n). 
(4.16) 43q"B.(n), M(4n, 6,0) = 48,(n). 

(4.17) = M(4n, 8, 0) = — 16(—1)"p,(n). 
(4.18) = 23q/4E(m), M(4s + 1, 2,1) — 2é(4s-+ 1). 

(4.19) 9,?0,2 = M(4s + 2, 4,2) = 40,(2s + 1). 

(4.20) 9,°0,° M(4s + 3, 6,3) =— +3). 
(4.21) 163q"a,(n), M(4s + 4, 8,4) 16e,(s+1). 

(4.22) = M(4s + 2, 6,2) = 4é2(2s +1). 

(4.23) 40,2 M(4s + 4,6,4) 16é’.(s +1). 


5. Recurrence for M(n,f,g) with f, g constant throughout. Operating 
with A on both sides of (4.5), using (4.8), and comparing coefficients of like 
powers of g in the result, we get 


(5.1) nM(4n+a,a+6),a) = 60,0(s)M (4n + a— 4s,a + b,a). 


| With the initial value M(a,a- b,a) =2*, (5.1) suffices to calculate all 
M(n,f,g) with f,g constant throughout; necessarily n = g mod 4: 


(5.2) (4n +9, f,g) = p1-0(8)M (4n + 9 —4s,f, 9). 
From (2.14), (2.17) we have 
(5.38) O,r-0(m)—= [29 + f +(— 1)"(49 — f) 16. (m)— f[1 +(—1)*Jo(n), 
= 696, (n)—Afo(n), —g)hi(m). 
Recurrences for the associated functions ¢’; (by means of A,) and w are 
given in §§ 7,8. This type is continued in § 10. 


6. Arguments n in N(n,f,g) decreasing by squares. Multiply the left 
of (4.4) by the second form of #2(q*) in (4.2), and the right by the first 
form; do the like with #,(q*). Then, for n= 0, 


(6.1) M(4n+a+1,a+b+1,a+1) 
= 23M (4n +a+1—m?’,a+),a), 


(6.2) M(4n+a,a+b+1,a) 
= M(4n + a,a+ b,a) + 23M (4n + a—4s?,a+ b,a), 
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where the summations refer to m — 1, 3,5,- + -, and s —1, 2, 3,- + - respec- 
tively, continuing so long as the arguments are = 0. Hence 


(6. 3) M (4n + g,f,9)= 22M (4n + g —m’, f—1,9—1), 

(6.4) M(4n+ 9, f,g)—M(4n-+ —1, 9) + 23M (4n + g f—1,9). 
The sum of u odd squares is of the form 8+ u (t=0); the sum of 

v even squares is of the form 4¢. Hence 


(6.41) #"(q*) =D =D (4t, v, 0). 
t=0 t=0 


Operating on these with A and proceeding as in § 5 we get 
(6.5) %[8n— =0, 
(6.6) nM(4n, v,0) + 23[n— (v + 1)s?]M(4n — 4s?, v, 0) = 2ve(n)n, 


the summations with respect to m,s being as in (6.3), (6.4), with s? < nin 
(6.6). We shall generalize (6.5), (6.6) in § 10. 


%. Recurrences for the functions in §2. Applying (4.10)-(4.18) to 
(6.5) we find the following, in which n > 0, and the summations refer to 


(7.1) — 3(m*—1)]é (4n+ 1—4(m?—1)) =—0, 
(7.2) (2n +1—4(m*—1)) —0, 
(7. 3) — 7 (m? — 1) ]é”(4n + 3 —4(m?—1)) =0, 
(7. 4) — 9(m? —1) ]a, (4n + 4— 4(m?—1)) —0. 


In the same way, from (4. 14)—(4.17) and (6.6) we get the following 
recurrences with n > 0, and & referring to ¢ 1, 2,3,:--, with t? <n. 
(7.5) n€(n) + 23 (n— 3t?)E(n — t?) = €(n)n, 

(7.6) + 23(—1)*(n — — t?) = (—1)"e(n) 
(7.7)  nB2(n) + 23(n— Vt?) — = 3e(n)n, 
(7.8)  mps(n) + 23(—1)*(n — 987) ps (n — #) = 


8. Continuation of §%. Operating with A on the first forms of the 
thetas in (4.2) and comparing with (4.9) we find 
(8.1) w(n) + 23(—1)'o(n— #2) —e(n) (—1)™n; 
(8.2) £(n) + 3(—1)¢(2¢ + H(t +1) 


0 if n4h(h+1) (h>0), 
—4(— 1) +1) (2h +1) if n—$h(h4+1); 
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(8.3) y(n) + 3y(n—$t(t+1)) = { 


The summations refer to ¢—1,2,3,:--; and n>0. This is continued 
in § 11. 


9. Kecurrences with arguments n of M(n, f,g) in arithmetic progression. 
Applying (4.4), (6.41) to 3,9°"9,2 = 3." K 9.903" we get 


M(4n+9+4u,f+u,g = 2M (8s + u, u, u)M(4n + —8s, f, 9), 


with n = 0 and & referring to s=0,1,- - -, [n/2]. 
Hence, by (4. 10)—(4. 13), for the same n, s, 


(9.1) M(4n+g+2,ft+2g+2)— (48+1)M(4n+9—8s,f,9); 
(9.2) 163f, (2s+1)M(4n+ 9—8s,f,9); 
(9.3) M(4n+9+6,f+ 6,9 + 6)—=— 43&"(4s + 3)M(4n + —8s,f,9) 5 
(9.4) M(4n+9+8,f+8,9+8)— 25630, (4s -+4)M(4n + g—8s, f, 9). 


Similarly, = 0,20," 


M(4n + 9, f + 2,9) =M(4n + g,f,g) + 426(s)M(4n + —4s,f, 9), 


for n= 0, s=1,---,n, with the convention that a sum in which the lower 
limit exceeds the upper ts vacuous. Hence, from (4.14)-(4.17), for the 
same 8, 


(9.5) M(4n+9,f+ 2,9) 
—M(4n+9,f,9) + 42&(s)M(4n + g —4s, f, 9) ; 
(9.6) M(4n+9,f+4,9) 
—=—M(4n + 9,f,g) + + g — 4s, f, 9) ; 
(9.7) M(4n + 9,f + 6,9) 
= M(4n+ 9,f,9) + 4282(s)M(4n + g — 4s, f, 9) ; 
(9.8) M(4n+9,f+ 8,9) 
— M(4n + 9, f, 9) —16%(— 1)*p3(s)M(4n + g —4s, f, 9). 


From 8:40, X 


M(4n +0,f + 20,9 +c) —2M(4s + ¢, 2c, c)M(4n + 9 —4s, f, 9), 
forn=0,s=—0,---,n. Hence for the same n,s, (4.18)—(4. 21) give 


(9.9) M(4n+9+1,f+2,g+1)— (48+1)M(4n+ g—4s,f, 9); 
(9.10) M(4n+9+2,f+4,g+2)— (2s +1)M(4n+ g—4s, f, 9) ; 
(9.11) + 3) M(4n + g —4s, f, 9) ; 
(9.12) M(4n+9+4,f+8,g9+4)— 1632, (s+1)M(4n+ 9—4s, f,g). 
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M(4n-+g+u,f+u+ 0,9 +u)—3M (4s + u,u+ 0, u)M(4n + —4s,f,9), 


forn = 0, ands =0,---,n. For the same n,s, we get from (4. 22), (4. 23), 


(9.13) M(4n+9+2,f+6,g9+2) = 438.(2s+1)M(4n+ —4s, f, 9); 
(9.14) M(4n+-94+4,f+6,9+4) =163@.(s+1)M(4n+ —4s,f,9). 


10. Continuation of §5. By (4.4), 


(4s + gr, fr, gr) (At 
is equivalent to the identity 
hence, operating throughout the first with A, we find 


(10.1) (r+ 1)s]M(4s + 9, f, 9) M(4n + gr—4s, fr, gr) =0, 


valid for n = 0, the sum referring to s=0,---,n. This contains as special 
cases (6.5), (6.6). To obtain (6.5) from (10.1) take r—=u, f=g=—1, 
and note that s, n must then be even; to obtain (6.6) take r= v, f = 1, g = 0, 
and apply (1.2). In (10.1) take f = g, and apply (1.3), 


(10.2) (r+ 1)s]M(8s + 9, 9, 9) M(8n + gr— 8s, gr, gr) = 0. 
For g = 0, (10.1) becomes, by (1.5), 


(10.3) nM(4n, fr, 0) + 43[n— (r+ 1)s]M (4s, f, 0) M(4n — 4s, fr, 0) 
= 1rnM (4n, f, 0), 


in which n = 0 and & refers to s—1,: - -,n—1. 
From (10.2) and (4.10)—(4.13) we have the following, n and & being 
as in (10.1), 


(10.4) 3[n—(r+1)s]é (4s -+1)M(8n + 2r—8s, 2r, 27) =0, 
(10.5) S[n—(r+1)s]£, (2s +1)M(8n + 4r— Bs, 4r, 4r) = 0, 
(10.6) S[n— (r+ 1)s]é&”(4s + 3)M(8n + 6r — Bs, 6r, 6r) = 0, 
(10.7) S[n—(r+1)s]a, (4s + 4)M(8n + 8r — Bs, 8r, 8r) = 0. 


Taking f = 2, 4, 6,8 in (10.3) and referring to (4. 14)—(4. 17), we find 
(10. 8)—(10. 11), in which n, & are as in (10.3), 
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(10.8) nM (4n, 2r,0)+ 43[n— (r+ 1)s]é(s) M(4n — 4s, 2r, 0) = 4rné(n), 
(10.9) nM (4n, 4r,0)-+ 83(—1)*[n—(r + 1)s]Ai(s) M(4n — 4s, 4r, 0) 
= 8(—1)"rnd,(n), 
(10.10) nM (4n, 6r,0)-+ 6r, 0) 
— 4rnp,(n), 
(10.11) nM (4n, 8r, 0) — 163(— 1)*[n— (7 + 1)s]ps(s) M(4n — 4s, 8r, 0) 
= — 16(— 1) "rnp; (n). 


From (10.1) and (4. 18)—(4. 23), 


(10.12) 3[n—(r+1)s]Jé (46+1)M(4n+ 7r—4s, 2r,r) =0, 
(10.13) 3[n—(r+1)s]&, (2s + 1)M(4n 4+ 2r—4s, 47, 2r) = 0, 
(10.14) (r+ 1)s]&/’(4s + 3)M(4n + 3r— 4s, 6r, 3r) = 0, 
(10.15) 3[n— (r+ 1)s]az (s -+-1)M(4n + 4r— 4s, 8r,4r) 
(10.16) 3[n— (r+1)s]é (2s + 1)M(4n + 2r—4s, 6r, 2r) = 0, 
(10.17) (r+ (s + 1)M(4n + 4r—4s, 6r, 4r) =0, 


with as in (10.1). 


11. Continuation of § 8. In (10.4) take r= 2, 3,4; in (10.5), r—2; 
in (10.6), r= 1, and apply (4.10)-(4.13). Then, for n2O and the 
summation referring to s=0,1,---,n, we have (11.1)-(11.5). The 
obvious omitted possibilities give relations which are trivially true, and likewise 
for subsequent omissions. 


(11. 1) (Qn 4+1—2s) =0, 
(11. 2) s(n—4s)E (4s + 1)6”(4n + 38 — 4s) = 0. 
(11. 3) 1)as (4n + 4—4s) =0, 
(11. 4) x(n — 3s)£, (2s +1)a, (4n + 4—4s) =0, 
(11. 5) x(n — 7s)" (4s + 3) (4n + 8 — 4s) = 0. 


In (10.8) take 2,3,4; in (10.9) take r= 2, and apply (4. 14)- 
(4.17). Then, for n, } as in (10.3), we have 


(11.6) md,(n) + 43(—1)#(n — 3s) é(s) A, (n — 8) = (—1)"E(n), 
(11.7) mnB.(n) + 43(n — 4s)é(s)B.(n —s) = 8n€(n), 

(11.8) mps(n) + — 8) (—1)*"n€(n), 
(11.9) mps(n) + 83(n — 3s)A, (8) — 8) =— nA, (n). 


The formulas (10. 12)—(10. 17) furnish no new results of the above kind. 
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12. Polynomial forms of M. Taking n=0,1,2,°- + in (5.1) aud 
referring to (2.17) we find 


(12. 1) M(a,a-+ b,a) = 2%, 
M(4+a,a-+ b,a) = 25, 
M(8 + a4,a+ b,a) = 27(26?— 2b+4), 
3M (12 + a,a + b,a) = 2%'b(2b? — 6b 4+ 3a + 4), 
6M(16 + a,a-+ 6,a) 
= 2[4b4*— 24b* + 4(3a + 11)b?—12(a+1)b + 3a(a—1)], 


the general nature of M(4n-+a,a+5,a) (proved by mathematical in- 
duction) being evident. Take a0 and refer to (1.6); then . 


(12.2) The number of representations of n as a sum of 6 squares is ex- 
pressible as a polynomial of degree n in b with rational coefficients. 


Taking b = 0 we get 


(12.3) The number of representations of 8n + a as a sum of a odd squares 
is expressible as 2* times a polynomial of degree n in a with rational coefficients, 
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REPRESENTATION AS SUMS OF MULTIPLES OF GENERALIZED 
POLYGONAL NUMBERS. 


By L. W. GRIFFITHS. 


1. Introduction. The problem is a generalization of that of representa- 
, tion as sums of multiples of squares,’ as sums of polygonal numbers,” of 
extended polygonal numbers,’ or of generalized polygonal numbers.* 

In my first two papers® there are summaries of all of these facts on 
representation, and illustrations. 

The generalized polygonal numbers of order m + 2 are the values of 


(1) g(z) m(2?—2)/2 for 
with m a fixed positive integer. The following notations are used: n and 
are positive integers, gi g(a), and 
(2) fs = (4s, ° j Qn), 


The positive integer NV is represented by the function f when there are integers 
such that f—WN. In section 4 of II, conditions were found 
that f represent the integers 0,1,-- -,34m—416. In section 5 of II, for 
certain functions f satisfying these necessary conditions, there was found 
a positive integer M, depending only on m and f, such that f represents every 
integer N = M. For other functions satisfying the necessary conditions the 
methods there employed gave no conclusion. For the remaining functions 
satisfying the necessary conditions there was no generalized Cauchy lemma on 
simultaneous representation, and hence the methods there employed were 
inapplicable. 

In this paper use is made of the new facts on simultaneous representa- 
tion due to Dickson ® and, for the case (1,1, 2,4) with 6 divisible by four, 


1 Dickson, Bulletin of the American Mathematical Society, vol. 33 (1927), pp. 63-70. 

? Cauchy, @uvres, ser. 2, vol. 6, pp. 320-353. 

* Dickson, American Journal of Mathematics, vol. 50 (1928), pp. 1-48. 

* Dickson, Journal de Mathématiques, ser. 9, vol. 7 (1928), Theorems 11-15. , 

5 Annals of Mathematics, ser. 2, vol. 31 (1930), pp. 1-12, and American Journal of 
Mathematics, vol. 55 (1933), pp. 102-110. These papers will be cited as I and II. 

*American Journal of Mathematics, vol. 56 (1934), pp. 512-528. 
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nv 


here first treated in section 7. There are five fundamental cases, and the 
details of proof are usually omitted in the last four cases. Hach case is sum- 
marized in a theorem: if f satisfies the necessary conditions mentioned, then 
there is exhibited a positive integer M, depending only on m and f, such that 
f represents every integer N= M. 


2. The functions (1,1,2,3,---). By (1) and (2) the positive integer 
N is represented by f if there exist positive integers a,b,r such that 
N=r+b-+ m(a—b)/2, that r is represented by f,, and that the equations 
a=2? + + 227+ 3w?, y+ 22+ 3w have a solution in integers 
= 0. Sufficient conditions for the existence of these integers 2, y, z, w are’ 


(3) az==b(mod2), ({—1)a<b?+2%+t, 
(4) 6(%a—b?) +e), e—3,5,6. 


In this paper there is found an integer M, depending only on m and f, 
such that if NV is an integer = M then there exist integers a, b, r satisfying 
(3) and (4), and such that N—r-+b-+ m(a—6b)/2 and f, represents r. 
Hence to prove the universality of the functions f, satisfying the necessary 
conditions mentioned in the introduction, it remains to prove that f represents 
integers 34m—16<N< M. 

Dickson proved that (4) is satisfied if either a or b is prime to t =7. 
The first step in my new method is to obtain conditions which are equivalent 
to (4) when a=b=0(mod7). Write with (mod7), 
and a= "A or 714 with A540 (mod7). Then it is easily seen that 
6(%a — b?) = 499(%n +e) with e=—3,5,6 if and only if one of (5) is 
satisfied : 

(5) 1Sh<i1, =—e(mod7); or, 
1Sh=—i, A=B*—e(mod7). 


That is, (4) is satisfied if and only if one of (6) or (7) is satisfied : 


a=714, 1Sh<i, A=e(mod7); or 
(6) 1Sh=—i, AXB?—e(mod’); or 
1Sich; 


(7) a= 


The next step leading to the desired integers a, b, r is a consideration 


* Dickson, American Journal of Mathematics, vol. 56, loc. cit. Here, by definition, 
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of the integers, between 0 and m — 2 —t, not represented by f,. Among the 
necessary conditions which these functions f satisfy are w—=m—2 and 
(6SkSn). Hence, defining = a5 +--+ + 
ASjSn—4) and Hence, by ap- 
plying Lemma 1 of my first paper I (valid, as proved in II, page 107), we have 


LemMMA 1. Jf 7 1s an integer between 0 and m — 2 —t then f, represents 
at least one of the integers n,yn—1,°-+,n—t. 


Next I shall prove that if N = 28 then there exist integers a, b, r satis- 
fying all the conditions except perhaps (3,) and (33). 


Lemma 2. Let f satisfy the necessary conditions mentioned above. Let 
é be an integer not divisible by t, and 4tSé Let NZE&. Then there are 
integers a, b, r, each = 0, such that N =r +b + m(a—b)/2, a=b (mod 2), 
(4) 1s satisfied, and fy =rSm—2—t. 


For there are integers g and p such that N—=mg+é+p, 920, 
If < m—2—+t, then by Lemma 1 we can write 
N=mg+é+i1+ (p—t1) where 7 is one of 0,1,---+,¢ and fy—p—i. 
If m—2—t<pSm—2, the same conclusion holds obviously, with 
p—t=m—2—t. The case p= m— 1 is treated later. Hence if pA m—1, 
there exist integers and o such that N=mg+{+6,0S50Sm—2—t, 
fs =o, and is one of €,-- -,Eé+¢. Definea—29+ and b—£. Then 
if b and a satisfy (4) the proof is finished. But if b and a satisfy one of (5), 
then there are exhibited integers g’, ¢’, o’ such that N = mg’ + ¢’ + o’, and 
that b’ = a’ = + do satisfy (4). There are two cases, according as 
a; is not, or is, divisible by ¢. 

First, if a; = 3,4,5,6, or 8, and if a; appears explicitly in o, then 
and and g’ yield a’, b’ which do 
satisfy (4), because A £=0(modt). Again, if a; = 3, 4, 5, 6, or 8, and 
if a; does not appear explicitly in o, then N = mg + €—a;+o++4;; and 
and gy’ yield a’, b’ which do satisfy (4). In each case r= o’. 
There remains the case a; ==, for which the proof is long and intricate. 
Therefore the proof for p = m—1 is next presented. Here 


(m—2—12), 


with ¢=é€+t+1 and o—m—2—t. Then if a,b satisfy (5), 
N=m(g+1)+f—t—2 yields ~g +1, & =E—1, o’ —0; 50 that 
—~é—1 and w 29’ + D’ satisfy (4), since (mod ft). 
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To complete the proof of ‘Lemma 2 for the case a; 7 the following 
Lemmas 3, 4, 5 and 6 were proved. 


Lemma 3. Let a,b satisfy (5:). Thena+%, 6+ 7 satisfy (6) or 
(7%), and hence (4), if and only if h >1. Alsoa—'%, b—7 satisfy (6) or 
(7) if and only if h>1, or h=1 and AH#—=3 (mod7). 


Lemma 4. Let a,b satisfy (5,), with h=1. Then a+ 14, 6+ 14 
satisfy (6) or (7) tf and only if AHA—3 (mod). If A=—3 (mod7) 
then each of the pars a—14, b—14, a+ 21, 6421, a—21, b—21 
satisfies (6) or (7). 


Lemma 5. Let a,b satisfy (5,). Thena+%,b+ 7% satisfy (6) or (7) 
except in the following six cases, when they satisfy (5); then the pairs in- 
volving b +- 14, b —14, b + 21, b + 28 satisfy (6), (7) or (5) as indicated: 


h=1, B=1, A= B*?—3, b+ 14 satisfy (6) or (7), 
B=—1, A=B’?—5, b—7,b—14, b + 28 satisfy (6) or (7); 
b+ 14, b+ 21 satisfy (5), 
h=1, B=2, A=B*—6, b+ 14 satisfy (6) or (7), 
h = 1, =—2, A=B*—3, 6+ 14 satisfy (6) or (7), 
h=1, B=3, A=B*?—6, b+ 21,6—14 satisfy (6) or (7); 6+ 14 
satisfy (5), 
h=1, B=—3, A=B*—5, b+ 14 satisfy (6) or (7). 


LemMMA 6. Let a,b satisfy (52). Then a—%, b—7 satisfy (6) or (7) 
except in the following eight cases, when they satisfy (5); then the pairs 
imvolving b + 14, b—14, b + 21, b— 21, b+ 7, b — 28 satisfy (6), (7) or 
(5) as indicated: 


h=1, B=1, A=B?—3, b+14, b+21 satisfy (6) or (7); 
b—14, (5), 


h=1, B=1, A= B?—5, b—14, (6) or (7), 

h=1, B=1, A= B?—6, b—14, (6) or (7%), 

h=1, B=—1, A=B?—6, b—14, (6) or (7), 

h—1, B=2, A=B*—5, b—28, (6) or(%);b—14,b—21, (5), 
h=1, B=—2 A=B?—6, b—21, (6) or (7); b6—14, (5), 
=1, B=3, A=B?—3, b—14, (6) or (7), 

h=1, B=—3, A=B*—5, b—14, 6414, (6) or (7%). 


The proofs of Lemmas 3, 4, 5, 6 are omitted since they are simple but 
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intricate. Next note that if a; = 7 and ag 0 (mod 7) or if a; =a, =7 and 
a; 0 (mod 7), then the proof applied when a; #0 (mod 7) is valid, with as 
replaced by ay (= dg or a; respectively). There remain three cases with a; = 7: 
case I, (1,1, 2,3,7,14,---) with n2=7 and (1,1, 2, 3,7, 7%, 21,-- -) with 
n= and (1,1, 2,3,7,7,14,---) withn=7; case II, (1,1, 2,3, 7,7, 7); 
case III, (1,1,2,3,7,7). Note that (1,1,2,3,7) and (1,1, 2,3,7,14) do 
not satisfy the necessary conditions (stated later). 

Proof for case I. First, if a,b satisfy (5,) and if a; is explicitly in o: 
ifh >1, use b’ =b+ 7, =o—7; but if h and (mod7), 
by Lemmas 3 and 4, use b’—b + 14 if also a, is explicitly in o, but use 
b’==b— 7 if a, is not explicitly in o; if h—=1 and A (mod7), 
similarly one of b + 21, 6 + 14, b—7 will be satisfactory. Second, if a, b 
satisfy (5,) and if a; is not explicitly in o: by Lemmas 8 and 4, similarly 
one of b— 7%, 6 + 7, b — 14, b + 21, will be satisfactory. Next, if a,b satisfy 
(52), by Lemmas 5 and 6 and a lengthy tabulation it was found that it was 
necessary and sufficient to permit b’ to have the values b + 7, 6 + 14, b + 21, 
b + 28; here g’ = g; also, if b’ = b + 8, where 8 is one of these multiples of 7, 
then a’ = 29’ + DB’. 

Proof for cases II and III, and for (1,1,2,3). The details for case I 
were applicable except in certain vital places, where they failed. An in- 
dependent direct proof, using frequently the device noted in the treatment of 
p= m —1 preceding the statement of Lemma 3, yielded the results tabulated 
below for b’; always a’ = 29’ + 0’. 


(1,1,2,3,7,7,7) b; 6+ 
(1,1,2,3,7,7) 6+7,b—9,b—16; b—7,b+9, 
(1,1,2,3) b and b—9. 


This completes the proof of Lemma 2. Clearly the values of b cluster 
around é. In fact, if a; = 3, 4, 5, 6, or 8, the maximum b is € + (t—1) +4; 
and the minimum 0 is + 1—a;. For, the values of b for p= m—1 are 
within this range; also when £=€ or €+¢ then b=£40(mod7). The 
consecutive integers € + —1) + 4;,: are in number 
2a, +¢t—1. But in Lemma 2 é was an arbitrary integer not divisible by ¢ 
and €=4t—28. Therefore any set of consecutive integers, 2a;-+¢ in 
number, whose smallest integer is greater than 20, can serve as values of b in 
Lemma 2. Define d as the number of consecutive integers in such a set. 
Therefore, if a; = 3, 4, 5, 6, or 8, we have d= 2a,+ ¢. Similarly for case I 
of a; = 7 the maximum and minimum values of 6 are € + (¢—1) + 28 and 
1— 28, so that d= 9t = (t + 2)t; for case II, they are (t—1) +16 
8 
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and €-+ 1— 16, and d= 6t—83; for (1,1, 2,3, 7,7) they are €+(¢—1)+ 9 
and 1— 16, and d=4t-+ 4; for (1,1,2,3) they are 8 and é—8, 
and d= 18. 


Lemma 7. In Lemma 2, any set of d consecutwe integers, each = 21, 
can serve as values of b, if d= 2a; + t when a; = 3, 4, 5, 6, or 8; d=(t+ 2)¢ 
if ds case 1; d=6t—3, case II; d—4t+ 4, case II]; d—18 if 
(1,1,2,3); d=2a;+t, when a; (mod?) and when 
As = = 7, Ay = A; (mod 7). 


The final step leading to the desired integers a, 6, r mentioned preceding 
(3) is to choose € in Lemma 2 so that (3) is satisfied. This-determines the 
integer M mentioned following (4). The method is essentially that given 
by Dickson * in his improved proof of the Fermat theorem on polygonal 
numbers, and used in my papers I and II. Since the proof is long and 
intricate, it is omitted here, except the statement that by the equation 
N=r+b-+ m(a—b)/2 of Lemma 2 the inequalities (3) are transformed 
to involve N and m instead of a. The result is that if 


N = (13d? — 65d + 87) m + 2(13d — 83), 


and if d is defined as in Lemma 7, and if N=r+b-+ m(a—b)/2, then 
there are d positive integers within the limits on b which involve N and m 
instead of a. Since these limits on b imply the limits (3) on b, if € is chosen 
appropriately within these limits then Lemma 2 holds and (3) hold. 

The value for d of case I, a; 7 can be lowered if the function is such 
that there is a coefficient aj #0 (mod 7) and ay < 28. For then the argument 
applied to a;5£0 (mod 7) in the proof of Lemma 2 holds for ay. Hence 
2a, + ¢ can be used as d. Here 2a; < 2)¢ since ay < 4t = 28. 

In section 4 of II necessary and sufficient conditions were found that the 
functions (1,1, 2,3,- - -) represent the integers 0,1, 2,- - -,34m—16. They 
are that w = m — 2, that q@ Swe, +1(5 Sk Sn), and that the function 
be one of the following: 

(1, 1, 2, 3) ; 
(1, 1, 2, 3,- - -), ds = 3, 4,5,6, n= 5; 
(1,1, 2, 3,7,- > -), with ag =8,- - -,13,n 26; also with ag — 7, and 


m= 6 or a; - -, 14; also with ag = 7, a; = 15,- -, 22 sub- 
a ject to the following conditions (i) or (iii); also with a, = 14, 
n=7; 
(1, 1, 2, 3,8,- - -), with n = 5, subject to the following conditions (i) 
or (il); 


® Bulletin of the American Mathematical Society, vol. 33 (1927), p. 715. 
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(i) wx. for everyk 26; 


(ii) d= wx. for at least one k = 6, and for every such k there is a coefti- 


cient ax satisfying a Sa@+7; 


(iii) d= we. for at least one k = 6, and for every such k there is a coeffi- 
cient ax satisfying a, << ak Sa@-+ 14 but ax 7. 


THEOREM 1. Let f satisfy the necessary conditions above. Define 
M = (13d? — 65d + 87)m + 2(13d — 83). Then f is universal except 
perhaps for integers N such that 34m—16<N<M. 


3. The functions (1,1,1,2,---). The fundamental structure of the 
argument is precisely that of paragraph 2. Hence only new or difficult details 
are given. Sufficient conditions that integers x, y, z, w, each = 0, satisfying 
a=2?+y?+ 22+ 2w? and 2w, exist are (3) and 


(9) 4 (5a — b?)  258(5n + (e = 2,3). 
These are the conditions of Dickson, since 3 ==— 2 (mod 5). Here t=—5. 


The conditions which are equivalent to (9) when a= b = 0 (mod 5) are 
those obtained from (6) and (7) by replacing 7 by 5 and using e = 2, 3, and 
AB¥0 (mod 5). A lemma analogous to Lemma 1 holds when ¢ = 5, and 
also one analogous to Lemma 2. If a; = 2, 3, 4, 6, that is, if a; 40 (mod 5), 
the details are precisely similar to those for = 7 and a; 40 (mod 7). The 
same is true if a4; = 5a, (mod 5). If a; = 5 (mod 5), lemmas con- 
cerning the pairs involving 6 + 5, b + 10, b + 15 were proved. These lemmas 
were distinctly different in statement and proof for the cases t = 7 and t = 5. 
The proof was completed as for t = 7, and there emerged the following values 
for d. 


LemMA 8. Let f satisfy conditions (12) of II (necessary conditions). 
Let d=2a;+t if a; =2, 3, 4,6; d=2a,t+t if a, (mod5); 
d=(t+ 2)t tifa; =a, (mod 5) and n > db except d = 27 tf (1,1, 1, 2,5, 5); 
d=14ifn=—4. Let NZE=]3t. Then there are integers a, b, r, each = 0, 
such that N=r+b+m(a—b)/2, a=b (mod2), (9) ts satisfied, and 
fs=rSm—2—t. Any set of d consecutive integers, each = 3t, can serve 


as values of b. 


The value ({+ 2)¢ for d can be lowered if there is a coefficient 
a;5£0 (modt) and a; < 3t. For the argument applied to a; 40 (mod ¢) 
holds for aj. Hence 2a; -+ ¢ can be used as d, and 2a; +t < (t+ 2)t. 


L. W. GRIFFITHS. 
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In section 4 of II necessary and sufficient conditions were found that the 
functions (1,1, 1,2,- --) represent the integers 0,1,- - -,34m—16. They 
are (12) of II. 


THEOREM 2. Let f satisfy (12) of Il. Define 
M = (9d? — 45d + 61)m + 2(9d — 49). 
Thenf represents every positive integer N except perhaps 34m—-16<N< M. 


The results for (1,1,1,2,---) of Theorem 3 of II are improved upon 
in this theorem. 


4. The functions (1,1,2,4,:--). The fundamental structure of the 
argument is that of paragraph 2. Dickson proved that if b is odd or double 
an odd integer, and if (3) hold, then 


(10) + y? + 22? + b=ae+y+ 22+ 4w 


have a solution in integers = 0. The new case in which b is divisible by 4 is 
included in the following theorem proved in section 7: 


THEOREM 3, Let b = a = or 27*A, where i and h are integers 
= 1, while A and B are odd integers. Then (10) have solutions in integers 
= 0 if and only if 8a = b? and one of the following conditions hold: 


15h; 
(11) a=244, 38Sh+2=—1, Ax¥1 (mod 8); 
a=2%4, 45h+351, A¥7 (mod 8); 


a=214, 2<t—h+1, B=+1(mod8), (mod 16); 

(12) a=214, 2<i—h+1, B=+3(mod8), AF 7% (mod 16); 
2—1—h+1, A=+3 (mod 8); 

‘Gen ISA. 


Lemma 1 holds with ¢ = 8. In paragraph 4 of II necessary and sufficient 
conditions were found that the functions (1, 1, 2,4,- - -) represent the 
integers - -, 34m — 16, namely merely that w = m — 2 and that n= 4 
or that a, Sw1++1(5SkSn). A lemma analogous to Lemma 2 holds: 
if as; £0 (mod 4), that is, if a, = 5, 6, 7, 9 the details are similar to those 
for t= 5, 7 and a; 40 (mod f) ; but if a; = 4, 8 the supplementary lemmas 
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concerning the pairs involving 6 + 4, b + 8, b+ 12, 6 + 16 were extremely 
intricate. The proof was then completed as for t= 5, 7 and the values of d 
determined. 


LemMA 9. Let f satisfy w= m— 2, and +1(5SkS2N) or 
n==4, Letd=2a;+ tf d5 =5, 7,9; d = t tf a, =0 Aa, (mod 4); 
d= 5t if a; =8 and another coefficient 1s 8 or 16; d=4t if a;s—=8 and 
another coefficient 1s 12; d=28 if (1,1,2,4,8); d= 5t/2 if and 
another coefficient is 4 or 8; d= (t —1)t/2 if a5 = 4 and another coefficient 
is 12; d= 3¢t tf f is (1,1, 2, 4,4); d= 20 if (1,1,2,4). Let 
Then there are integers a, b, r, each = 0, such that N=r-+b-+m(a—b)/2, 
a=b=1(mod2) or (11) or (12) ts satisfied, and fy, 
Any set of d consecutive integers, each = 2t, can serve as values of b. 


The value for d can be lowered if a;==0 (mod 4) but there exists a 
coefficient ay £0 (mod 4) such that 2a; + ¢ is less than the value stated in 
Lemma 9. 


THEOREM 4. Let f satisfy w= m— 2, and 
or have n= 4. Define M = (15d? — 75d + 100)m + 2(15d—103). Then 
f represents every positive integer except perhaps 34m—16< N < M. 


5. The functions (1,1,1,1,---). Again the fundamental structure of 
the argument is that of paragraph 2. Sufficient conditions that integers 


2, Ww, each = 0, satisfying 22+ 
exist are (3) and 


(13) 4a — b? 4 48 (8n+ 7). 


When a=0= b (mod 2) the conditions, equivalent to (13), suitable to de- 
riving supplementary lemmas for pairs involving 6 + 4, b + 8, are (14) and 
(15), using a = 274A or 27-14, b = 2‘B, with ABS0 (mod 2): 


or h+1; or 
(14) a=2%4, 35h+2=—1, A¥3 (mod 8); or 
a=2%A, 45h+351, (mod 8); 


(15) a=214  1<hSi. 


Lemma 1 holds with t= 4. In paragraph 4 of II the necessary and 
sufficient conditions that the functions (1,1,1,1,- - -) represent the integers 
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0,1,- -,34m—16 were merely that w= 2 and that n=4 or that 
dy S Wea +1(5SkSn). A lemma analogous to Lemma 2 holds. The 
previous treatment of p = m — 1 is invalid here, because, if a is odd or double 
an odd, then a, b satisfy (15), but if a==0 (mod 4), then when 


fail to satisfy (14) or (15) so also do b’ = £—t—2, WwW —2(g4+1) +40’. 
If a; 2, 3, 5 then one of or = {+ a; is satisfactory; similarly if 
ds = 4 Aad, (mod 4); but if a; 4a, (mod 4) then one of ¢, 4, or 
¢ + 8 is satisfactory (in fact ¢ or + a,, if there exists a; 40 (mod 4) such 
that ay < 8), if n > 5, while one of ¢, € + 4, + 10 is satisfactory if n = 5. 
The details for p << m—1 are similar to those for t = 4, 7, 8, if a; = 1, 2, 3,5; 
if a; 4 supplementary lemmas involving b+ 4, b+8 were used. The 
proof was completed then, and the values of d determined. 
If n = 4 the function is known to be universal.® 


10. Let f satisfy a, Suri tl (5SkSn). Letd=—2a,+6 
if ds = 1, 2,3,5; d= 2a, + 6 if as = 4 Aa, (mod 4) ; d = 22 if a; 4 and 
another coefficient is t or 2t; d = dt for (1,1,1,1,4). Lee NZE=Ht. Then 
there are integers a, b, r, each 0, such that N=r+b-+ m(a—b)/2, 
as=b (mod 2), (13) holds, and fg =rSm—2—t. Any set of d con- 
secutive integers, each = t, can serve as values of b. 


The value d= 5t-+ 2, when a; can be lowered if there exists a 
coefficient a; 40 (mod 4) such that ay < 2¢, for then the argument applied 
to d; 0 (mod 4) is valid, and d = 2a, + 6. 


~ 


THEOREM 5. Let f have w=—=m—2, and 


Define M = (Vd? — 35d + 48)m + 2(%7d —35). Then f represents every 
positive integer N except perhaps 34m—16<N< M. 


6. The functions (1,1,2,2,---). The fundamental structure of the 
argument is that of paragraph 2. The method is also that which yielded 
Lemma 7 of II. The results of Lemma 7 of II (in which the upper value 
B+ 5+ 4a,, if a; = 3, 5, 7 should be 8B + 7 + a;) are not as good as the new 
results here obtained, because my limits on 6 in Lemma 6 of II are not as 
good as (3) which Dickson obtained, and because of improved values for d. 


If a; = 3, 4, 5, 7 then for p = m — 1 satisfactory values of b are ¢ or £ + 4s; 


® Dickson, Journal de Mathématiques, ser. 9, vol. 7 (1928), Theorems 11-15. 
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if d; = 2, 6 then ¢, + a; or —¢t—2 are satisfactory. For p< m—1 and 
d; = 3, 4, 5, 7 the details are similar to those for {7 and a; 0 (mod 7) ; 
for d; = 2, 6 supplementary lemmas involving b+ 2,b+4, b+6, b+8, 
b+ 10, b +12 were used. The details were different for a; = 2 and a, = 6, 
but a striking uniformity of values for d emerged. 

The necessary conditions (13) of II should have been stated so that 
(1,1, 2, 2,6) is excluded. 


Lemma 11. Let f satisfy (13) of II excluding (1,1,2,2,6). Let 
d=2a,+t+2 if a,—3, 4, 5, 7; of a5 =2 or 6 and ag >a;+1, le 
d= 2ag +t; if a; =2 or 6 and a4, =a, +1, let d= 2a, +¢+1; if a, —2 
or 6 and ag let d=4a;+ 1; for (1,1,2,2,2) and (1,1, 2, 2,6) let 
d=2(t+2) +4:;; for (1,1, 2,2) leted=25. Let NZE=H2t. Then there 
are integers a, b, r, each &=0, such that N=r+b+ m(a—b)/2, the 
equations a= + y? + 22? + 2w?, b= ax + y+ 22+ have solutions in 
integers each = 0, and fy =rSm—2—t. Any set of d consecutive in- 
tegers, each = 2t, can serve as values of b. 


e values of d can be lowered, if a; = 2 or 6 and dg = as, to 2a, 
The val fd be | 1, if 2 or 6 and , to 2a t+1 
if ay =a; +1 and to 2a,+¢ if a; +1 < ay < 2a;. 


THEOREM 6. Let f satisfy (13) of II excluding (1,1, 2,2,6). Define 
M = (11d? — 55d + 74)m + 2(11d — 65). Then f represents every positive 
integer N except perhaps 34m—16<N< M. 


7%. Solvability of (10). Dickson showed that necessary conditions are 
(16) a = b (mod 2), 
(17) 8a — b? = F? + 2v? + 4W? 
(18) F=4w—2z—y—z, = W=y—vwz. 

The solution of (18) with (10.) give 


(19) 8w—b+F, 8z = b — F + 2v, 8y = b —F— 4W, 
8a = b — F— 2v — 4W. 


Let a and b be even, expressed as in Theorem 3. By examining the 
conditions for equality, we find the inequality 8a — b? ~ 4" (16n + 14) holds 
only in the following cases: 


L. W. GRIFFITHS. 


a=2-14, h+1—i, B=+1(mod8), (mod 16); 
(20) a=27-14, h+1—i, B=+3(mod8), 7 (modl16); 
a=2714, h+141; 


a=24, h+121; 
(21) a=2%4, h+2=—1, A¥1 (mod8); 
a=27%4, h+8S1, A¥7 (mod8). 


Use is made of the known 


Lemma 12. If an even integer is represented by x? + y* + 227, there 
exists a representation with x and y both. even. 


Let a and b satisfy (20) or (21) withi=2. Then 8a— b?=0 (mod 4), 
and in 8a — b? = F? + 2v? + 4W? we have F and v both even. Hence there 
are integers F, and v, such that F = 2F, and v= 2v, and (22) or (23) 
holds, according as a = 27"-1A4 or 27"; 


(22) — — 4 4+ W, 
(23) 4 — 24-2B? + W?, 


Since 1 => 2, the left member of (22) and that of (23) are divisible by 4. 
Hence by Lemma 12 we can take F; and W both even; that is, there exist 
integers F., W, and vz such that PF; = 2F2., W = 2W, and v, = 2v2, and that 
(22) and (23) become respectively 


(25) 924-4B? — + + 


By these values F = 4F,, v = 4v, and W = 2Wz2, (19) become 


96 2w = + 22 = 2*°B— F, + 2v2, 
) 2y = F, — 2vz +- 2W2, 2a = 2*-?B — — 2v, — 2Wz2. 


If i= 3 conditions (26) are equivalent to F, even, but if 1 = 2 they are 
equivalent to F, odd, since B is odd. Now, if i= 3 by Lemma 12 we can take 
F, even in (25); also in (24), if t=3 andh>1. Ift=3 and h—1 in 
(24), then one of F, and W, is odd and the other is even, since A is odd, and 
hence by the symmetry we can take F. even. If 12 in (25), then 
B+ F.-+ W, is even and hence fF, 4 W, (mod 2), and we can take F, odd 
by the symmetry. If i—2 and h>1 in (24) the same argument holds. 
There remains therefore the case i= 2, h =1 in (24); but in (24), as in 


780 

f 

| 


SUMS OF MULTIPLES OF GENERALIZED POLYGONAL NUMBERS. 781 


(22), h and i satisfy (20), and hence in fact (20,) or (202). Here (24) 
becomes A — B? = F,,? + 2v,.? + 

Lemma 13 states necessary and sufficient conditions on a and J, satisfying 
(20:) or with h = 1, that there exist a representation of 


A— = F,? + 2v,? + W,? 
with F, odd. 


Lemma 13. If A and B satisfy B=+1(mod8) and A¥15 (mod 16). 
or B=+3(mod8) and ASF (mod 16), if A ts odd, and if A— B* 1s 
represented by the form a + y? + 2z*, then there exists a representation with 
z odd if and only if A=+ 3 (mod 8). 

First, let B=-+1(mod8). If A=7(mod16) then A—B?=6 
(mod 16). By the proof of Lemma 12, we have (A — B’)/2 = s? + # + 2’, 
and therefore s=t=z=1(mod2), c=y=0(mod2). Similarly, if 
A=1 or 9 (mod 16), we have s=t=z=0 (mod 2), rc=y=0 (mod 2). 
Next let A = 3, 5, 11, or 18 (mod 16). Then if in A — B? = a? + y? + 22? 
in fact x and y are even, we have s=¢ (mod 2). If zs (mod 2), we have 


(A—B)/2—8+P+2, A—B?=(s+z)?+ (s—z)?+2# 


with s+ 2 odd. But if z=s (mod 2) then in fact each of z, s, ¢ is even or 
each is odd. If each is even, then (A — B?)/2 is divisible by 4 and therefore 
A — B? is divisible by 8; but by the hypotheses B= + 1 (mod 8) and A =3, 
5, 11, 13 (mod 16), A—B?340 (mod8). Similarly a contradiction is 
obtained if z= s = t¢t =1 (mod 2). This completes the proof when 
1 (mod 8). 

Next, if B= + 3 (mod 8), it is shown similarly that A =1, 9, 15 (mod 16) 
imply z=y=0 (mod 2). But if A=3, 5, 11, 18 (mod 16), then 
y= 0 (mod 2) imply z=s (mod 2) and 


A— B? = (s+2)?+ (s—z)?+ 2 


with s+ z odd. This completes the proof of Lemma 13. 

Therefore if a and b satisfy (20) with 12 and h —1, there exists a 
representation (17) such that (19) yield integers if and only if A=+3 
(mod 8). 

This proves Theorem 3. 

Since (11) and (12) are merely (20) and (21) with the case 1—2, 
h=1 of (20) modified to include only A= = 3 (mod 8), an alternative 
statement to Theorem 3 is 
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THEOREM 7. Jf a and b are even integers such that 


8a — b? A 4"(16n + 14) 


and that 8a = b* then there exist integers x, y, 2, w satisfying (10) if and only 
if b44 (mod 8), or a=0 (mod 4), or a= + 6 (mod 16). 


Dickson proved that if & is an integer = 0 and if (17) holds, then the 
values xz, y, z, w from, (19) are each > —k if Ta < b? + 2bk + 8k?. The ! 
proof does not depend upon whether 6 is divisible by four or not. 


THEOREM 8. Let k be an integer = 0, and let a and b be integers such 
that a=b (mod 2), 84 = b?, b= 8(1 — k) and Ya < + + 
Then there exist integers x, y, z, w, each > —k, satisfying (10) if and 
only tf b 44 (mod 8), or a=0 (mod 4), or a= + 6 (mod 16), and 
8a — b? ~ 4m(16n + 14). 
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A CUBIC ANALOGUE OF THE CAUCHY-FERMAT THEOREM.' 


By Atvin Sucar. 


Introduction. In this paper we shall obtain an ideal universal Waring 
theorem for the polynomial 


(1) P(r) = m(a*—2)/6 + 2, x integral and = 0, 


where m is an integer = 16, i.e. we shall prove g(P) =m-+3 for m= 16, 
In Part II of this paper we evaluate a constant C, = 10!?m!°, which 
maximizes the constants of papers of Dickson,? Baker * and Webber‘; this 


gives us the following theorem. 


THEOREM 1. For m= 7%, every integer = C, = 10'*m" is a sum of nine 
or ten values of (1) according as the congruence m =6 (mod 9) does not or 
does hold. 


In Part I we develop a powerful ascension theorem and ascension methods, 
and by ascending beyond the constant C,, prove that every positive integer 
= C; is a sum of m + 3 values of P(x) for m = 16. 


Part I. AscENSION METHODS. 
1. Ascension theorems. We shall ascend beyond the constant C'; = 10**m*° 
first for a fixed range and then for an arbitrary range of values of m. 
We write 
F(a) =P(a+1)—P(a) 


and apply a theorem of Dickson’s*® to our polynomial P(z). 


THEOREM 2. Let every integer n,c <<nZq, be a sum of k —1 values 
of P(x), and let a be an integer = 0 for which F(a) << g—c. Then every 
integer N,c< N=g+P(a+1), is a sum of k values of P(x). 


1 Presented to the Society, November 30, 1935. 

2 Transactions of the American Mathematical Society, vol. 36 (1934), pp. 1-12. 

* Doctoral dissertation, Chicago, 1934. 

* Transactions of the American Mathematical Society, vol. 36 (1934), pp. 493-510. 

5 Theorem 9 in the Bulletin of the American Mathematical Society, vol. 39 (1933), 
p. 709. 
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Before going on to our next theorem, we note that in this series of 


theorems, g and ¢ need not be integers. 


THEOREM 3. Let every integer n,c<nZqQ, be a sum of k —1 values 
of P(x), and let y be a real number =0 which satisfies the inequality 
F(y+1)<g—c. Then every integer N, 


(2) cSN5S9+P(y+1), 
is a sum of k values of P(x). 


By way of proof we observe that F([y] + 1) S F(y + 1) and 
P(y+1) < P([y] +2), since F(x) and P(x) are properly monotone in- 
creasing functions for + = 1. 

We are now in a position to introduce an important ascension theorem, 
which will enable us to breach a huge interval in one step. The inequality 


(3) F(3t°/e 4.1) < P(3te +1) 


holds for ¢=1. Let ¢ be a real number = 1 which satisfies the inequality 
F(3t +1) < pm-+q, and let every integer Ny, c< NoSc+ pm-+4gq, bea 
sum of & values of P(x). Then from (2) we have that every integer N’, 
MSc+t pm + q+ P(38t + 1), and hence every integer N,, 
c<N,Sc+ P(8t +1), is a sum of k +1 values. Similarly, since 
F(3t?? + 1) < P(3t +1), by (3) with e—1, then every integer 
+1), isasum of +2. And finally, every integer N2, 


N,Sc+ 4 1), 


isa sum of k-+s. The proof of this last statement is made by an induction 
ons. Since 
(9/2) < P(3t?/** +1), 


we may state the following theorem. 


THEOREM 4. Let every integer n,c<nSc+ pm+gq, be a sum of k 
values of P(x), and let t be a real number =1 which satisfies the inequality 
F(3t+1)< pm+q. Then every integer N, 


c< NS (9/2) 
is a sum of k +s values of P(x). 


2. The first ascension; 146 = m= 1950. There follows a list of values 
of P(z). 
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0,la—=m+2, b=4m+3, c=10m+4, d=2m+5, e—35m+6, 
f=—d6m+%, g=—84m+8, h=1200m+9, i—165m + 10. 


We are also going to list a set of intervals such that an integer lying in 
anyone of these intervals will be a sum of m—8 values of P(x). These 
intervals will overlap for m=16. Therefore m— 8 values will suffice over 
the interval defined by the overlapping intervals. 

We shall reconstruct a portion of the following list. We begin with 
120m + 9. By adding m — 8 to this we obtain 121m +1. It is evident that 
every integer from 120m -+ 9 to and not including 121m +1 is a sum cf 
m— 8 values. Now consider the integer 120m + 16—a-+e-+g. By adding 
m—10 to this we obtain 121m-+ 6. It is evident that every integer from 
120m + 16 to 121m + 6 is a sum of m—8 values, and continuing thus we 
come to the interval (120m + 24, 121m + 11) over which m— 8 values will 
suffice. Since 121m + 11 —h + a, we can begin all over again as we did with 
120m + 9 by adding m — 9 to 121m + 11 and repeating the above procedure. 
By inspection it may be verified that the following set of intervals overlap for 
m = 16. 


(h = 120m + 9,121m +1), (a +e + g = 120m + 16, 121m + 6), 
(2b + 2f 120m + 20, 121m +. 9), (a —120m + 24, 
im+11), (a+ h—121m+11, 122m+2), (2a+e+g—121m-+ 18, 
7), (e+ d+te+f = 121m + 22, 122m + 11), (8c +e+ f 
= 121m + 25, 122m + 18), (2a + h = 122m + 13, 123m +4 3), 
(c + 2f = 122m + 18, 123m + 8), (ate+tdte+tf — 122m 4+ 24, 
123m +12), (a+ 3c+e+ f =122m + 27, 123m + 14), (2a+ c+ 2d + 2¢ 
= 122m + 30, 123m + 16), (1 + 3a + h = 123m + 16, 124m + 4), 
(a+ c+ 2f = 123m + 20, 124m +9), (a+ 2b +c+d+g — 123m + 25, 
124m + 12), (b +h 124m + 12, 125m + 3), 
= 124m + 19, 125m + 8), (4¢ + g = 124m + 24, 125m + 12), 
2 +ce+d+g — 124m + 27, 125m + 13), (b+ c+ 2d + 
= 124m + 29, 125m +16), (2+a+b +h = 125m + 16, 126m + 4), 
(a + 2d + g = 125m + 20, 126m +9), (b+c+d+tet f—125m + 25, 
126m + 13). 


Hence if m= 16, then every integer n, 120m + 8 < n= 126m + 12, 
is a sum of m—8 values of P(x). Applying Theorem 2 we see that 
F(3) =6m+1<6m+4; then values suffice from 120m 8 to 
120m + 8+ 16m-+ 8. Two more applications of this theorem give the result 
that m — 5 values will suffice from 120m + 8 to 120m + 8 + 216m. 
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The next ascent will be made in one step by employing Theorem 4, 
Since t = 19/3 satisfies the inequality /(3t + 1) < 216m, then every integer N, 


120m +8 < NS eym = (9/2) m, 


is a sum of m+ 3 values. It is evident that the inequality 10'*m™ = c,m 
holds for 146= m= 1950. Hence we have by employing Theorem 1 the 
following theorem. 


THEOREM 5. Let m have the range 16S m=1950; then every positive 
integer > 120m + 8 is a sum of m + 3 values of P(x). 


3. The second ascension. Again we construct a set of overlapping intervals. 
This time we begin with an arbitrary value P(A) = Rm + A, and we take 
m—r as the number of values which will suffice over each interval. By 
adding m-—r (where r is a positive integer) to P(A), we obtain the first 
interval 


Rm +A,(R+1)m+A—r), 
( ) 


We take r—= R—A—10. The rest of the intervals can be written at once, 
as follows: 


((R—1+1t)m42R—24 2, (R+t)m+R+t—r), 
t)m+R+it—r, 
(¢==1,---,10). 


We observe that (R—1-+ t)m+ 2R—2-+ 2¢=— (R—1+12)a and that 
for this range of the integer ® (R + ¢)m+ R+t—r—P(A)+ta+10—t 
is a sum of 11 values of P(x). By inspection it is evident that these intervals 
will overlap for m= Q(A) = 3R— 2A —1= 5A)/2—1. We also 
see that r= (A* — 7A) /6 — 10. 


Lemma 1. For m=Q(A), A=5, every integer n, 
km+ASn5 (R+10)m+A 4 20, 
is a sum of m—r values of P(z). 


In the following discussion we shall prove statements (S,) and (82). 
We begin with P(A) and show (S,) that for Q(A) SmSQ(A +1) every 


° As a matter of fact the value assigned to r was obtained by requiring that r be 
the greatest integer for which the inequality (R+t)m+R+t—r2=P(A) +, 
(¢=1,-.--,10) holds. 


il 
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integer > P(A) is a sum of m+ 3 values, provided A= 10. We also show 
(S.) that for m= Q(A), m+ 38 values will suffice from P(A) to P(A +1) 
inclusive, when A= 10. Since Q(A) is an increasing function, then, by (S82) 
and an induction on A, we conclude (S;) that form = Q(A), every integer n, 
P(10) SnS P(A +1), will be a sum of m+ 3 values. Hence from (8) 
and (S;) we have the following theorem. 


THEOREM 6. Hvery integer = P(10) is a sum of m+ 3 values of P(x) 
for m= Q(10) = 474. 

This and Theorem 5 give us the next theorem. 

THEOREM 7. Hvery integer = P(10) is a sum of m+ 3 values of P(x) 
for m = 16. 


There remains yet to be proved, the Statements (S;) and (S2). In 
establishing these statements we make use of a pair of inequalities which are 
derived from the expansion of k*, into the power series 


+ 


Since this series converges for all 2, we have the following inequalities holding 
for a positive x. 
log? k k 
4 5 5 
(4) 
To the results of Lemma 1 we apply Theorems 2 and 4, and we find that 

every integer N, 

(5) P(A) SN S com = (9/2) 


isa sum of m + 3 values of P(x) for m= Q(A). We know that 
= c.m, when Q(A) SmSM = (1072), 
Let y = A*/10; it is then evident that 7 


M > 
for 


(A? 7A) /6 — 10 > A®/10. 


From (4,), we have 


2/3\" y?log?1.5 12 
9 (5) 


7 For the remainder of this discussion we shall take A = 10. 


12/9. 
9 
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Write z= 10*A®; then M > 10*. Employing (4,), we obtain 
107 > > A* > (A® + 3A? — 2A —6)/2 = Q(A +1). 


Therefore M > Q(A + 1), and we have proved (S8;). 
It is evident that 


com > Mm >mQ(A) > P(A +1). 
This result and (5) prove (Sz). 


4. The positive integers < P(10). We shall prove another lemma. 


LeMMA 2. Every positwe integer =c—10m+4 is a sum of m+3 
values of P(x) for m = 4. 


It is evident that every integer < 3m + 6 = 3a is a sum of m + 8 values, 
Adding m + 1 to 3m + 6, we see that every integer << 4m+7—4+5) isa 
sum of m+ 3 values. Adding m—1 to this, we see that every integer 
<im+6—1-+a+ 6 is a sum of m+ 3 values. Repetition of this argu- 
ment gives the following list: 


6m +%=—2a+b, Im+8—6a+m—4, %m+10—14 30+), 
8m +9=—=3+2b, Im+8—=a- 2b, 10m +4—c. 


This completes the proof of the lemma. 
The following set of intervals, which overlap for m = 16, give rise to the 
conclusion that every integer n, 


(6) 
is a sum of m —1 values of P(z). 


(c = 10m + 4, 1lm + 3), (64 + 6 = 10m + 15, 11m + 8), 
(2+a+c¢c—11m + 8,12m 4+ 4), (Ya + = 11m + 17, 12m + 9), 
(1+ 2a +c—12m+4+ 9, 18m + 5), (8a +b —12m + 19, 18m + 10). 


Applying Theorem 2 to (6) four times, we obtain the following result. 


Lemma 3. For m= 16, every integer n, 10m + 3 < nS 21%m + 82, is 
a sum of m + 3 values of P(x). 


This result along with Lemma 2 and Theorem 7 completes the proof of the 
Principal Theorem. 


j 
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PRINCIPAL THEOREM. Every positive integer is a sum of m-+ 3 values 
of m(x* — x) /6 + x for non-negative integers x, where m = 16. 


Part IJ. EVALUATION OF THE CONSTANT. 


The proof of Theorem 2 of Dickson’s and of similar theorems of Baker’s 
and Webber’s* depends upon the existence of an integer C lying in each 
interval of a triple of intervals of the form 


(7) f(m, S S&S F(m, (4 = 1, 2,3) 
where the b; are suitably chosen positive odd integers. For m6 (mod 9), 


(7) takes on the form (8). For m=6 (mod 9), (7) becomes (9). 


(8) 2m+y+ (9/8)mb? S 347°C S (38/72)mb? + m/3 (t—1,2, 3), 
((m, 3) eas 1) 
\ (m* + 81)/6 ((m,3) £1); 


25 
(9) mbit + m +5 (t=1,---,5), 


where y has some value similar in form to those of (8).° 


An inspection will verify that for m = 7, 


(10) bi < (1 = 1, 2,3) 
for all the '° b; of papers A. Replacing b; by 7m in the right hand side of (8), 
we get 

(11) < 520m‘ (1 == 1, 2,3). 


Whence C < 60m*. We also seek a value for 3°” which satisfies @ 


3°n 
(344) 


= 8 


and hence which satisfies 


(12) > (3'C — m) — 432b;4 | gen 


* Op. cit. These papers shall henceforth be referred to as papers A. 

®°f and F originally contained terms of the form 8; divided by a power p = p(n) 
of 3, but for n = v these terms become negligible. 

*° In his paper, Webber did not list the b; corresponding to the case m = 18e + 12, 
ie. m==3a, a even and =1(mod3). They are here supplied by the author: 
b, = 20e + 11, b, = 28e + 17, b, = 40e + 23. 

1 Dickson, op. cit., p. 7, (28). 


9 


(m — 6 — 3D; ) + 192b,;?. 
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For convenience we state the following lemma. 


Lemma 4. For a positive a, the inequality 2? > ax + B is satisfied by 
x > M = max(a, 8B) +1. 


For each of three cases, 8 negative, 8 > a, and B < a, the proof may be 
made by substituting M for z. 

If we write (12) in the form 2? > ax + B—6, where £ is the sum of all 
the positive terms free of 3°", we know that this inequality is satisfied for 
x > max(a, 8) + 1, by Lemma 4. But by (10) and (11) we have 


5,000,000 m* > 384b;3'C/m > max(a, B) + 1. 
Hence we have for m = 1%, 
< 10!2m?? C;. 


A similar argument for (9) produces a smaller constant than Cj. 


THE UNIVERSITY OF CALIFORNIA. 
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ON A PROBLEM OF POLYA. 


By Norman LeEvINson.? 


1, Pélya* has set the following problem: 


If f(z) ws an entire function uniformly bounded at z=0,+1,+2,:°-, 
and if 


id 
(1.0) 0 


then f(z) is a constant. 


Here we shall prove the following theorem which will yield immediately 
a generalization of Pélya’s results. 


THEOREM I. Let g(z) =g(a-+ ty) be an entire function such that 


0.3) 
and 

(1. 2) g(ty) = 
as|y!|—>o. If 

(1. 3) g(4n) = O(1) 


as |n|—> ©, where {zn} is a sequence of complex quantities such that 

for some positive integer a, and 

(1. 5) | 2n — 2m | =8 

for n=4m and for some fixed 8 > 0, then 

(1. 6) g(r) =O(| 


where A depends only on a. 


1 National Research Fellow. 

2 Jahresbericht der Deutschen Mathematischen Vereinigung, Bd. 40 (1931), 2te 
Abteilung, p. 80, problem 105. Solutions have been given by Tschakaloff, by Szegé, and 
by Pélya. Paley and Wiener in “ Fourier transforms in the complex domain,” American 
Mathematical Society Colloquium Publications, vol. 19, pp. 81-83, have also given a 
solution. 
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As a corollary of this theorem we have the extension of Pélya’s result. 
THEOREM II. Let f(z) satisfy condition (1.0) and let 

f(@n) = O(1) 

as |n|— «©, where {zn} is a set of complex quantities such that 

(1.8) | —wocn< w 

for some positive «and B. Then f(z) 1s a constant. 
2. We require several lemmas in proving Theorem I. 


LemMA 1. Let {Zn} satisfy conditions (1.4) and (1.5). We also assume 
1. Tf 


(2. 0) F(z) = (2%) 
then 
(2.1) | F(2)| < Ax(| + 
(2. 2) < 2 | +1)2er lel, 
io 

(2. 3) | F(z)| > for |y| > 2a 
and 

(2. 4) | F’(2n)| > —ocn< o, 


(| | + 
where A,, As, As, and A, depend only on a. 


Since F(—z) satisfies all the requirements we assume with no loss of 
generality that z= 0. We begin by proving (2.1) for |z|=4a. Clearly 


if n| > 2a 
<1 4 
Zn(n —2Z) 
n 
a|z| 


Or if N is defined by N—$|2z| < N + 3, then 


00 z| | 
it Zn | 
00 2 
2a+1 
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where 3” indicates the sum from — oo to oo with the terms n ~ 0 andn=—WN 
omitted. Clearly 


1 = 
| z| © (n—N—F)? 
— 10 log |z| 
Therefore 
Or z 
| zv—z| | sin xz! | 
| F(z)| <2 | 2 [2% 


Ti 
1 | 
Recalling that | z | = 4a and | z, | = 1, we have 


(| 2 | + (2a) 
(| z | — 2a) 


F(z)|<10| z | 


<A | z |?% 


where A depends only on a. This holds for | z| = 4a. If | z| < 4a we can 
extend this result by observing that F(z) being analytic takes its extreme 
value on the boundary. Thus we get (2.1). 

As regards F(z) /(z—2n) we observe that for | z—zn,|=1, (2.2) isa 
consequence of (2.1). For | z—2zn|< 1 we use the fact that F(z) /(z— zn) 
takes its extreme value on | z—2,|—=1. This proves (2. 2). 

The proof of (2.3) is similar to that of (2.1). Here we consider 


n z(Zn — Nn) 
| (Zn — 2) 
Zn 


If <n<|2|—2a or if |z| +2a<n< o, then 


| 
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If we now proceed in a manner similar to that used above and remember that 
| y | > 2a we get 


FG) 


4A; | sin | 


which gives (2.3) immediately. 
In proving (2.4) we observe that 
1 Zn Zn 
Zn k=1 z 


k 


where the prime on the product indicates that the term zero is omitted. If 


n > 3a, 


n — 2a "74-1 —k — 2a\ (n+ k — 2a 
F’(zn)| = 
| F’(2n)| n+a II ( k+a )( k+a ) 


k —n — 2a\ (k 2e 8a+1 


8a 1 (n—2a—1+k)? 


n-2q-1 m—2a)?| & — 2a)? 


If we observe that sin k)|/| approaches as > 0 we get, recalling 


that a is an integer, 


(n — 2a)? | “1 


(n — 2a)? 
ke? 


od (n — 2a)? nee 
i 


02 
n+2a+1 k 1-2a+1 


1 


Thus 


8atl n+2a | (n — 2a)? 


This proves (2.4) for n > 3a. Clearly the same method can be used for 
0 =< nS 3a and since F(—z) is of the same form as F(z) it holds for all 


values of n. 


LemmMa 2. If is an entire function satisfying (1.0) and if p(x) is 
uniformly bounded for real x, then y(z) is a constant. 


That ¥(z) is bounded in each half-plane (upper and lower) follows from 
a well known result of Pragmén and Lindeléf.* Thus y(z) is a constant. 


3. In proving Theorem I we make use of the Pragmén-Lindeléf function, 


® Pélya-Szegi, Aufgaben und Lehrsitze, vol. 1 (1925), p. 147, problem 135. 


| 
| 
| 
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h(@). Since we are dealing exclusively with entire functions of order 1, the 
following definition will suffice for use here, 


(3. 0) h(8) — 


The behaviour of this function is characterized by 
THEOREM * A. If 0, < 0. < 03 and 6, — 6, < m then 
(3.1) h(0,) sin (@; — 62) sin (6. —0,) = h(62) sin (6; — 4). 


Proof of Theorem I. We can assume that | z, | = 1 for if this is not the 


case then it becomes true on discarding a finite number of z,. The new set 


which can again be called {Zn} clearly satisfies (1.4) for some new a. Thus 


We assume that g(z) has an infinite number of zeros (otherwise the 


F(z) = (2—%) ( 


satisfies the requirements of Lemma 1. 


theorem is trivial by an application of the Hadamard factorization theorem). 
If we divide out 8a + 3 of these zeros it is obvious that we obtain a function 
gi(z) such that 

= O(| |n|—> 0. 
Thus by (2. 4) 
gi (2n) F(z) 


Sx (an) (2 — 2n) 


is absolutely convergent. Moreover 


SG: (an) F(z) 
H(z) = 9:(2) —2 


vanishes at all points z =z and by (1.1) and (2.2) we have 


(3. 2) 


roo 


Thus by the Hadamard factorization theorem 
(3. 3) H(z) = F(z)(z) 


where y(z) is an entire function of at most order 1. 


‘Titchmarsh, Theory of Functions, Oxford Press (1932), p. 184. 


& 
9) | 
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By (1.2) and (2.2) it follows that 
H (iy) = O(| y 
By (3.3) and (2.3) it follows therefore that 
(3. 4) ¥(iy) = O(|y |*). 
We shall now investigate separately the various possible forms of y(z). 


Case 1. Let us suppose y(z) is a polynomial. By (3.4) it is of at most 
degree 40a. We recall that 


= (2) F(z) 


By (2.1) and (2.2) with y(z) a polynomial of degree at most 40a it is 
clear that 

=O(| |). 
Therefore 

g(2) O(| 2 |) 


and the theorem is proved for this case. 
Case 2. Let us suppose that y(z) is not a polynomial but that 


log | — 9 


lim 
| 
Clearly (3.4) gives us 
(3. 5) Tim <9, 
| y | 


Thus applying (3.1) to each quadrant we get 


log | 


(3. 6) h(6) =lim 


for all values of 6. 
We can now conclude that y(z) cannot have a finite number of zeros 
because if it did then the Hadamard factorization theorem would give 


= 


where P(z) is a polynomial. By (3.6), ¢c=0 and therefore y(z) is a poly- 
nomial contrary to hypothesis. 

Thus y(z) has an infinite number of zeros and if we divide out 40a of 
these we obtain a function y¥,(z) such that by (3.4). W(iy) =0(1) as 
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Since satisfies (3.6), it follows from Lemma 2 that y, (iz) 
is a constant. But this means ¥(z) is a polynomial which is contrary to our 
assumption. Thus Case 2 is impossible. 


Case 3. Finally we suppose that 


(3.7%) lim 


| x | 


=a > 


With no loss of generality we can assume that (3.7) holds for z > 0 (for 
otherwise we could deal with y(—a)). Thus h(0)=a>0. Using (3.5) 
and applying (3.1) to 0 < 6< $n and — Jnr < 6 < 0, we have 


(3.8) S a cos 8, da. 
If we set 6, = — 0, 6, = 6, and 6, 0 in (3.1) we have 
h(— 6) sin 9+ h(6) sin 0 = a@ sin 26, —4tr<6< dz. 
Or 


h(— 6) + = 24 cos 6. 
Combining this with (3.8) we have 


h(6) cos 8, —4nr<0< 
That is 


(3.9) Tum | 


r— r 


= 2 cos 6, —4r<0< dr. 


(2.3) and (8.2) it follows that « cannot be infinite. Let us take 
6, =tan Then using (2.1), (2.3), and (3.3) we have 
H (re*%) | log | log | 


rox r rox ron 


= 7 sin 6) + Cos 0) = (2? + 


But by (3.2), « must be zero, contrary to hypothesis. Thus Case 3 is im- 
possible. 

These three cases exhaust all possibilities. Only Case 1 is possible and 
this leads immediately to the completion of the theorem.° 

We can now readily prove Theorem II. We observe that there is no 
restriction in assuming that a > 38 in (1.8), for if this is not the case then 
let N be an integer so large that Na > 38. We can then use the sequence 


5 Clearly, condition (1.1) need only hold for 4 close to 4m and — }r, and g(z) 
be known to be of order 1, in order that the above proof of Theorem I go through. 


| 
f 
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{Znv} in place of {zn} and a, = aN in place of « in (1.8) and now we have 
> 


Thus assuming « > we have, if n ~m, 


(3. 10) | Zn — | = | na—ma|— | zn—na|—|2m— maz | 


> p. 


We observe that f(z/a) is uniformly bounded at the points {zn/a}. By (1.8) 


| 
(3. 11) 
And by (3. 10) 
> 
a| 


Thus f(z/a) satisfies the requirements of Theorem I and therefore 


for some A. Or 


=O(\2|A). 


By the Hadamrd factorization theorem, Theorem II is trivial if f(z) has only 
a finite number of zeros. If we assume it has an infinite number we divide 
out A of these zeros and apply Lemma 2, which shows at once that f(z) is an 
algebraic polynomial and therefore cannot have an infinite number of zeros. 
This completes the proof of Theorem II. 
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GEOMETRIE DES SYSTEMES DE CHOSES NORMEES. 


Par V. GLIVENKO. 


I. Introduction. 

1. On sait que, dans plusieurs questions d’Analyse, il est permis de ne 
prendre pas en considération les ensembles de mesure nulle, de sorte qu’il y 
est permis d’identifier les deux ensembles mesurables A et B chaque fois ott 
les points de A n’appartenant pas a B et ceux de B n’appartenant pas a A 
forment un ensemble de mesure nulle. Autrement dit, on peut y remplacer 
les ensembles mesurables par leurs types métriques. 

Les types métriques eux-mémes n’étant pas des ensembles, il est toutefois 
naturel d’établir entre eux des relations propres aux ensembles. Ainsi, on peut 
dire qu’un type a fait partie d’un type b, en signes aC b, si tout ensemble A 
du type a est contenu, a un sous-ensemble de mesure nulle prés, dans tout 
ensemble B du type b. Pareillement, on peut introduire la notion de la partie 
commune ab de deux types a et b, celle de la somme a + b de ces types ete. 

Nous exprimons tout cela en disant que les types métriques, de méme que 
les ensembles eux-mémes, forment un systéme de choses, dont nous allons 


préciser la définition. 


2. Nous appelons systéme de choses un ensemble S d’éléments a, b,c, - - 
lorsque les conditions suivantes sont remplies: 

1°. L’ensemble S contient des couples d’éléments a, b liés entre eux par 
une relation a C 6} telle que: 


aC b et bCa entraine a= et inversement ; 
aC b et 6Ce entraine aCe. 


2°, A tout couple d’éléments a,b de ’ensemble S correspond un élément 
ab de § tel que 


ab Ca, 
ab C b, 


et que, z étant un élément de 8, 


zCa et «Cb entraine Cab. 
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3°. A tout couple d’éléments a,b de ensemble S correspond un élément 
a+b de S tel que 


aCa+bB, 
bCa+d, 


et que, y étant un élément de S, 
aCy et bCy entraine a+bCy. 


4°, L’ensemble S contient un élément 0 tel que, quel que soit l’élément 


z de S, 
0C xz. 


I] est aisé de voir que les propriétés ci-dessus définissent les éléments ab. 
a+ b et 0 d’une maniére univoque. 


3. A tout ensemble mesurable correspond un nombre bien défini, sa 
mesure. De méme, 4 tout type métrique a on peut attacher un nombre bien 
défini | a |, mesure d’un quelconque ensemble de ce type. 

Il y a cependant une différence essentielle entre ces deux cas. II existe 
plusieurs ensembles ayant la mesure nulle, mais il n’y a qu’un seul type a= 0 
tel que | a | = 0; c’est porquoi tout ensemble peut étre augmenté sans changer 
sa mesure, ce qui est impossible pour les types. 

Nous exprimons tout cela en disant que les types métriques forment le 
systéme de choses normées. 


4. Nous disons que S est le systeme de choses normées lorsqu’a toute 
chose a de 8 correspond un nombre non négatif |a|, norme de cette chose, 
possédant les propriétés suivantes : 

aC b et ab entraine < |b]; 
51; 
° 


5. Outre le systéme des types métriques, on connait plusieurs systémes 
de choses normées. En voici quelques exemples. 

1°. Dans la théorie des probabilités, il est quelquefois favorable d’identifier 
les deux événements chaque fois ot la probabilité que lun d’eux se produit 
tandis que l’autre ne se produit pas, est nulle. Autrement dit, il y est favorable 
de remplacer les événements par leurs types stocastiques. 
Les types stocastiques forment un systéme de choses normées si |’on con- 
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vient d’écrire aC 6 chaque fois ot, A étant un événement arbitraite du type 
a et B un événement arbitraire du type b, la probabilité que A se produit 
tandis que B ne se produit pas, est nulle. Ici, |a| est la probabilité d’un 
quelconque événement du type a. 


2°. Dans la logique mathématique, il est quelquefois favorable d’identifier 
les propositions équivalentes. Autrement dit, il y est favorable de remplacer 
les propositions par leurs types logiques. 

Les types logiques forment un systéme de choses normées si l’on convient 
Wécrire aC 6 chaque fois ot, A étant une proposition arbitraire du type a et B 
une proposition arbitraire du type b, la proposition A implique la proposition B. 
Ici, |a| est la valeur logique d’une quelconque proposition du type a, égale 
i un pour les proposition vraies et égale 4 zéro pour les propositions fausses. 


3°. Prenons les domaines bornés aux frontiéres quarrables, et considérons 
ces domaines conjointement avec leurs frontiéres. Les ensembles fermés ainsi 
obtenus et l’ensemble vide forment un systéme de choses normées ot aC 8, 
ab, a +- b et 0 ont le sens usuel sauf le cas ot la partie commune de a et de b 
ne contient aucun domaine: alors, on prend pour ab Vensemble vide. Ici, 
|a| est ’éténdue de a. 


4°, Prenons un anneau d’ensembles finis. Ceux-ci et Vensemble vide 
forment un systéme de choses normées ott a © b, ab, a+b et 0 ont le sens 
usuel. Ici, | a| est le nombre d’éléments de a. 


5°, Les nombres entiers positifs forment un systeme de choses normées 
ot aC 6 signifie que a est un diviseur de b, de sorte que ab est le plus grand 
diviseur commun de a et de b, a + b est le plus petit multiple commun de ces 
nombres, 0 est le nombre 1. Tei, on a | a| = loga. 


6°. Les nombres non négatifs forment un systéme de choses normées ot 
aC 6 signifie que a ne dépasse pas b, de sorte que ab est le plus petit des 
nombres a et b, a-+ 6 est le plus grand de ces nombres, 0 est le nombre 0. 
Ici, on a simplement | a | =a. 


6. Abordons maintenant la question principale dont nous nous occupons. 
On verra que tout systéme de choses normées est un espace métrique. Cela 
résulte du fait qu’on peut y former une expression, a savoir | a + b | — | ab |, 
qui posséde tous les propriétés de la distance de a et de b. 

C’est précisement |’étude de la structure de cet espace qui est le but du 
présent article. Nous définirons un espéce d’espaces métriques que nous ap- 
pelerons espaces presque ordonnés, et nous démontrerons les deux théorémes 


suivants: 
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THEOREME DIRECT. Tout systéme de choses normées est un espace métrique 
presque ordonné ou la distance de a et de b est égale a 


|a+6|—|ab|. 


THEOREME INVERSE. Tout espace métrique presque ordonné est un sys- 
téme de choses normées ow Vexpression 


|a+b|—|ab| 
est égale a la distance de point a et de point b. 


7. Il nous parait que telles considérations, ot les types métriques, par 
exemple, se présentent comme des points d’un espace, sont dignes d’intérét 
puisque les types métriques peuvent étre définis effectivement comme des 
éléments indépendants, en laissant de cdté toute la théorie des ensembles 
mesurables. 

Convenons de désigner, en effet, par A, B,-: - - les sommes finies et bornées 


d’intervalles, et par | A |,| B|,- - - les sommes de ses longueurs; ces sommes 
d’intervalles forment un espace métrique ot la distance de A et de B est 
égale a 


| A+ B|—| AB]. 


L’espace en question n’est pas complet, mais nous pouvons le faire complet 
en y ajoutant des nouveaux éléments a l’aide des suites convergentes, en se 
servant d’un procédé bien connu, de la méme maniére qu’on obtient tous les 
nombres réels 4 partir des nombres rationnels.1 Les éléments de Il’espace 
ainsi complété seront précisement les types métriques. 


8. Il est 4 remarquer, entre autres, que tous les exemples cités plus haut, 
des systémes de choses normées, posscdent une propriété importante. 

On sait que les propriétés 1°-4° du n°2, caractéristiques pour les systémes 
de choses, ont pour conséquence la relation suivante: 


(1) ac+beC (a+ b)e. 


Quant 4 la relation inverse, 


(2) (a+ b)cCac-+ be, 


elle est, au contraire, indépendante des propriétés en question. I] existe, en 
effet, des systémes de choses dans lesquels la relation (2) n’est pas nécessaire- 


Cf. F. Hausdorff, Mengenlehre, 1927, p. 106. 
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ment remplie. L’exemple bien conru d’un tel systéme est celui du systéme 
des corps convexes. Si, a et b étant deux corps convexes quelconques, on 
attribue 4 aC b, a ab et a 0 le sens usuel et si l’on prend pour a + 6 le plus 
petit corps convexe contenant a et b, on voit sans peine que les conditions 
1°-4° du n°2 y seront remplies tandis qu’il n’en sera pas, en général, pour la 
relation (2). 

En d’autres termes, convenons de dire qu’un systéme de choses est dis- 
tributif si, quels que soient a, b,c, on a nécessairement 


ac-+be=(a+D)e. 


Ce-ci est équivalent 4 la couple des relations (1) et (2). 

La propriété importante, mentionnée ci-dessus, des exemples cités plus 
haut, consiste en ce que c’étaient toujours des exemples des systémes dis- 
tributifs. On pourrait croire que c’est inévitable pour les systémes de choses 
normées. Mais on verra dans la suite qu’il existe aussi des systémes des choses 
normées qui ne sont pas distributifs. Cependant, les systémes distributifs de 
choses normées méritent, sans doute, une attention particuliére et nous leur 
consacrérons, dans ce qui suit, une étude détaillée. 


II. Espaces métriques presque ordonnés. 


9. Rappolons qu’un ensemble D est dit espace métrique,’ et que ses élé- 
ments a,b,c,- - - se nomment points, lorsqu’a tout couple d’éléments a, b de 
’ensemble D correspond un nombre non négatif (a,b), distance de point a et 
de point b, possédant les propriétés suivantes: 


(a,b) =0 entraine a= b et inversement ; 
(a, b) (6,4); 
(a,b) < (a,c) + (¢,b). 


Quand on a (a,b) = (a,c) + (c,b), on dit que le point c se trouve 
entre les points a et b. Il est aisé de voir qu’entre les points a et b se trouvent, 
en particulier, a et b eux-mémes. 

Nous disons qu’un espace métrique D est presque ordonné s'il contient 
un point que nous appelerons origine et qui possede les propriétés suivantes. 
Convenons de dire qu’un point a est plus prochain qu’un point b, ou que b est 
plus lointain que a, si a se trouve entre lorigine et b. Alors: 

1°. Quels que soient les deux points a et b, de D, et quel que soit le point c 
se trouvant entre a et b, chaque point plus prochain que a et b est aussi plus 


*11 s’agit des espaces découverts par M. M. Fréchet et qu’il a nommé espaces (D). 
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prochain que c; et, de méme, chaque point plus lointain que a et b est aussi 
plus lointain que c. 

2°. Quels que soient les deux points a et b, de D, parmi les points se 
trouvant entre a et b il existe un qui est le plus prochain et il existe un autre 
qui est le plus lointain. 

Pour avoir un exemple d’espace métrique presque ordonné, prenons un 
ensemble arbitraire de nombres réels, ot (a,b) =|a—b|. Il est aisé de voir 
que le role de l’origine peut étre joué par un nombre quelconque appartenant 
a cet ensemble. 

Pour avoir un exemple d’espace métrique qui n’est pas presque ordonneé, 
prenons un ensemble de nombres complexes, contenant au moins les trois 
nombres qui ne se trouvent pas sur une droite du plan complexe, d’ailleurs 
arbitraire, et ol, comme auparavant, (a,b) =|a—b|. Essayons de prendre 
un certain nombre c de cet ensemble pour l’origine, et considérons deux nombres 
a et b tels que c, a et b ne se trouvent pas tous les trois sur une droite. D’aprés 
la propriété 2° de Vorigine, il y doit exister un nombre d se trouvant entre 
a et b et tel que, pour tout autre nombre z se trouvant entre a et b, on ait 


En particulier, comme entre les nombres a et 6 se trouvent a et b eux-mémes, 
on doit y avoir 
|c—d|+|d—a|=—|c—a| 


et 


Or, il est manifeste que la premiere de ces égalités n’est possible que si c, d 
et a se trouvent sur une droite, de méme, la seconde n’est possible que si c, 4 
et b se trouvent sur une droite. Ce-ci contredit 4 notre supposition que c, 
et b ne se trouvent pas sur une droite. On voit ainsi qu’il n’y a aucun nombre 
possédant les propriétés de l’origine. L’espace n’est pas presque ordonné. 


III. Systemes de choses. 

10. Nous commencons par établir une série de propositions auxiliéres 
concernant les systemes de choses et qui nous seront utiles dans notre théorie. 
La plupart de ces propositions est bien connue dans la Logique mathématique. 
Les autres, méme quand elles ne se rencontrent jamais dans les travaux an- 
térieures, peuvent étre reproduites sans peine. Ainsi, ce chapitre peut étre 
omis par le lecteur familier avec les méthodes de la Logique mathématique. 
Soit donné done un systéme de choses a,b,c,---. Alors, on a 
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(3) ab = ba, 
(4) a+b=—b-+a. 
Ceci est immédiat. 

(5) aa =a, 

(6) ata—a. 


En effet, d’une part, on aaaCa. D’autre part, aC aa, ce qui est une 
conséquence de aCa. En comparant, on obtient (5). Pareillement, on 
établit (6). | 


LemME I. Silona 
aCe e cCd 
on aussi 
abCcd et atbCc+d. 


DéMoNSTRATION. On a abCa et abCb, donc, lorsque les conditions 
du lemme, aC c et b Cd, sont remplies, on a aussi ab Cc et abC d d’ot 
abC cd. Pareillement, on établit quea+bCc+d. 


LEMME II. Silona 
aC b, 


on a aussi, quel que c, 
acC be et a+cCb+e, 


DémoNsSTRATION. Lorsque la condition du lemme, aC b, est remplie, 
ac bc est, en vertu du Lemme J, une conséquence de cC c. II en est de 
méme pour a+cCb-+e. 

On a 
(7) (ac) (be) = (ab), 


(8) (atc) $e. 


En effet, on a, d’une part, (ac) (bc) Cab, ce qui, en vertu du Lemme I, 
est une conséquence de acC a et be © b. De la méme maniére, on démontre 
que (ac)(bc) Cc. Par suite, 


(ac) (bc) (ab)ec. 


D’autre part, on a (ab)c Cac, ce qui est, en vertu du Lemme II, und con- 
10 
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séquence de ab Ca. De la méme maniére, on démontre que (ab)cC be. 
Par suite 


(ab)c C (ac) (bc). 


En comparant, on obtient (7). Pareillement, on établit (8). 


(9) ac+beCe, 
(10) cC (a+c)(b+0). 
En effet, on a acC ¢ et bc Cc, d’ot (9). Pareillement, on établit (10). 
(11) ac+beCa+tbd, 
(12) abC (a+c)(b+¢). 


En effet, on a acCa et be CB, d’ot, en vertu du Lemme I, on obtient 
(11). Pareillement on établit (12). 


(13) ac+beC (a+ b)e, 
(14) ab +cC (a+ c)(b+c). 


En effet, (13) est une conséquence de (9) et (11). Pareillement, (14) 
est une conséquence de (10) et (12). 


(15) ac + be Cab-+e, 
(16) (a+ b)cC (a+c)(b+c). 


En effet, (15) est une conséquence de (9) et decC ab-+c. Pareillement, 
(16) est une conséquence de (a + b)c Cc et de (10). 


III. La relation 
aCb 


est équivalente a chacune des relations 
ab=a et atb=b. 
DEMONSTRATION. On a, d’une part, 
ab C a. 
D’autre part, lorsque aC b, on a, en vertu du Lemme II, 


aC ab. 
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En comparant, on voit que, lorsque a C b, on a 
ab =a. 


Inversement, lorsque ab =a, on obtient aC b en vertu de abC b. Pareille- 
ment, on établit l’équivalence de aC b et dea+b=—b. 

On a, quel que soit a, 
(17) 0a = 0, 


(18) O+ 


En effet, (17) est, en vertu du Lemme III, une conséquence de 0 C a. 


Il en est de méme pour (18). 


(19) a(ab) =ab et a+ab—a, 
(20) b(ab) =ab et b+ab—b, 

(21) a(a+b)—=a et at+(a+b)—a+b, 
(22) b(a+b)—b et b+ (a+b) —a+b. 


Pour s’en convaincre, remarquons que la relation ab C a est une identité ; 
par suite, les relations (19) qui sont, en vertu du Lemme III, équivalentes 
a ab Ca, sont, eux-aussi, des identités. Pereillement, en partant de l’identité 
ab C b on obtient (20); en partant de lidentité aC a+ b, on obtient (21) ; 
en portant de l’identité b C b, on obtient (22). 


LEMME [V. Silona 


aCecCb 
on a aussi 
a=c=b. 


DéMONSTRATION. Si les conditions du lemme, cC b et a=b, sont 


remplies, on a 


ote; 


si, en outre, la condition du lemme 


est aussi remplie, on a, en comparant, 
a=c. 


Pareillement, on établit que c= b. 


). 
it 
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LemME V. Si lona 
ab =a-+), 
On aussi 
a= b, 


DémonstTRATION. On aabCaCa-+ bd etabCbCa- B, donc lorsque 
la condition du lemme, ab = a + b, est remplie, on a, en vertu du Lemme IV, 
ab Ilen résulte immédiatement que a= b. 


Lemme VI. Silona 
eCocCy, 
b, 
aC yCb, 
On aussi 


aC cCb. 


DémonstrRATION. Si les conditions du lemme, xCc et aCz, sont 
remplies, on aaCc. Pareillement, on établit que cC 6b. 

On a 
(23) (ab)c =a(be), 


(24) (a+b) +c—a+(b+¢). 


En effet, on a, d’une part, 
(ab)cCa 


ce qui est une conséquence de (ab)c Cab et ab Ca. D/autre part, on a 
(ab)c C be 

ce qui est, en vertu du Lemme II, une conséquence de ab Ca. Par suite, 
(ab)cC a(be). 

De la méme maniére, on démontre la réciproque, 
a(bc) C (ab)ec. 

En comparant, on obtient (23). Pareillement, on établit (24). 

(25) ab Ca+b. 


En effet, (25) est une conséquence soit de ab Ca et aC a+, soit de 
ab Cb et bCa+bd. 
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LEMME VII. Si le systéme est distributif, on a 
DémonstraTION. La condition de distributivité étant 
(a+ b)c—ac-+ be, 
on en déduit successivement: 
(a+ ¢)(b+c) =a(b +c) +¢(b +c) — (ab + ac) + (cb +-c). 
Il en résulte, en tenant compte de ce que, d’aprés (19), ch -+c—c: 
(a+c)(b +c) —(ab+ac) +. 
De 1a, en vertu de (24), 
(a+c)(b+c) =ab+ (ac+c). 
Il en résulte, en tenant compte de ce que, d’aprés (19), ac-+c=—c: 
(a+c)(b+c) =ab+e. 


C’est ce qu’il fallait démontrer. 
On appelle parfois premiére loi distributive la relation 


ac+be=(a+b)c 


et seconde loi distributive la relation 


ab+c=(a+c)(b+¢). 


Nous venons de démontrer que la premicére loi distributive a pour conséquence 
la seconde; de la méme maniére, on pourrait aussi démontrer la réciproque. 


IV. Systémes de choses normées. 


11. Soit donné maintenant un systéme de choses normées a,b, ¢,: - 
Etablissons un principe général concernant ces systémes, a savoir: 


PRINCIPE GENERAL, Si Von sait que |a|—|b| et queaCb, on peut 
affirmer que a= b. 


En effet, de aC b et ab il résulterait |a| < |b |. 
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12. Ce-ci posé, nous pouvons aborder la démonstration des théorémes 
fondamentaux mentionnés dans |’Introduction. Dans la suite, ce seront les 
Théorémes I et IV. 


THEOREME I. Tout systéme de choses normées est un espace métrique 
presque ordonné ou la distance de a et de b est égale a 


|a+b|—|ab|. 


PREMIERE PARTIE DE DEMONSTRATION. Commengons par démontrer que 
tout systéme de choses normées est un espace métrique ot la distance de a 
et de b est égale a |a-+b|—|ab |, ca veut dire que la distance définie par 
Pégalité 


(a,b) =|a+b|—|abd| 


posséde effectivement toutes les propriétés de la distance de deux points d’un 
espace métrique. 

Etablissons d’abord que (a,b) —0 entraine a =b et inversement. 

Soit (a,b) 0. Ce-ci n’est autre chose que |ab|—|a+6]|. Or, 
daprés (25), on aabCa-+b. En vertu du principe général, on en conclut 
que ab a+b. Donc, d’aprés le Lemme V, on aa=b. Inversement, soit 
a=b. <Autrement dit, considérons la distance (a,a). Elle est égale a 
|a+a|—|aa|. Or, daprés (5) et (6), on aaa=aeta+a—a. Done, 
on a (a,a) =0. 

Etablissons maintenant que 


(a,b) = (b,a). 


(a,b) est égale 4 |a+b|—|ab| et (b,a) est égale 4 |b+a|—| bal. 
Or, d’aprés (3) et (4), on a ab=—ba et a+b—b+a. Done, on a 
(a,b) = (b,a). 


Il nous reste 4 établir que 
(a, b) = (a, c) + (c, b). 


D’aprés (8), on a (a+6) +c—(a+c)+(b+c) et, daprés (16), 
(a+b)cC (a+c)(b+c). Donec, en tenant compte des propriétés de la 
norme, 

(26) +e] + |(a+d)e| 

S|(a+c)+ 


Puis, d’aprés (7), on a (ab)c = (ac) (bc) et, d’aprés (15), ac + bc C ab +c. 
Done, en tenant compte des mémes propriétés de la norme, 
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(27) + —|ab+c| + |(ab)o| 
= |ac+be| + |(ac)(bc)| =| ac| + | be]. 
En comparant les inégalités (26) et (27), on obtient 
bc}. 
Or, ce n’est autre chose que (a,b) = (a,c) + (¢,b). 


13. Avant de terminer la démonstration du Théoréme I, nous démon- 
trerons les deux autres théorémes. 


THEOREME II. Dans Vespace métrique formé par un systéme de choses 
normées, un point c se trouve entre deux points a et b si et seulement silona 


ac+ be=c=(a+c)(b+ 0c). 


DEMONSTRATION. Supposons d’abord que ¢ se trouve entre a et b et 
proposons-nous d’établir la relation 


ac+be—c. 


A cet effet, remarquons qu’on a, d’aprés notre supposition, 


(a, b) =r (a, c) + (¢, b), 


ou bien que 
(28) |a+b|—jab| bc}. 


En vertu de la propriété fondamentale de la norme, on peut remplacer, dans 


(28), |a+b]| par puis |a+c| par |a|+]e¢|—|ac| 


et enfin |b-+c]| par |b|-+]c¢|—|bc|, de sorte que (28) s’ecrira comme 
il suit: 
(29) —|ab|=|c|—|ac|—| bc}. 


Or, d’aprés (7), on a (ac) (be) = (ab)c. Done, en vertu de la méme propriété 
de la norme, 
(30) —|(ab)c| =| ac+be|—|ac|—| 


Puis, on a (ab)c C ab, d’ot |(ab)c | =| ab|. Len résulte d’aprés les égalités 
(29) et (30), que 
(31) |c|S|ac+ be |. 


D’autre part, d’aprés (9), on a ac+ beCe, d’ou 


(32) 
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En comparant les inégalités (31) et (32), on obtient l’égalité 
|ac+bce|=|c|. 


Cette derniére égalité et la relation ac-+ bc Cec fournissent, en vertu du 
principe général, la relation 4 démontrer ac +- bc —c. 

Pareillement, on établit la relation c= (a+ c)(b+c). 

Inversement, supposons qu’on a 


ac + be=c=(a+c)(b+c) 


et proposons-nous d’établir que c se trouve entre a et b, c’est-4 dire que 
(a,b) = (a,c) + (c,b). A cet effet, démontrons d’abord que notre supposi- 
tion entraine les deux relations suivantes: 


(33) ab = (ac) (be), 
(34) a+b—(a+c) +(b+0). 
Quant a la premiére, on a, d’aprés (7), 

(ac) (bc) = (ab)e. 


Puis, d’aprés (12), on a abC (a+c)(b-+ cc), dou, en tenant compte de 
notre supposition, ab Cc. En vertu du Lemme III, ce-ci équivant a 


(ab)c = ab. 


En comparant, on obtient (33). Pareillement, on établit (34). 
Cela posé, on a 


|}a+b|—|ab|—|(a+c) + (bc)|. 
On en déduit, en se servant encore une fois de notre supposition : 


[a+b|—|ab|—|(a+c) + (b+¢)| 
+ |(a +c) (b+ ¢)|—| ae + be | —|(ac) (bc)|. 


Ce-ci fournit, en vertu de la propriété fondamentale de la norme: 


ou, ce qui revient au méme, 


ja +b|—|ab|—|a+c|—|ac|+ |b+c|—|bc|. 


= 
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Or, cest précisemment Végalité (a,b) = (a,c) + (c,b), ce qui termine la 
démonstration de notre théoréme. 


THEOREME III. Lorsque, dans Vespace métrique formé par un systéme 
de choses normées, on prend 0 pour Vorigine, un point a est plus prochain qu’un 
point b si et seulement si Von a 


aC b. 


DEéMonstRATION. “a est plus prochain que 6” n’est autre chose que 
“a se trouve entre l’origine et 6.” En vertu du Théoréme II, ce-ci équivant 
a la couple des relation que voici: 


(35) 0a + ba =a, 


(36) a=(0+a)(b+<a). 


Or, d’aprés (17), on a 0a = 0 et, d’aprés (18), 0 + ba = ba, de sorte que (35) 
peut s’écrire ba =a. En vertu du Lemme III, ceci équivaut a aC b. Quant 
a (36), elle ne fournit aucune restriction, car ce n’est qu’une identité. Pour 
s’en convaincre, remarquons que, d’aprés (18), on a 0 +-a=—<a de sorte que 
(36) peut s’écrirea—a(b-+a). Or, en vertu du Lemme III, ce-ci équivant 
aaCb-+a, ce qui est une identité. Ainsi, la couple des relations (35) 2% 
(36) équivaut, elle-aussi, a aC b. 


14. Nous pouvons maintenant terminer la démonstration du Théoréme I 
en établissant que tout systeme de choses normées est un espace métrique 
presque ordonné. 


SECONDE PARTIE DE LA DEMONSTRATION DU THEOREME I. Dans l’espace 
métrique formé par un systéme de choses normées, prenons 0 pour lorigine et 
démontrons que les deux axiomes caractérisant l’espace métrique presque 
ordonné seront vrais pour cet espace. 

1°. Quels que soient les deux points a et b et quel que soit le point c 
se trouvant entre a et b, chaque point plus prochain que a et 6 est aussi plus 
prochain que c et chaque point plus lointain que a et 6 est aussi plus lointain 
que c. 

En effet, soit x un point plus prochain que a et b, c’est-a dire, d’aprés le 


Théoréme III, quex CaetaCb. Alors, xCa+cetrCb+e, d’ou 
(a+c)(b+c). 
Lorsque c se trouve entre a et b et, par suite, 


(a+c)(b+¢) 
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on en conclut que x C ¢, c’est-a-dire que x est plus prochain que c. De méme, 
soit y un point plus lointain que a et b, c’est-a-dire, d’aprés le Théoréme III, 
queaC yetbCy. Alors, acC y et be C y, dou 


ac+beCy. 
Lorsque c se trouve entre a et b et, par suite, 
c=ac-+ be, 


on en conclut que c C y, c’est-a-dire que y est plus lointain que c. 

2°. Quels que soient les deux points a et b, il existe parmi les points que 
se trouvent entre a et b un point qui est le plus prochain et il en existe un 
autre qui est le plus lointain. 

En effet, ces points sont ab (le plus prochain) et a + b (le plus lointain). 

Premiérement, ils se trouvent effectivement entre a et b. Pour s’en con- 
vaincre, remarquons que, d’une part, d’aprés (19) et (20), ona 


a(ab) = ab, 
b(ab) —ab, 
a=a--ab, 

=b-+ ab, 


d’ot l’on déduit tout de suite, en se servant de la formule (6) a+ a4—a, que 


a(ab) + 6(ab) =ab = (a+ ab)(b+ ab). 


Ceci nous montre que ab se trouve entre a et b. D’autre part, d’aprés (21) 
et (22), on a 
a(a+ b) —a, 
b(a+b) =), 
a+b—a+ (a+b), 
a+b—b+ (a+b), 


d’ot l’on déduit tout de suite, en se servant de la formule (5) a—aa, que 


a(a+b) + b(a+b) =a+b= (a+ (a+ (b+ (a+5)). 


Ceci nous montre que a+ b se trouve, lui-aussi, entre a et bD. 
Deuxiémement, si un point c se trouve entre a et b, ab est plus prochain 

que c et a+ b est plus lointain que c. Autrement dit, en tenant compte du 

Théoréme III, 

abC cC a+b. 


| 
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Pour s’en convaincre, remarquons que, d’aprés (13) et (14), on a 
(37) actbeC (a+ b)eCcCab+ceC (a+c)(b+ec). 
Or, lorsque c se trouve entre a et b, on a 
ac+be=c=(a+c)(b+c). 


Il en résulte, en vertu du Lemme IV, que les relations (37) prennent la forme: 


(38) ac+ 
Mais la trosiéme et 4 la deuxiéme des relations (38) : 


c=ab+e, 
(a+ b)c=c 


sont en vertu du Lemme III équivalentes 4 ce que nous avons 4 démontrer : 
abC cCat+b. 
Le Théoréme I est ainsi complétement établi. 
15. Abordons la démonstration du théoréme inverse. 


THEOREME IV. Tout espace métrique presque ordonné est un systéme 
de choses normées ou lV’ expression 


|a+b|—|abd| 


est égale a la distance du point a et du point b. 


PREMIERE PARTIE DE LA DEMONSTRATION. Ecrivons, par définition, a C l 
si le point a est plus prochain que le point b, prenons pour ab le plus prochain 
des points se trouvant entre a et 6, pour a + b le plus lointain de ces points et 
a| = (0,4). 

Démontrons que tous les axiomes caractérisant les systemes de choses y 


pour 0 Vorigine de l’espace, et posons, enfin, 


seront remplis. 
1°. La relation aC b posséde les propriétés suivantes : 
aC b et bCa entraine a=b et inversement: 
aC b et 6Cc entraine aCe. 
Démontrons la premiére de ces propriétés. Les relations aC b et bCa 


ne sont autres choses que 


(0, a) + (a, b) ee (0, 6), 
(0, b) + (6, a) ies (0, a). 
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En additionnant ces égalités et en remarquant qu’on a (a,b) = (6,a), on 
obtient (a,b) c’est-d-dire que Inversement, si on a 
(a,b) = (b,a) et (0,a) = (0,0), de sorte que 


(0, a) (a, b) (0,6), 
(0, 6) + (6, a) = (0, a), 


c’est-a dire que aC b et bC a. 
Démontrons la deuxiéme propriété. Les relations aC b, bC et aCe 


sont équivalentes respectivement aux inégalités: 


(0,a) + (4,6) = (0,5), 
(0,6) + (6,c) (0,¢), 
(0,4) + (a,c) S (0,¢). 


Admettant les deux premiéres inégalités, on en déduit la derniére, car 
(0, a) + (a, c) = (0, a) + (a, 6) + (6, Cc) = (0, 5) + (6, c) = (0,c), 
2°. Le point ab posséde les propriétés suivantes: 


ab Ca, 
ab C b, 
zCa et «Cb entraine zC ab. 


La derniére de ces propriétés est évidente, puisque le point ab est, par 
définition, un des points se trouvant entre a et b. Or, dans l’espace métrique 
presque ordonné, chaque point z qui est plus prochain que a et b est aussi plus 
prochain que tout point se trouvant entre a et b. En particulier, z est plus 
prochain que ab. 

Pour démontrer les deux premiéres propriétés, rappelons que a se trouve 
toujours entre a et b et que b se trouve aussi entre a et b. Or, ab est, par 
définition, le point qui est plus prochain que tout autre point se trouvant entre 
aet b. En particulier, ab est plus prochain que les points a et b eux-mémes. 

3°. Le point a + Bb. posséde les propriétés suivantes: 


aCa+6, 
bCa+obd, 
aC y et entraine a+bCy. 


La démonstration est tout-d-fait analogue 4 la précédente. 
4°. Le point 0 posséde la propriété que, quel que soit le point z, on a 


0C z. 
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En effet, cette propriété n’est autre chose que l’égalité évidente: 


(0, 0) + (0, z) os (0, z). 


16. Il nous reste 4 démontrer qu’avec nos conventions tous les axiomes 
caractérisant la norme sont remplis et qu’on a, de plus, 


(a,b) =|a+b6|—|ab|. 


SECONDE PARTIE DE LA DEMONSTRATION DU THEOREME IV. Le fait que 
aC b eta} entraine | a| < | b |, est la conséquence immédiate du fait que 


(0, a) + (a, b) = (0, b) 

et (a,b) > 0 entraine 
(0,a) < (0,b). 
Démontrons maintenant que 
|ab|—|a|+ |b]. 

A cet effet, exprimons | ab | 4 aide de | a|, de | b| et de (a,b). OnaabCa 
et ab C c’est-d-dire que 

(0, ab) + (ab, a) =a (0, a), 

(0, ab) + (ab, b) (0,5). 


En additionnant, on obtient 
2(0,ab) + (ab, a) + (ab, b) = (0,a) + (0,5). 
Or, ab se trouve entre a et b, donc 


(ab,a) + (ab, b) = (a,b). 


Par suite, 


2(0, ab) (a, b) (0, a) (0, 


ou, ce qui revient au méme, 


Pareillement, on établit que 


(40) 


+ |b] + (ab) 


Remarquons en passant que ce sont les généralisations des expressions 
connues pour le plus petit des nombres a et b, 


2 
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et pour le plus grand de ces nombres, 


En additionnant les égalités (39) et (40), on obtient ce que nous avions 


4 démontrer, 4 savoir |a+b|+ |ab|—|a|+| 
Enfin, le fait que |0|—0O est la conséquence immédiate de ce que 
(0,0) = 0. 


Quant a l’égalité 
(a,b) =|a+b6|—|ab|, 


elle est, elle-aussi, une conséquence de (39) et de (40). 
Le Théoréme IV est ainsi complétement établi. 


V. Espaces transitifs. 


17. Ayant en vue l’étude particuliére des systémes distributifs de choses 
normées, nous allons introduire une définition nouvelle. I] existe un espéce 
d’espaces métriques presque ordonnés qui jouent dans la théorie des systémes 
distributifs le méme rodle que les espaces métriques presque ordonnés quel- 
conques jouent dans la théorie des systémes arbitraires de choses normées. 
Ce sont les espaces métriques presque ordonnés D que nous appelerons transi- 
tifs et qui possédent, par définition, la propriété suivante: 


T. Si un point c, de D, se trouve entre x et y et st tous les deux points 
x et y se trouvent entre a et b, le point c se trouve, lw-aussi, entre a et b. 


Pour avoir un exemple d’espace métrique presque ordonné transitif, il 
suffit de rappeler l’exemple déja cité d’un ensemble arbitraire de nombres réels, 
Pour avoir un exemple d’espace métrique presque ordonné qui n’est pas 
transitif, prenons l’espace formé de cing points abstraits 0, a, b, c et d, ot la 


distance (xz, y) est définie par le Tableau I. 


(x,y) 


| 
| 
| 
| 
I. 
NN] a b Cc d 
0 1 1 2 
a 1 0 2 2 1 
Cc 1 2 2 0 1 
2 
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Ici, on a 
(0, c) + (c, d) = (0, d), 
(a, 0) + (0, 6) oara (4, 6), 
(a, d) + (d, b) mas (a, b), 


de sorte que c se trouve entre 0 et d, que 0 se trouve entre a et b et que d se 
trouve entre a et b. Cependant, on a 


(a,c) + (¢,b) A (a, 6), 


de sorte que ¢ ne se trouve pas entre a et b. 

Le fait que cet espace est métrique peut étre prouvé par une simple com- 
paraison des distances du Tableau I. Le fait que cet espace est, de plus, 
presque ordonné s’éclaircira de lui-méme dans le Chapitre VII. 


VI. Systémes distributifs. 


18. Dans ce qui suit, chaque fois que l’on considérera un espace métrique 
presque ordonné, les notations du Chapitre IV seront employées, c’est a dire 
que nous écrirons a C 6 pour exprimer que le point a est plus prochain que 
le point b, et nous désignerons par ab le plus prochain des points se trouvant 
entre a et b par a+ 6b le plus lointain de ces points, par 0 l’origine de l’espace 
et par | a| la distance (0,a). Cette convention faite, nous aurons un théoréme 
qui nous sera utile dans tout ce qui suit. 


THEOREME V. La condition nécessaire et suffisante pour qu’un espace 
métrique presque ordonné D soit transitif est qu il posséde la propriété suivante: 
T bis. Un point c, de D, se trouve entre deux points a et b si et seulement 
ston a 
ab 


DEMONSTRATION. F>~arquons d’abord que la condition T bis peut 


‘ 


s’exprimer plus simp’ y omettant les mots “et seulement si.” En 


effet, nous savons deja que, ivrsque c se trouve entre a et b, on a nécessairement 
abCcCa+bd. 

Supposons maintenant que l’espace en question est transitif, c’est-d-dire 
que la condition T est remplie, et soit aC cC a+b. Nous allons voir que c 
se trouve alors entre ab eta-+b. En effet, on a 


(ab,a +b) =|(a+ 56) + ab|—|(a+))(abd)|, 
(ab,c) =| c+ ab | —| c(ab)|, 
(c.a+b)=|(a+6) +c|—|(a+ bd)c|. 
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Mais on a, d’aprés (25), ab Ca- J, et, d’aprés notre supposition, ab C c et 
eCa-+b. En vertu du Lemme III, on en conclut que 


(a+b)+ab=—a+b6 et (a+5)(ab) —ab, 
c+ab=—c et c(ab) =ab, 
(a+b)+c—a+b et (a+ b)c—c. 
Par suite, on a 
(ab,a+b) =|a+b|—|ab|, 
(ab,c) =|c|—| ab |, 


d’ou l’on tire ce qu’il fallait déduire: 
(ab, a +b)= (ab, c) + (c,a +- b). 


Mais ab et a+ 5b se trouvent entre a et b. Par suite, d’aprés T, le point c se 
trouve, lui-aussi, entre a et b. On voit ainsi que, si ’on a abC cCa-+b, 
le point c se trouve entre a et b, ca veut dire que, d’aprés la remarque ci-dessus, 
la condition T bis est remplie. 

Inversement, supposons que la condition T bis soit remplie, que c se 
trouve entre z et y et que z et y se trouvent entre a et 6. Alors, nous savons 
qu’on a 

ayCcCr+y, 
ab C xCa+bd, 
abCyCa+bd. 


Ceci peut s’écrire aussi, en vertu du Lemme I et d’aprés les formules (5) 
aa=aet (6) a+a—a, 

Ca+y, 

abC ay Ca+b, 

abCar+yCa+bd. 


On en déduit, en vertu du Lemme VI, 
abC 


Par suite, d’aprés T bis, c se trouve entre a et b. On voit ainsi que, si le point 
c se trouve entre xz et y, et que x et y se trouvent entre a et b, le point c se 
trouve, lui-aussi, entre a et b. C’est la condition T, ca veut dire que |’espace 
est transitif. 

Cela posé, on peut donner une propriété caractéristique des systémes 
distributifs. 
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THEOREME VI. La condition nécessaire et suffisante pour qu'un systéme 
de choses normées soit distributif est que Vespace métrique presque ordonné 


formé par ce systéme soit transitif. 


DEMONSTRATION. Supposons d’abord que le systéme en question soit dis- 


tributif. Soit, dans espace formé par ce systéme, 
abCcCa+b. 


Alors, en vertu du Lemme III, on a 


(a+ b)e=c—ab+e. 


Or, le systeme étant supposé distributif et en tenant compte du Lemme VII, 
on a 
(a+ =ac + be, 
ab+c=(a+c)(b+c). 


Done, on a 


ac+ be=c=(a+c)(b+ Cc). 


Ceci nous montre que ¢ se trouve entre a et b. 

Ainsi, on voit que, si ’on a ab cC a+b), le point ¢ se trouve entre 
aet b. La réciproque étant toujours vraie, le théoréme V nous apprend que 
Vespace en question est transitif. 

Inversement, supposons que, dans un espace métrique presque ordonné, 


la condition de distributivité, 
ac+be=(a+b))e, 


nest pas remplie pour au moins trois points a, b, c et démontrons qu’il existe 
alors un point « tel que abC «Ca++ b et qui cependant ne se trouve pas 
entre a et b. En vertu du Théoréme V, cela suffira pour affirmer que l’espace 
n’est pas transitif. 
Ainsi, soit 
ac + be (at bide. 
On sait toutefois, d’aprés (13), que 


ac+beC (a+ 


Tout espace métrique presque ordonné étant un systéme de choses normées, 
il en résulte que 

! ! 

lac+be| < |(a+b)c|. 
11 
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Or, en vertu de la propriété fondamentale de la norme et d’aprés la formule 
(7) (ac) (bc) = (ab)c, Vexpression |ac-+be| peut étre remplacée par 
|ac| + | be|—|(ab)c|, dou 


+ |be| < |(a+6)c| + |(ab)c|. 


Comme on a acCa et aCa+b, puis beCb ect bCa+b, et, enfin, 
(ab)cC ab et abC a+b, (la derniére des ces relations étant la formule 
(25)), on a aussi ac a+b, be C a+b et (ab)cC a+b. Autrement dit, 
en tenant compte du Lemme III, on a ac = (a+ b) (ac), be = (a+ b) (bc) 
et (ab)c = (a+ b)(ab)c. Donec, ona 


|(a + b) (ac)| + |(a+ b)(bc)| < (ab)¢ 
D’aprés les formules (3) ab = ba et (23) (ab)c=a/(bc), ceci peut s’écrire 
encore comme il suit: 

\((a+ b)c)a| + |((a+b)e)b | <|(a+b)c| +|((a-+b)c) (ab)|. 


En vertu de la propriété fondamentale de la norme, les expressions 
\((a+ b)c)a|, |((a+b)c)b | et |((a+b)c)(ab)| peuvent étre remplacées 
respectivement par 

\(a+ b)e| + 

\(a+b)c| + 


Done, on a 
<|ab|—|(a+b)c+ab|. 
Comme on a, d’une part, ab CaetaC (a+ b)c +a et, d’autre part, ab Cb 
etbC (a+ b)ce+), on a aussi 

abC (a+ b)ce+a, 

abC (a+b)c+b. 


Autrement dit, en tenant compte du Lemme III, 


(a+b)c+a=((a+b)c+a) + ab, 
(a+ b)c+b—((a+b)c+5) + ab. 


Done, on a 


|a|—|((a+b)c+a) +ab|+|d| 
—|((a+b)c+b) +ab| <|ab|—|(a+b)c+ ab]. 


= 


le 
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D’aprés les formules (4) a+b aet (24) (a+ 6) +c=—a+ (b+ 0c), 
ceci peut s’écrire encore comme il suit: 
|a|—|((a+b)c+ab) +a|+ | 
—|((a+b)e+ab)+b| <|ab|—|(a+b)c+ab|, 


ou, ce qui revient au méme, 


la} + |b|—2|ab| <2|((a+b)c+ab) 

+2|((a+ b)c+ab) 
En s’appuyant encore une fois sur la propriété fondamentale de la norme, 
on en obtient : 


|a+b|—|ab| < |((a+b)c+ab) 
+ |((a+b)c+ab) 


Ceci n’est autre chose que 
(a,b) < (a, (a+ b)e+ab) + ((a+ b)c + ab, b). 


On voit done que, si l’on pose 
| 


x=(a+b)c+ab, 


on aura 


(a,b) < (a,x) + (a,b), 


c’est-a-dire que x ne se trouve pas entre a et b. 
Cependant, en s’appuyant sur la relation (25) ab Ca-+ b, on verra tout 
de suite que 
abCaCat+b. 


VII. Exemple de systéme non distributif de choses normées. 


19. Pour avoir un exemple de systeme non distributif de choses normées, 
prenons le systéme des choses abstraites 0, a, b, c, d, oll, par définition, toutes 


ces cing choses sont différentes et ot l’on a 


Définissons ensuite ay et a + y par les Tableaux II et ITI. 
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II ry r+y 
N 0 a b d b ( d 


Posons aussi 
|a|—1, |b|—1, |c|—1, |d|—2. 


Il est aisé de prouver que ce systéme-ci est effectivement un systéme de 
choses. Six Cy et ey, on a nécessairement | «|< |y|, car ona 


jal<|d|, |b] Jel <|al. 


La propriété fondamentale de la norme 


se démontre par un simple calcul dont les résultats sont exposés dans le 
Tableau IV. 
| 
IV 


Y| 0 a b C d 
0 | 0 1 1 1 2 
a 1 2 2 2 3 
1 2 2 2 
Cc 1 2 2 2 3 
dji2 3 3 3 4. 


Enfin, nous avons déja vu que, par la définition méme, | 0 | 0. Le systéme 
en question est donc un systéme de choses normées. 
Ce systéme n’est pas distributif, car on a 


(a+ b)c—=dce—c, 
tandis que 
ac+be~—0+0—0. 
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En considérant ce systeme comme espace métrique, on obtient l’espace que 
nous avons (défini, par le Tableau I, dans le Chapitre V. (Hn vertu du 
Théoreme I, celui-ci est presque ordonné. ) 

On peut indiquer une interprétation élégante du systéme en question. 
A cet effet, prenons pour 0 ensemble vide, pour a, b et ¢ trois points d’une 
droite, et pour d la droite méme. Attribuons a «C y et a zy le sens usuel, 
et prenons pour z+ y la plus petite des cinq choses nommées embrassant a 


la fois x et y. Pour | #], nous prenons le nombre de dimensions de a aug- 
menté de 1. 
Un exemple analogue nous fournirait le systeme de tous les sous-espaces 


linéaires d’un espace projectif donné. 


VIII. Espaces métriques presque ordonnés qui sont simplement ordonnés. 


20. En introduisant le nom de espace métrique presque ordonné nous 
avions en vue, bien entendu, la notion d’ordre a b dont expression précise 
se compose de deux affirmations, savoir aC b eta b. Il n’est pas dépourvu 
@intérét de se demander quand l’espace métrique presque ordonné est un 
espace simplement ordonné avec la méme notion d’ordre. Autrement dit, 
quand Vespace en question est tel que, quels que soient ses points a et b, il 
existe nécessairement entre eux l’une des trois relations a b, ou a=b, 
ou bien, ce qui revient au méme, l’une des deux relations aC b ou b Ca. La 


réponse nous est donné dans le théoréme: 


THtoREME VII. La condition nécessaire et suffisante pour qu'un espace 
métrique presque ordonné D soit simplement ordonné est qwil posséde la pro- 
priété suwante: 

O. Un point c, de D, se trouve entre deux points a et b si et seulement 
si on a, ou bien 

ou bien 


DEMONSTRATION. Rappelons que si, dans un espace métrique presque 
ordonné, on a a C 6b, on a aussi, en vertu du Lemme ITI, ab =a eta+b—=—b. 

Supposons maintenant que l’espace en question est ordonné et soit, pour 
fixer les idées, aC b (ce qui correspond a la premiére des éventualités de la 
condition 0). Soit ¢ un point se trouvant entre a et b. Alors 


ab cCat+b, 


de 
le 
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et par suite, d’aprés la remarque précédente 


Pareillement, on démontre que si lon a bCa, on a aussi 6C cCa., 


Inversement, soit, pour tout point ¢ se trouvant entre a et D, 
aCcCb. 
Alors, les points a et b se trouvant eux-mémes entre a et b, on a, en particulier, 


Pareillement, on démontre que si l’on a b Cc Ca, on a aussi bC a. On voit 
done que la condition O y est remplie, c’est-a-dire que l’espace est ordonné. 
Terminons par une remarque concernant les espaces transitifs. 


THEOREME VIII. Tout espace métrique presque ordonné qui est simple- 


ment ordonné, est nécessairement transitif. 


DEMONSTRATION. Supposons que, dans l’espace en question, un point ¢ 
se trouve entre x et y et que x et y se trouvent entre a et b. Alors, en vertu 


du Théoréme VII, on aura, par exemple, 


zC cCy, 
al x b, 
aC yCb. 


On en conclut, en vertu du Lemme VI, qu’on aura aussi 
eX 8, 


Par suite, en vertu du Théoréme VII, ¢ se trouvera, lui-aussi, entre a et b. 
Ainsi, on voit que si le point ¢ se trouve entre a et y et si x et y se trouvent 
entre a et b, le point c se trouve, lui-aussi, entre a et b. C’est la condition T, 
c’est-a-dire que l’espace est transitif. 


T 


tu 


GEOMETRIE DES SYSTEMES DE CHOSES NORMEES. 


APPENDICE. 


Sur les diverses définitions des systémes de choses. 

Plusieurs travaux ont déja été consacrés a l’étude des systémes de choses. 
Outre un Mémoire de R. Dedekind,’ on peut citer les recherches récentes de 
MM. K. Menger,* Fritz Klein,’ Garrett Birkhoff * et O. Ore.? C’est M. Menger 
qui a proposé le nom System von Dingen. M. Klein V’appelle Verband, M. 
Birkhoff préfére le nom Lattice, M. Ore le nom Structure. 

Au fond, il s’agit toujours de la méme chose 4 quelques détails prés. 
Il est a noter seulement que la forme de la définition du systéme de choses 
que j’ai adoptée dans le présent article différe de celle qui a été adoptée par 
tous les auteurs cités sauf M. Ore.* Tandis que, pour moi et pour M. Ore, 
le point de départ est la relation a C b, les autres commencent par les opéra- 
tions ab et a+b. Dans ce dernier cas, on construit le systeme d’axiomes pour 
le systeéme de choses comme il suit: 

1*, \ tout couple de choses a, b correspond une chose déterminée ab 
telle que 

(ab)e=a(bc), ab=ba, aa=—a. 


2*. A tout couple de choses a, b correspond une chose déterminée a +- b 


telle que 


(a+b)+e=a+(b+c), a+b=—b+a, a+a—a. 


3*, ab =a entraine a+ b —b, et inversement. 


*“ Uber die von drei Moduln erzeugte Dualgruppe,” Mathematische Annalen, vol. 
53 (1900), pp. 371-403. 

4“ Axiomatik der endlichen Mengen und der elementargeometrischen Verkniipfungs- 
beziehungen,” Jahr. d. Deutsch. Math.-Ver., vol. 37 (1928), pp. 309-325. 

5“ Zur Theorie der abstrakten Verkniipfungen,” Mathematische Annalen, vol. 105 
(1931), pp. 308-323. 

*“ On the combination of subalgebras” et “ Applications of lattice algebra,” Pro- 
ceedings of the Cambridge Philosophical Society, vol. 23 (1933), pp. 441-464, resp. vol. 
30 (1934), pp. 115-122. 

7 On the foundation of abstract algebra,” I, Annals of Mathematics, vol. 36 (1935), 
pp. 406-437. 

8Dans un article récent, “New foundations of projective and affine geometry,” 
Annals of Mathematics, vol. 37 (1936), pp. 456-482, qui a parfi aprés la rédaction de 
mon mémoire, K. Menger est parti du méme point de vue que moi. Ses méthodes 
different et certains de ses résultats se dirigent dans une direction différente des miens. 
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Puis, on introduit la relation aC 0b en la définissant comme équivalente 
4 celle qui figure dans le dernier de ces axiomes, c’est-a-dire 4 ab =a ou a 
at+tb=b. 

On y ajoute parfois l’axiome: 

4*, J] existe une chose 0 telle qu’on a toujours 


2; 
et parfois aussi l’axiome: 
5*, Il] existe une chose 1 telle qu’on a toujours 


zCl. 


Il n’y a aucune difficulté a établir l’équivalence des axiomes 1*, 2*, 3%, 
et des axiomes 1°, 2°, 3° du n°2 du présent article. 

Les systémes satisfaisant aux axiomes 1*, 2*,3* méritent le nom des 
systemes de choses dans le sens le plus large. En y ajoutant l’axiome 4*, on 
obtient précisemment les systémes de choses dont nous nous avons occupé. 
Enfin, en y ajoutant l’axiome 5*, on obtient les systemes de choses dans le 
sens le plus étroit. 

Je veux noter encore que certains raisonnements que nous avons employés, 
ont été utilisés déja par les auteurs cités. Ainsi, on trouve chez M. Menger 
Vensemble des sous-espaces linéaires d’un espace projectif comme un systeme 
de choses normées; et l’on trouve chez M. Birkhoff l’emploi de l’expression 
(a+b)ce+ab dans étude des propriétés caractéristiques des systémes 
distributifs. 


KLIAZMA, pres de 
Moscou, U.S.S. R. 


A SYMMETRIC REDUCTION OF THE PLANAR THREE-BODY 
PROBLEM. 


By F. D. MurRNAGHAN. 


Since the center of mass of a dynamical system, consisting of a collection 
of particles, in which the only forces are the mutual attractions of the various 
particles, remains at rest in an inertial reference frame, we shall suppose the 
center of mass of the three particles, of masses m,, ms, m3, respectively, to be 
the origin of our inertial frame. The codrdinates of the point P, occupied by 


m, being denoted by (ax, yx), & = 1, 2, 3, this implies the equations 
(1) > = 0; > = 0 


and the system is accordingly one with four degrees of freedom—there being 
six codrdinates (2, yx) connected by the two relations (1). The kinetic 
energy of the system is 7’ = & $myvy? where 1%? = (a, + yx?) is the squared 
velocity of the k-th particle and the relations (1) enable us to readily express 
T in terms of the relative velocities of the three particles. In fact, on squaring 
the relation = mga; = 0 and replacing each product term @paq by its equivalent 


$[ + — (Xp — %q)?], we find 


(= my) = mpg (Xp — 4q)?. 
This implies 
(2) 2T = /S 


where Upq? = (4p — %q)? + (Gp — Yq)? is the squared relative velocity of the 
particles m, and m,. We now denote by (a, d2,a3) and (Ay, As, Az) the sides 
and angles of the triangle formed by the three particles and by (6, 62, 83) the 
inclinations of the sides, whose lengths are (d,,ds,a3) respectively, to the 
x-axis of our inertial frame (the sides having the sense found by traversing 
the triangle in the order 1» 2-3-1). Itis clear that 0, — 0, = A, (mod 
and hence 6. — 6, = A, ; similarly 6, — 6, = Ax 6, — 6. oe A, These equa- 
tions enable us to express each of the angular velocities 6, in terms of ¢ and 
the Ax where 36 = 6, + 6, + 6;. For instance 


6, 6, a= 36; + A, 


1K. J. Routh, Stability of Motion (1877), p. 67. 
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so that 6; = ¢ + (A, — A,) /3. Now the polar coordinates of P, relative to 
P, being (ds, 6,) we have 


= Ag? + = dy? + + (A, — /3}*. 
Similarly 

vgs? + ay2{ + (As — Ae) /3}? 

== + an? + (A, = Ag) /3}*. 


On substituting these values in the expression (2) for 27’ we readily find 
QT == Reb? + 2Rid + Ro 
where the coefficients (R., R,, Ry) are furnished by the formulae 


ph, 
(3) ph, = 4% m,( — Ay 
ph, =— MoM,” + $2 M2M30,7(Az Az)? 


where » =m, + m2-+ mz and the summation sign implies the sum of the 
term written and the two others obtained from it by cyclic permutation of the 
labels 1, 2,3. The coefficients (R., Ro) are easily expressible in terms of 
the sides (d;,a2,d;) and their time derivatives. In fact the relation 
cos A, = + a3,” — furnishes (on differentiation with respect to ¢ 
and making use of the relations a, = a; cos A; + a, cos Ag, etc.) the relations 
2AA, = t,(d, — d2 cos Az — 4d, cos A.) etc., where A is the area of the tri- 
angle P,P.P3. 

Regarding, now, the three sides (a, @2,a3) and the angle ¢ as the four 
coérdinates of the dynamical system it is clear that ¢ is an ignorable codrdinate 
with the momentum integral 


(4) c= OT = Rob + R, = (1/p) 3 


It follows, by a reasoning similar to that already given for the kinetic energy 7, 
that c is the angular momentum of the system about its center of mass. Thus 
if we multiply = ma, —0 by mej 0 we find 


Mu? + + = 0 
and on replacing 2p¥q + Xq¥p by the equivalent expression 


+ — (Lp — Xq) (Hp — Yq) 


we find 


= MpMq( Xp — Xq) (Yp — 


he 
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On interchanging the variables x and y and subtracting we see that the angular 
momentum of the system about the center of mass is the quotient, by the total 
mass p, of the expression mpmghkpq where 


= (Xp — Xq) (Yp — Yq) — (Yp — Yq) — tq) 


is the angular momentum (per unit mass) of the particle my, relative to the 
particle mg. In terms of the relative polar codrdinates (a, 0), 23, for example, 
is a,26, and hence the angular momentum of the system about its center of 
mass is the constant c of formula (4). 

We now make use of the angular momentum integral to reduce the problem 
to one of three degrees of freedom in which the codrdinates are the lengths 
(a1, 42, @3) of the sides of the triangle formed by the three particles. The 
potential energy being 


y MoMs M3M, 1 Mle 
+ +? 


ths Mls 


(where y is the gravitational constant) the Lagrangian function of the original 
problem is L = 7 — V and the modified Lagrangian (in the sense of Routh) 
is L* — L —cq. The modified Hamiltonian function is 


and since 


aL* dL OL dp OL («i aL ) 


we have 
OL OL OL . 


Hence, in order to find the modified Hamiltonian function, we have merely 
to express the original energy function H = 7’ + V in terms of the modified 
momenta (1, ws, ws) = (0L* /da,, OL* /das, /a;). This is readily done if 
we observe that 27’ is the sum of the squared magnitudes of the linear 
momentum vectors of the three masses each divided by the corresponding mass. 
The z-component of the linear momentum of the particle m, is 


— > 


Oz, Ox, dx, Ox, On, 


But 0a;,/dr, = 0a;/0x, and so is zero if k —1, whilst if k —2 or 8 it is the 
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x-direction cosine of the corresponding side of the triangle (with the sense 
towards the vertex P,). Furthermore the relation 


= (4; — 41) (Ys — 91) — (Ys 1) (2, 1) 


yields 
A, 06» 


so that the vector whose components are (6./0<,, 06./dy,) has magnitude 1/u, 
and is 90° ahead of the side P;P,;. Similarly for (06,/d2, 00;,/0%4:) whilst 
(06,/0x,, 06, is the zero vector. Hence the vector is 
the sum of two vectors of magnitudes ¢/3a, and ¢/3a, and 90° ahead of the sides 
P;P, and P,P, respectively. Hence the linear momentum of the particle m, 
may be analysed into the sum of four vectors: (1) a vector, of magnitude o», 
along P;P,; (2) a vector, of magnitude o;, along P,P;; (3) a vector, of 
magnitude c/3a,, 90° ahead of P;P,; and (4) a vector, of magnitude ¢/3d;, 
90° ahead of P.P,. Hence the squared magnitude of the linear momentum 


of the particle m, is 
2 1 
wo” + wz” + 2wows COS A,+ 9 + 


and it follows that the Hamiltonian function of the reduced problem is 


H* — — 2 oy,” + 2 + 008 


9A 


+ % csin A, all 47 


where (1, 7,%) is a cyclic arrangement of the labels (1, 2,3) (i. e. = (1, 2, 3) 
or (2,3,1) or (3,1, 2)).? 


THE JOHNS HOPKINS UNIVERSITY. 


* References to previous reductions of the plane three body problem may be found 
in Whittaker, Hnzykl. d. Math. Wiss., Bd. 6, 24 (Art. 12). In addition the reader is 
referred to the article by Grammel, Handbuch der Physik, Bd. 5, pp. 346-349. The 
present reduction is a result of a discussion with our colleague, Professor Wintner, 
who has applied it effectively to the “regularisation ” of Levi-Civita. 
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ON A GENERALIZED TANGENT VECTOR. II.’ 


By H. V. Crate. 


1. Introduction. In this paper we proceed with certain of the ideas and 
results given in a previous paper.* In particular, we define by means of the 
tangent vector 7’, two metric tensors and develop from each of them a con- 
nection. ‘These connections give rise to a scheme of parallel displacement 
enjoying the following properties: (a) the auto-parallel curves are the ex- 
tremals associated with F’; (b) the scalar product of any two vectors under- 
going parallel displacement is constant. 


2. Notation. In addition to the notation employed in I, we shall intro- 
duce the operator "O, defined by * 


F being any sufficiently differentiable function of the codrdinates and their 
derivatives with respect to a parameter ¢ up to and including order m. The 
quantities 7',, defined by 
(2.2 T, = — 10, F, 


were adopted in I as the components of the tangent vector. Furthermore, 
wherever it is necessary to stress the fact that the highest order of derivative 
occurring in F is m, we shall write F(m), and for the associated tangent 
vector T'-(m). 


3. Some properties of T, and related vectors. It is well known that the 
invariance of f #(1)dt under a parameter change implies the identity 


(3. 1) = F(1), 


1 Presented to the American Mathematical Society, October 27, 1934. 

2 American Journal of Mathematics, vol. 57 (1935), p. 457. This paper will be 
referred to as I. 

* The quantities »O, were first found by J. L. Synge who established their vector 
character. See J. L. Synge, “ Some intrinsic and derived vectors in a Kawaguchi space,” 
American Journal of Mathematics, vol. 57 (1935), p. 679. Soon after the writer 
encountered them he received from Professor Synge a copy of the abstract of his paper. 
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since 7'-(1) = F(4),(1). Also, it was shown in I that if fF (m) dt is in- 
variant under a transformation of parameter, then the following is an identity: 


(3. 2) T,(m) = F(m), 


In addition, by performing the indicated operations, one may verify that 


(3. 3) 10, F?(1) =— 2 F°(1), 
and that 
(3. 4) 10, [F(1)’] =—°0, F(1). 


And thus we are led to investigate the more general expressions 
2°10, F?(m) and °%0,[F(m)’]. 


As a first step, we shall demonstrate the formula 


m-1 


(3. 5) 10), 23 (w+1)F™ - 10, F. 


w=0 


Now, by virtue of the rule for differentiating a product, 


u-1 
(3. 6) (F Fr) (u-1) 
w=-0 


also, from (2. 1), 


m 


(3. 7) 10), F? => (—1)* uf (F?) 


Hence, we may write 


m u-1 
u=1 w=0 


If, in this, we first change the order of summation and then replace w- y-,C» 
with (w+ 1) -aCwss1, we obtain the equalities 


m-1 m 


w=0 r 
m-1 m 
w=0 u=w+l 
m-1 
= 2 > (w F, 


and (3.5) is established. 


Remark. Examining (3. 5), we observe that, if a" - °O, F(m) = — 8,°F (m), 
the first of the expressions to be investigated 2’°10,F?(m) reduces to 
—2.7(m). As a matter of fact, if fF (m)dt, (m >1) is invariant 2’ is 


( 
| 
| 
u=1 
w=-0 


iC w 
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normal * to each of "O,F and °O, F while 2’"10, F, as we know, reduces to 
—F. Thus we are led to consider the following theorem: 


THEOREM 3.1. If fF (m)dt is invariant under an admissible parameter 
transformation, then °O, F = —8,° (c =0,1,°--,m). 


Proof. Since 


m 
it follows at once that for > 1, Lae and (—1)% arcCe. vanish. 
a-0 


Therefore, since the special cases of the theorem c—0, c=1 have been 
demonstrated, it will suffice to establish that for ¢ larger than one 

m-C 
(3. 11) (— Lave = 2" °O, F 


az=0 


is an identity. 
Dropping the index r from z and F, and employing first the definition 
of 4 and then the rule for differentiating a product, we obtain the set of 


equalities 
m 
(3. 12) Lase™ a-c+l) cual (a) 
m a 
u=a+e v=0 


and, replacing the umbral index wu with u + a-- e, the relationship 


m-(a+e) a 
Substituting (3.13) in (3.11), we find that the coefficient of the free 2’ in 


the left member of (3.11) is 


\ 
(— oF (ase), 


a-0 


* See H. V. Craig, ‘“ On the solution of the Euler equations for their highest deriva- 
tives,” Bulletin of the American Mathematical Society, vol. 14 (1930), p. 559. 

5 See I, p. 461. 

° For a more general discussion of the invariance of integrals under a parameter 
transformation, reference may be made to Théophile de Donder, Théorie invariantive 
du calcul des variations, Paris (1935), pp. 53-57. De Donder’s exposition is based on 
the work of R. Deladriére and J. Géhéniau and treats of multiple integrals of functions 


containing higher order derivatives. My attention was called to it by a referee. 
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which, upon replacing a with a— c, becomes 


m 


the coefficient of 2 in the right member. 


m-c-1 m-C 


a-0 
or 


m-Cc—-1+w 
w=0 a=w 
In general, the coefficient of x‘¢+? is 
e m-c-e+w 
w=0 a=W 
or, replacing a with a + w, 


a-0 


> (— ] )* w+e 


Likewise, 
and then vu = 0, v = 1, we obtain the coefficient of 2’ 


if we put v=0, u=1 


a=1 


1 
at+e Y Y (a-w) 
(—- 1) Cc aC wk (1041-0) ° 


) 
But, for e > 0 the foregoing expression vanishes, since 


w=0 (a+w)!c!(e—w)!(a+w+e)!a 
(a+c+e)! 
rol 


alcle! 


transformation, then 
a" 10, F?(m) = — 2F?(m). 


This theorem is an immediate consequence of (2 
Theorem 3. 1. 
A generalization of Theorem 3. 2 is as follows: 


transformation, then 


°0,.6(F) = — [8 ¢(db/dF)’ + 8,°d/dF ]F 


!w! 


(—1)2¢ > 1 yw 


w=0 


and the theorem is established. We now turn to the generalization of (3.3). 


THEOREM 3.2. If fF (m)dt is invariant under an admissible parameter 


.2), (3.2), (3.5), and 


THEOREM 3.3. If (F(m)dt is invariant under an admissible parameter 


nd 


tei 
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Proof. By employing the definition of °O, and the rule for differentiating 
a product and then changing the order of summation, we derive the set of 
equalities 


(3.14) 6(F) =a" (—1)" aCe 


axe (d¢/dP) (w) >> (—1)* u-cCw 


But u-cCw = wwse, hence the last member of (3.14) may be 
expressed in the form 


m-C 


> (w). w+e(),. F, 
w=0 


and our proposition follows by way of Theorem 3.1. We now turn to the 
generalization of the identity (3.4). 


THEOREM 3.4. If F'(m) ts any function such that *O, F” exists, and if 
10, F represents zero, then *O, F’ =—*"*0, F, (v=0,1,: -+,m). 


Proof. If we define the symbol F(-:), to be zero then we may write 


m 
(3. 15) => 5 yr = + 
u=0 


and, dropping the index r, 


m+1 


m+1 
(3.16) OF (—1)* POY (—1) Few)’ + Pav]. 


Evidently, we may replace m + 1 with m in the first term of the last member 
of (3.16), and the index % with u-+ 1 in the second. The result is 


(8.17) (—1)*[— + Prey — (—1) 


and this, since — = uCv-1, reduces to F. 

Another property of the Finsler tangent vector —’0,F(1) or Fir due 
to Cartan,’ may be stated as follows: if « —<«(s,t) is a parametric representa- 
tion of a tube, such that, for each fixed s, c= 2(s,t) is an extremal while 


7™See E. Cartan, Legons sur les invariants intégraux, Paris, Hermann (1922), 
chapters 1 and 18. 
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for each fixed t, x —«(s,t) is a closed curve and if (varying our notation) 
F(1)r(@) is the covariant tangent vector to the extremal through the point in 
question, then the integral Sf Fuyr(e) (02"/0s) ds, taken around an s-curve, i. e. 
a curve on which ¢ is constant, is independent of ¢. Unfortunately, this property 
does not carry over in full strength to F(m). 

As a first step in the investigation of this matter we shall demonstrate 
that, if V" is any vector and V“™* denotes d“V"/dt“, then 


w=1 v=1 u=0 
is an identity. This may be accomplished by comparing the corresponding 
coefficients of the derivatives of V". Thus, suppressing the index r, the coeffi- 
cient of V™ in the right member of (3. 18), which we shall represent by CR, 
is given by 


(3. 19) IR = > (— 


(a+v) 


Whereas, since the left member of (3.18) may be written in the form 


m w-1 
(— 1)” > wid, V™ (“OF) (w-1-u) 
w=1 
the corresponding coefficient, CL, is 
(-— 1)* w-1Ca(“OF) (w-1-a) | 


wr=atl 


Upon expanding “OF in CL and changing the order of summation, we obtain 


successively 
(3. 20) CL = (—1)” wile (—1)" Cw 
w=atl v=w 


v=at+1 w=atl 


and, replacing v with v +a and w with w+a-+1, 


(3. 21) L 


Evidently, CL = OR if 


m-a v-1 
> > 
v=1 w=0 
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v-1 
(3. 22) (-— 1)” wsaCe =1 
w=0 


or, expressed otherwise, if 


(3.28) (—1)" +a +1) =a! (v—1)!/(v +a)! 


If in the left member of (3.22) we set a == 0, replace w with w—1 and 
subtract unity there results the expression ain (—1)” Cw which, as we 
w=0 
know, vanishes. Therefore, (3.23) is valid for each integer v if a0, and 
we proceed by induction. Specifically, we show that if for some a, (3. 23) is 
an identity in V, then (3.23) is an identity in V for a+1. Thus, sub- 
stituting a + 1 for a in the left member of (3. 23), we obtain 


v-1 

b (— ty" v-1C w/(w +a-+ 2). 

w=0 
But, upon replacing w with w—1 and performing certain simple operations, 
this expression may be transformed as follows: 


(3. 24) (—1)” +a -+ 2) -> (—1)”7 +a-+1) 


= (—1)” Cw w/(w+a4+1) 
v 


alv! 
(v+a+1)!’ 


and the theorem (3.23) is established. 
We shall now apply (3.18) to transform the first variation of f Fdt. 
Thus, let c = x(s,¢) be a surface such that for each fixed s, r = a(s, t) is an 


extremal and let J(s) represent f "Pdt; then the first variation is given 
ty 

by (3. 25) 


(3.25) dJ/ds— where = drat /Ote. 


ty y=0 


Now, by the usual integration by parts, (3.25) can be expressed, since 
°O, F(e) vanishes, in the form 


839 
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m 


(3. 26) dJ /ds = & (e) 8 
v=1 u=v 
And finally, by virtue of (3.18) with V” = dz"/ds and u — v substituted for u, 
(3.25) takes the form 
(3.27) dJ/ds = [T,02"/ds] + [ (— 1)” (02"/0s F(e)) 
w=2 1 


This accomplished, we are ready to consider the generalization of Cartan’s 
theorem. 


THEOREM 3.5. If x=—-2(s,t) is an extremal tube then 


(—1)"[ f F(e) } 
w=1 
taken around an s-curve is independent of t. 


Proof. The integral of dJ/ds around an s-curve vanishes and the theorem 
follows. 
Corotiary. If (—1)”(0a"/ds) -”“O, vamshes over an 


tremal tube then {T,(0x"/ds)ds taken around an s-curve is independent of t. 


Now let us consider an extremal surface  —-2(s,t), not necessarily a 
tube, and let uw represent s on an s-curve and ¢ on an extremal or ¢-curve. 
If, in addition, Ydt is invariant under the transformation ¢t—#(T7'), the 
integral around a parameter mesh: 82, of the quantity Sdu, 


(3. 28) S => [ (d2"/du) (— 1)” “0, F(e) 
w=1 
te 
vanishes. For, if J(s) denotes the integral f F(s, t) dt, then, since § reduces 
ty 


te te 
to F when wu becomes ¢, the difference S(s,, t)at— f S(S82,t)dt is 
ty 


ty 
J(s:) —J(82), which may be written — f "(dJ/ds)ds. But dJ/ds is 
S(s, t2) —S(s, with u replaced by s. 
This result may be extended to other closed curves: s—=s(u), t =t(u) 
if we replace the notation for the tangent vector 6a7/éu with dz*/du, 


®* See J. L. Synge, loc. cit., p. 682, equation 2. 7. 


m 
w=2 
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da’/du = (0x"/ds)ds/du + w*dt/du and interpret (dz"/du)“™> to be 
/Os|ds/du + 

To summarize, we have seen that the vector 7,(m). is in some respects 
analogous to the covariant tangent vector 7'-(1). We shall now turn to the 
development of a scheme of parallel displacement. 


4, Parallel displacement. We assume throughout this section that Fdt is 
invariant under the parameter transformation: ¢—1(7T), T =T(t), and 
observe that this change of variable induces the following transformation : 


2(t(T))=—= X(T) ; dz/dt = (dX /dT) dT /dt; 

d™x/dt™ == (d™X/dI™) (dT /dt)™+---; 

dT /dt or F(x) == F(X) dT /dt; 
dT’ /dt F(myr(X)= Femyr (x) (dT /dt)™; 


(4.1) 


and, therefore, F?”-* F'(m)rcmys 18 invariant. Furthermore, if ¢ = aT + b, then 
(4. 2) F (X) = (1/a)*" 


and consequently /’,-“”“) transforms by invariance and likewise T. Hence, 
we shall suppose in what follows that the parameter is linearly related to the 


arc length and adopt the quantities fs, 
(4. 3) fre F umyrcmys + 


as the components of our metric tensor. 

Following the procedure outlined in J, we construct an auxiliary con- 
nection and then modify it by means of the vectors T; and S,. As a first 
step we differentiate the equation of transformation of the fundamental tensor, 
thus 


(4. 4) fis’ = fre’ + + froX 
Then recalling the relationships ® 


(m-1)j (m-1)j 


and the tensor character of Fm), and 7’, we derive the transformations: 


= 7 4 7 
(4. 6) um)icm-1)j = F Xa" X (myr 


® See I, p. 457. 
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(4. 7) Tj =T,/X;° + 7T.X;*"; 


(4. 8) frem-1 mT ;’ 
F omy + mT ,T mf reX 7X 


If we permute the indices 7 and j in (4. 8), subtract the result from (4. 8) 
and indicate this operation of permutation and subtraction in the well known 
way by means of brackets, we may write 


(4.9) Bom + MT 


Multiplying this last equation by 1/m and subtracting the result from (4. 4), 
we obtain our auxiliary connection. 


{t, J} = (1, + fre X 


4.10 
2{r, 8} = fre’ — [1/mF?" F omy + T 


Assuming that F is positive, the determinant | F¢m)rcm)s | of rank n —1 
and that the “ F one” function of the calculus of variations is non-vanishing, 
the determinant *° | f,s | is likewise non-vanishing and the normalized cofactors 
f’* of | fre | exist. Consequently, we may raise the second index j in (4. 10) 
by multiplying by = thus, 


(4. 11) ={YXT + XM; — t}. 


This accomplished, the formula for 67'r--- and the theorems concerning 
the derivatives of sums, products, the Kronecker delta, and scalars expressed 
by contraction of tensors may be obtained as in Finsler geometry. 

Furthermore, from the definitions of {r,s} and {"}, we observe at once 
that {r,s} + {8,7} = fre’, fus{“} = {r, 8} and consequently, by expanding 6frs, 
we have the relationship 


(4. 12) Of rs = fre’ — fus{%} — fru{"} = 0. 


Obviously, if we alter {r,s} by adding a skew symmetric tensor, the above 
equality will hold as before. With this in mind, we introduce our second 
connection {r, s}*, {°}* defined as follows: 


10See H. V. Craig, “On the solution of the Euler equations for their highest 
derivatives,” Bulletin of the American Mathematical Society, vol. 36 (1930), p. 562. 
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{r, s}* = s} S,T’s T 


(4. 13) 
u=2 
Let us next examine the vector 6*7’,, which is to be computed, as the 
presence of the asterisk suggests, by means of the new connection. Thus, 


(4. 14) OT, — — + 


By virtue of the invariance of Fdt we have the equalities: 27, — F, 
F (myrcmys = 0 and, therefore, —=FT,. Consequently, we may write 
aft off, == FT,f** and, multiplying by P= Ff*'T,T;. That is, 
anticipating a definition, 7’, is a unit vector regardless of the parameter. Hence, 
since H is 67’, — S,, 6*T, reduces to H, + 7T,Sia’'/F. But, again by virtue 
of the invariance of Fdt, vanishes and 2’*S; becomes Further- 
more, due to the vanishing of 6f,, and 68,”, we conclude that @f7* is likewise 
zero and the following holds: 


(4. 15) 2(0T,) a" /F = 2(0T,-) = = 0; 
hence 
(4. 16) 6*T, = E,. 


Also, if the parameter is the generalized arc, then 2’’f;s, is T's and, there- 
fore, if we write for f**H,, it follows that 6*2’* is 

Finally, if we define the generalized magnitude of a vector, angle, and 
parallel displacement in the usual way, which may be indicated by the fol- 
lowing identities and conditional equality 


(4.17) |U| | =0, 


we have a theory of displacement possessing the cardinal properties of the 
Synge-Taylor parallelism.’* Briefly these characteristics are: (a) the magni- 
tudes of and angles between vectors undergoing parallel displacement are 
constant, and (b) the autoparallel curves are the extremals associated with F. 


11See H. V. Craig, “On the solution of the Euler equations for their highest 
derivatives,” loc. cit., p. 560. 

12 Developed independently by J. L. Synge and J. H. Taylor. See J. L. Synge, 
“A generalization of the Riemannian line element,” Transactions of the American 
Mathematical Society, vol. 27 (1925), pp. 61-67, and J. H. Taylor, “ A generalization 
of Levi-Civita’s parallelism and the Frenet formulas,” ibid., pp. 246-264. 


844 H. V. CRAIG. 


Furthermore, relative to the foregoing connections, we may define deriva- 
tives ** (covariant in character) of tensors whose components are functions of 
x, by means of the identities 


(4. 18) = Scm-ayr — {2} 5 T's t ¢m-1yt — MT" 


A second metric tensor (from which we will develop a theory of parallelism) 
may be obtained quite naturally from considerations based on the interpreta- 
tion of metric space given in I. Briefly, this view is as follows: We suppose 
that there is given a Euclidean n + 1 space (2",z) together with the set of 
all arcs, 7 = 2z"(t) of class C™ lying in the subspace (a") and associate with 
each of these base arcs the warped arc, 


) 


t 
af = 2°(t), VF? — dt + k. 


The quantities #,, are merely the components of the Euclidean metric tensor 
and k is a constant. The codrdinate systems to be admitted are either rect- 
angular Cartesian or those obtainable from such by transformation of the 2’s 
only. Hence, the element of arc is given by the equality 


(ds/dt)? = + = F?, 


By way of illustration let us suppose that we have given the surface 
z= 2(2',27). Then 


(ds/dt)? 4+ Z,2 (2/1)? + + (2/2)? 
(Ey, = Z, = 92/02"). 


It is of course well known that we can study the warped or surface arcs througin 
their corresponding base curves z2'(t), x(t) if we replace the Euclidean metric 
E,s with the Riemannian metric H,, + Z,Z,. The functions F dealt with in 
this paper are not necessarily Riemannian and, hence, the warped curves need 
not lie on a surface. 

Returning to the general case, we shall select as parameter the arc length 
§ of the warped curve in question, consequently 2’’, z’ is the unit tangent vector 
and F maintains the value unity along this curve. Evidently, if the arc is 
such that the quantities | 


18 See H. V. Craig, “On a covariant differentiation process,” Bulletin of the Ameri- 
can Mathematical Society, vol. 37 (1931), pp. 731-734; also Paper II, ibid., vol. 39 
(1933), pp. 919-922. 


ON A GENERALIZED TANGENT VECTOR. II. 


(4.19) Zy = (FT, — (F? — 4 
exist, we may write 
(4. 20) + = + 2”? 1, 


and are thus led to define f,s, the metric tensor, to be Hy, + Z,Zs. We note 
in passing, distinguishing the warped curves from the base curves by means 
of a wave, that 


(4.21) (F? — = [1 — (ds/d8)?]* sin(c, 2). 


Furthermore, 2’*(H;. + Z,Z,) = FT,=T,; that is, our generalized tangent 
vector is the covariant description of the vector 2”. Similarly, we may raise 
indices by means of the normalized cofactors f"* whose existence depends upon 
the non-vanishing of the determinant | f;s |, a fact which may be established 
readily. For, by employing a rectangular Cartesian codrdinate system and 
certain well known rules for evaluating determinants, we have at once 


(4. 22) | + |=1+3(Z,)? 0. 


Now, if C, and C, are any two intersecting base arcs, we can select the k’s 
so that the associated warped arcs will intersect. And if, further, these are 
restricted as above the angles of intersection will be given by 


(4. 23) cos 6 = [Ere + Zr(1)Ze(2) (1) a’*(2), 


the symbols (1), (2) indicating the arcs from which the quantities involved 
are computed. Thus, in computing angles, the value of the metric tensor is 
determined by two curves. 

To form a connection, we start, as before, by differentiating the equation 
of transformation of the fundamental tensor, thus: 


(4. 24) fis’ fre’ X + freX + 


Designating by and differentiating the relationship = with 
respect to y/, we obtain the equation, 


(4. 25) Er oysX X 7X E,X* 4j. 


To this we add the equality obtained by multiplying 


(4. 26) nd 
The result is 


© 
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from which we derive 

(4.28) + Zu = + Xe X + 


Finally, by subtracting (4.28) from (4. 24) and dividing by two, we obtain 


a connection 
(4.29) {t, + freXi 2{r, 8} fre’ — Ler — Z prey’, 


which is such that, in the case of the Riemannian geometry discussed, {r, s} 


is {rt, s}a’*. 
By means of the procedure applied to equation (4.10), we could develop 
a second theory of parallelism having the properties asserted of the first. 


TEXAS UNIVERSITY. 


THE FUNDAMENTAL THEOREM FOR RIEMANN INTEGRALS. 


By E. R. vAN KAMPEN. 


1. The fundamental theorem for Riemann integrals states that a function 
defined on a closed bounded interval has an integral if and only if the function 
is bounded and its discontinuity points form a 0-set. The proofs of this 
theorem, as given in the literature,’ still follow almost exactly the historical 
development. The upper and lower Darboux sums are defined and the con- 
dition that the upper and lower integrals of the function, defined by means 
of these sums, are equal is transformed into the condition that the discon- 
tinuity points of the function form a 0-set. In this note a shorter treatment 
will be given. This treatment is closely related to the usual treatment in case 
of a continuous function and is independent of the Darboux sums. The 
desirability of an investigation of the Riemann integral along these lines 
was pointed out to me by Wintner. The same method may be applied to 
n-dimensional Riemann integrals and to Riemann-Stieltjes integrals. 


2. A partition A of the interval @= x S b of the real variable z is a finite 
number of values = 4, 2% = 05 such that < 
The segments of the partition A are the intervals 7_, = 7 = 4%; of the variable 
x. The degree of fineness of A is the maximum of the lengths of the segments 
of A and will be denoted by d(A). An intermediate partition T of A is a set 
of n values y; of the variable x such that a. S yi S %. 


3. Let {In} be a sequence of open intervals J, of the variable z The 
length of In being denoted by | In|, the length /{Zn} (in which the J» need 
not be disjoint) will be considered to be the sum of the series ¥ | Zn |, provided 
this series is convergent. The sequence {Jn} is said to cover a set D of real 
numbers if any number in D is contained in at least one of the intervals Jy. 
A set D is said to be a 0-set if there exists, for any given « > 0, a sequence 
{In} covering D such that l{I,} <«. For the easier part of the fundamental 
theorem use is made of the following well known 


1Cf. H. Lebesgue, Legons sur Vintégration, (2nd ed., 1928), chap. II; E. Kamke, 
Das Lebesguesche Integral (1925), §5; E. W. Hobson, The Theory of Functions of a 
Real Variable, (2nd ed., 1921), chap. VI. 
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Lemma. If D,, D2: - - is a sequence of 0-sets and D is the set of those 
numbers contained in at least one Dn, then D is a 0-set. 


In fact, if « > 0 is given, {In} is a sequence of open intervals covering 
Dm, and I{In"} < «/2™, then the enumerable collection of open intervals in 
all {I,”} covers D and its length is less than e. 


4, Let f(z) be a real-valued function defined on the interval a= 2S b, 
which will be denoted by J. If f(x) is bounded on J, the oscillation of f(x) 
on an interval K, which has at least one point in common with J, is defined 
as the difference between the least upper bound and the greatest lower bound 
of f(x) on K, while the fluctuation of f(x) at a given point z of J is the 
greatest lower bound of the oscillations of f(z) on all intervals having x as 
interior point. Thus f(z) is continuous at x if and only if. its fluctuation 
at x is zero. 


5. Let A (defined by 2, 1—=0,---,2) be a partition of J and let I 
(defined by yi, 1—=1,--+,m) be an intermediate partition of A. The 
Riemann sum §(A,1T) of f(z) is defined as the sum 


8(4,T) = >» (x1 — 24-1) (ys), 


and the function f(z) is said to have a Riemann integral if there exists a 
number § such that one can choose for every « > 0 a 8> 0 which has the 
property that 

| S—8(A,1)| <8, whenever d(A) <e. 


FUNDAMENTAL THEOREM. A function f(x) defined on J has there a 
Riemann integral if and only if f(x) is bounded on J and the set D of all 
discontinuity points of f(x) is a 0-set. 


The necessity of these conditions will be proved in 6, their sufficiency 
in 7, 8, 9. 


6. If f(z) is not bounded, it is not bounded on at least one segment ci 
any partition of J. Hence S(A,T) is, for any fixed A, an unbounded function 
of I, and so f(z) cannot have a Riemann integral. 

Now let f(x) be bounded. Let the set of points at which the fluctuation 
of f(z) is more than 1/n be denoted by D,. Then the set D of all discontinuity 
points of f(z) is the set of points contained in at least one Dn. If D is not a 
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0-set, it follows from the lemma in 3 that there exists an integer k such that 
D; is not a 0-set. Hence there exists a y > 0 such that any sequence of open 
intervals covering D, has a length larger than y. But then, if A is any 
partition of J, the total length of those segments of A which contain points 
of Dz is more than y. Since the oscillation of f(z) in these intervals is more 
than 1/k, the oscillation of S(A,1T) as a function of Tis more than y/k for 
any fixed A. Hence f(x) cannot have a Riemann integral. 


7. Let f(z) be bounded on J, say | f(x)| < c¢, and let the set D of its 
discontinuity points be a 0-set. Let « > 0 be given, let {Jn} be a sequence of 
open intervals covering D and such that l{Jn} <«, and let {Kn} be the 
collection of those open intervals with rational end points on which the 
oscillation of f(z) is less than «. Since {Jn} + {Kn} obviously covers J, 
a finite set covering J can be selected from {Jn} + {Kn} in view of the Borel 
covering theorem. This finite set J,,- - -,Ip; +, Kq has then the fol- 
lowing properties: The set covers J, the oscillation of f(z) on each of the 
intervals K,,- - -,Kg is less than ¢, finally |J,|+---+ |Ip|<«. Let 
8 be a positive number less than half the distance of any two distinct endpoints 
of the intervals J,,: -,JIp; Ki,° 


8. Let A, A’ be two partitions of J such that d(A) < 6, d(A’)< 8 and 
let. I’, IY be arbitrary intermediate partitions of A, A’. Let the distinct points 
occurring in A and A’ together be arranged in increasing order and denoted by 
== a, %,° °°, %,=b. Then 


(*) —8(4, = ¥ — 214) — 


where yi, y’; are those points of I, I” contained in the segments s,s’ of A, A’ - 
respectively, and s and s’ both contain the set 4.92 2;. Since the 
total length of s and s’ together is less than 26, it follows from the definition 
of § that s and s’ both are contained either in one of the intervals J,,- - -, I» 
or in one of the intervals K,,---,Kg. Let 3, and 3, denote the sums of 
those terms on the right side of (*) for which the first and the second of these 
possibilities occur. The total length of the segments in %; is less than e, since 
these segments do not overlap and are all contained in one of the intervals 
I,,- +,Ip. Since | f(x)| <c, hence | f(yi:) —f(y’i)| < 2c it follows that 
| 31 |< 2ce. The total length of the segments in %, is not larger than the 
length b —aof J. Since for each of the latter segments | f(yi) —f(y’s)| < 
in view of the fact that the oscillation of f(z) on any interval Jm is less than e, 
it follows that | 3.| << (b—a)e. Thus 


n 
4=1 
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(**) |S(4,T) —S(4,1)| 
=|3,/+]2| < (b—a-+ 2c)e, if d(A) <8, d(d’) <8. 


9. Since | S(A,T)| < c(b—a), it is possible to select a sequence of 
partitions An»,T, in such a way that d(A,) —0O and that the sequence 
S(Mn, Tn) has a limit. On denoting this limit by S and substituting into 
(**) for A’, I” successively the partitions An, I», it follows by passing to the 
limit that 

| S—S(A,T)| S (b—a-+ 2c)e, whenever d(A) < 4. 


This completes the proof of the fundamental theorem. 


10. The method in 8 can be used to prove in a simple manner the fol- 
lowing fact: If f(z) is defined on J, and {Zn} is a sequence of mutually 
disjoint intervals covering the set D of discontinuity points of f(2), finally 
On is the oscillation of f(z) on I, if f(x) is bounded on Jy, then On is defined 
for sufficiently large n and lim O, = 0. 


AppenpuM: After correcting the proofs I noticed that a paper of Professor A. B. 
Brown, appearing in the last issue of the American Mathematical Monthly (vol. 43, 
1936, pp. 396-398), contains a treatment of the same subject along lines very similar 
to those of the present note. 


THE JOHNS HOPKINS UNIVERSITY. 
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ON THE CANONICAL TRANSFORMATIONS OF HAMILTONIAN 
SYSTEMS. 


By E. R. van Kampen and AuREL WINTNER. 


1. Comparison of the method of the present paper with the usual treat- 
ment. The object of this paper is to present an approach to the theory of 
canonical transformations. This approach is, in contrast to the usual treat- 
ment, one based directly on point transformations of a phase-space into 
another phase-space and is, therefore, symmetric in the coordinates and im- 
pulses. By this approach one can proceed in a manner which is quite straight- 
forward and, in the main, algebraical in nature. In fact, the method in 
question is the extension to the case of a general canonical transformation of 
the algebraic treatment previously given by one of the authors’ for the case 
of linear conservative canonical transformations. The difference between this 
particular case and the general case is the same as that between tensor algebra 
and tensor analysis. Correspondingly, it would be desirable to adapt the local 
theory of displacements in differential geometry to the group of canonical 
transformations, conservative or not. There also arises the question whether 
or not it is possible to imbed Birkhoff’s theory of successive normalizations ? 
into the tensor-analytical treatment. This question is connected with the 
problem whether or not it is possible to obtain Birkhoff’s two invariants * of 
a non-degenerate fixed-point of an area-preserving surface transformation by 
an adaptation to canonical transformations of the treatment by means of 
which the partly topological invariant of the total curv. ure is obtained in the 
theory of surfaces by tensor-analytical methods, thus eliminating the use of 
formal series. 

It turns out that the Jacobian matrices of canonical transformations 
define linear substitutions under which the invariant bilinear form of the 
complex group is relative invariant,* and that the multiplier, which will be 
denoted by s, is independent both of the position in the 2n-dimensional phase- 
space and of the time ¢. In the usual theory, based on Pfaffians, the Jacobian 


* A. Wintner, “On the linear conservative dynamical systems,” Annali di Mate- 
matica, ser. 4, vol. 13 (1934), pp. 105-112. 
?G. D. Birkhoff, Dynamical Systems, New York (1927), Chap. III. 
°G. D. Birkhoff, loc. cit., Chap. VIII. 
* A. Wintner, loc. cit., p. 107. 
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matrices turn out to define linear substitutions under which the bilinear form 
of the complex group is an absolute invariant. Actually, the invariance is not 
absolute but relative. In fact, an analysis of the usual treatment’ reveals a 
mistake in the latter, since from the fact that two Pfaffians vanish simul- 
taneously one is not justified to conclude that the two Pfaffians are identical, 
but merely that they are proportional. Correspondingly, the condition 
s = const., which in the theory to be presented is proved as the integrability 
condition of a system of partial differential equations, is in the traditional 
treatment implied by the tacit hypothesis s==1. As a matter of fact, s may 
be any non-vanishing real constant. However, since s turns out to be a non- 
vanishing constant, one can reduce the case of an arbitrary s to the case 
s=1 by means of a linear conservative transformation which alters the 
Hamiltonian functions. 

The situation with regard to the relative invariance is illustrated by the 
following point: It is shown ® in the usual theory by means of Lagrangian 
brackets that if a canonical transformation is ‘ completely canonical,” then 
the transformation is volume-preserving, the square of the Jacobian being 
1. Actually, it will be seen without any calculation that if s is assumed to be 1, 
then, whether the canonical transformation is completely canonical or not, 
the transformation is always volume-preserving. Furthermore, it follows from 
a theorem of Frobenius’ on relative invariants that if s—1, then the 
Jacobian also is 1, so that the transformation not only is volume-preserving 
but ortentation-preserving as well. This generalizes the fact, well-known from 
the theory of surface transformations in the particular case n 1, that the 
area-preserving transformations considered there are all orientation-preserving.® 


2. Hamiltoman matrices. For a fixed n, let G denote the 2n-rowed 
square matrix 


(1) 


where w denotes the n-rowed zero matrix and e the n-rowed unit matrix. Thus 


5Cf., e.g. G. Prange, “Die allgemeinen Integrationsmethoden der analytischen 
Mechanik,” Hneyklopddie der Mathematischen Wissenschaften, vol. IV, 1,, (1935), 
p- 757. 

° Cf. G. Prange, loc. cit., pp. 768-769. 

7G. Frobenius, “ Ueber die schiefe Invariante einer bilinearen oder quadratischen 
Form,” Journal fiir reine und angewandte Mathematik, vol. 86 (1876), pp. 44-71, more 
particularly p. 48. 

®G. D. Birkhoff, loc. cit., Chap. VIII. Cf. also T. Levi-Civita and U. Amaldi, 
Lezioni di Meccanica Razionale, vol. II,, Bologna (1927), p. 318. 
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(2) G=—G'=—G@, 


where the prime denotes the operation of transposition. Obviously, G is the 
matrix of what is called in the theory of Pfaffians the bilinear covariant and 
in algebra the invariant of the usual representation of the complex group, 
i.e., G is the normal form of an arbitrary non-singular skew-symmetric matrix. 

A 2n-rowed square matrix C will be said to be a Hamiltonian matrix if 


it is real and satisfies the condition 
(3) O’GC = sG 


for some non-vanishing number s, which will be called the multiplier of C. 
Since det G ~ 0, it is clear from (3) that 


(4) | det C | =| s |", 


so that, since s ~ 0, the Hamiltonian matrices are non-singular. It is easily 
verified from (3) that the Hamiltonian matrices form a group and that the 
multiplier of the Hamiltonian matrix CC® is s@s@, if s is the multiplier 
of the Hamiltonian matrix C‘, where i—1,2. Since G is a Hamiltonian 
matrix in view of (2), and since (3) may be written in the form C’ = sGC“"G", 
it follows that if C is a Hamiltonian matrix, then so is C’, and that C and (’ 
have the same multiplier. It is also seen that if s 1, then C and C have 
the same characteristic numbers and the characteristic equation of C is a 
reciprocal equation. 
For an arbitrary non-vanishing real number c, put 


5 C. Us = 


It is easily verified that these two matrices are Hamiltonian matrices and 
that if s,, s. denote their multipliers, then 


(6;) =’, det Cy = 8,"; 
(62) 8, =— det Cz = 82", 


These examples show that there exist for every n Hamiltonian matrices which 
have an arbitrary non-vanishing real number as multiplier. 
It follows that (4) may be replaced by the more precise relation 


(7) det C = 8". 


In fact, since the multiplier of CC’ is the product of the multipliers of 
13 
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C™ and C’, and since there exists for every n and for every s 40 a Hamil- 
tonian matrix, it is clear that (7) holds for an arbitrary s if it holds in the 
case s=1. In other words, it is sufficient to know that if C is a matrix for 
which C’GC = G, then det C=1. Now that C’GC =G implies det C = 1 
is easily seen from (1) in view of a theorem of Frobenius on relative in- 


variants. 


3. A lemma on gradients. Let an m-rowed square matrix A = A(Y) 
and a vector B = B(Y) with m components be defined in an m-dimensional 
domain of the space of the vector Y = (y;,° + +, Ym). Suppose that the pair 
A(Y), B(Y) has the property that one can find for every scalar function 
f =f (VY) another scalar function g = g(¥) such that 


(8) B+ A grad f = grad g 


holds in the whole Y-domain under consideration. All functions and variables 
are supposed to be real. Let it be assumed for simplicity that A, B and f, g 
have continuous partial derivatives of the first and second order respectively. 
It is understood that A grad f in (8) denotes a matrix product, while a vector 
is a matrix with m rows and 1 column. 

Now there exists '° for a given pair A, B a suitably chosen g for every f 
if and only if B is a gradient and A of the form sH#, where s is a scalar 
independent of Y and F# denotes the m-rowed unit matrix. The sufficiency 
of these conditions is obvious from (8). In order to prove their necessity, 
suppose that there exists a g for every f. On choosing f = f(Y) independent 
of Y, it is clear from (8) that B is a gradient. Thus (8) implies that A grad f 


is a gradient for every f. Hence, on choosing f =f(y1,° + +, Ym) as an arbi- 
trary polynomial p(y:) of the i-th component of Y = (y,,° Yym) and 
denoting by A; = A; (1) the vector the components of which are the elements 


of the i-th column of A = A(YV), it is seen that the vector q(yi)Ai(Y) is a 
gradient for every polynomial g(y;). It follows, therefore, from the integra- 
bility condition satisfied by a gradient that A(Y’) is a diagonal matrix and 
that the i-th diagonal element of A (VY) isa function of y; alone. Since A grad f 
is a gradient for every f, on choosing 7 and 7 arbitrarily and placing 
f(Y) = yiy;, it follows that all diagonal elements of A(YV) are equal. This 


proves that A = sf for some constant scalar s. 


® As to § 2, cf. A. Wintner, loc. cit., p. 107. 
This fact is the analytical analogue to the algebraical fact used by A. Wintner, 
loc, cit., p. 106. 
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4, Canonical transformations. The prime being the symbol for the 
transposition, let total differentiation with respect to the time ¢ be denoted 
by a dot. Partial differentiations with respect to ¢ or a codrdinate or an 
impulse will be denoted by subscripts, as illustrated by the relation 
a(q,t) =dqq + a. Thus a canonical system with n degrees of freedom may 
be written in the form 


(9) Gi = pi 
where the Hamiltonian function h =h(qi,° +, qn, Pis* Pn3 may con- 


tain ¢ and will be supposed to have continuous partial derivatives of the second 


order in the (2m + 1)-dimensional domain under consideration. Put 
(10) Li=i, Tien = My (¢ant,- -,2), 


and let X denote the vector with the 2n components @,° * *,Zn. Then (9) 


may be written in view of (1) in the form 
(11) GX =gradxh, where h=h(X; t). 


The subscript of grad refers to the space in which one carries out the partial 
differentiations. 
Now transform the phase-space \’ for every fixed ¢ under consideration 


into a phase-space )’ by means of a transformation 
(12) Y=Y(X;t), where Y = Yon), X = Zen)- 


Suppose that the 2n functions (of 2n-+ 1 variables) which occur in these 
transformation formulae have continuous partial derivatives of the second 
order and that the transformation determines for every fixed ¢ a locally one- 
to-one correspondence between the two phase-spaces, the 2n-rowed Jacobian 
being everywhere distinct from zero. A transformation (12) which satisfies 
these requirements is said to be a canonical transformation if it transforms 
every canonical system (11) into a system of differential equations which is 


again canonical, i. e., of the form 
(13) GY gradyh*, where h* =—h*(Y; 1), 


it being understood that the new Hamiltenian function h* need not be the 
same function as the Hamiltonian function h of (11). 

If a canonical transformation (12) is such that h* always is the same 
function as h, i. e., if =h(X;17) holds for every h, and if in 
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addition ¢ does not occur in (12), then (12) is said to be a completely canonical 
transformation.” 


5. Partial differential equations characterizing canonical transforma- 
tions. Let 
(14) X = 


be the inverse of the transformation (12). Let C denote the Jacobian matrix 
of the transformation (12) for a fixed ¢, so that the j-th element in the k-th 
column of the non-singular 2n-rowed square matrix C’ is the partial derivative 
of y; with respect to z,. The matrix C may be considered in view of (14) as 
a function C(Y;¢) of Y and ¢ instead of as a function of XY and ¢. It is 
easily verified by straightforward differentiations that 


(15) Y—CX+Y; 
and that, for an arbitrary f, 

(16) gradxf = C’ gradyf, 
where C” is the transposed matrix, finally that 


(17) gradyY; = 


where A; denotes the matrix or vector obtained by partial differertiation of 

every element of A, and the gradient of a vector denotes, of course, a matrix. 

Needless to say, Y; is understood in the sense that one first differentiates (12) 

partially with respect to ¢ and expresses then X by means of (14) as a func- 

tion of Y and #. It is not assumed that (12) is a canonical transformation. 
It is clear from (15) and (16) that (12) transforms (11) into 


— Y:) =C gradyh, 
a relation which may be written in view of (1) in the form 
GY = GY: — GCGC’ gradyh. 


On comparing this with (13), it is seen that (12) is a canonical transforma- 
tion if and only if there exists for every h an h* =h*(Y;t) such that 
(18) GY: — GCGC’ gradyh = gradyh*, 


where the Hamiltonian function h =h(X;t) of (11) is thought of as ex- 
pressed by means of (14) as a function of Y and ¢. On keeping ¢ fixed and 


11 Cf. T. Levi-Civita and U. Amaldi, loc. cit., p. 314. 
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comparing then (18) with (8), it follows from the lemma of § 3 that (12) is 
a canonical transformation if and only if the vector B—GY; is, for every 
fixed ¢, the gradient of a scalar function with respect to Y and the matrix 
A =— GCGC’ is, for every fixed ¢, of the form s#, where s is a scalar in- 
dependent of Y and # denotes the 2n-rowed unit matrix. This means in 
view of (1) that the transformation (12) is canonical if and only if there 
exist two scalars 


(19,) prem t(Y;t); (192) s= s(t) 
such that 
(20;) GY; = gradyr; (20.) C’GC = 8G. 


If this condition is satisfied, the Hamiltonian function of the system (13) into 
which (11) is transformed by (12) is 


(21) h* =sh+r 
in view of (18). 


6. The integrability conditions of (20,). Condition (20,) cannot be 
applied directly to a given transformation (12), since the function r is un- 
known. It is, however, easy to see that there exists, for a given transforma- 
tion (12), a function (19,) satisfying (20,) if and only if the matrix C’GC, 
considered as a function of Y and ¢, is independent of ¢. 

In fact, there exists, for a given transformation (12), an r satisfying 
(20,) if and only if gradyGY; is a symmetric matrix at every point of the 
(2n + 1)-dimensional region under consideration. Now it is easily verified 
that gradyGY; = @ gradyY;, so that gradyGY; = GC,C™ in view of the identity 
(17). Hence there exists an r if and only if GC;C-' is a symmetric matrix, 
i,e., equal to the matrix (GC;C~')’.. Now this condition means in view of 
(2) that 

+ = (C’GC) 


is the zero matrix for every Y and ¢, i. e., that C’GC is a function of Y alone. 


7. Characterization of the canonical transformation by means of Hamil- 
tonian matrices. According to (19.2), the scalar s occurring in the necessary 
and sufficient conditions (20,), (202) is, for every fixed /, independent of the 
position Y in the phase-space. This was a consequence of the lemma of § 3. 
Now it is easy to see that the pair of conditions (20,), (202) implies that the 
scalar s must be independent not only of Y but of ¢ as well. In fact, it will 
be shown that a transformation (12) is a canonical transformation if and only 


x 
f 
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if there exists an s 0 which is independent both of t and Y and is such that 
the Jacobian matrix C =C(Y;t) of (12) ts, for every Y and t, a Hamil- 
tonian matrix which has, in the sense of § 2. the constant s as multiplier.” 

In fact, (12) is canonical if and only if (20,) and (20.) can be satisfied 
by suitably chosen functions (19,) and (19.). Now (20,) is, according to 
§ 6, satisfied by some function (19,) if and only if C’GC is independent of 1, 
which means in view of (20.2) and (19.) that s is a constant. This clearly 
proves the statement, since, the Jacobian being non-singular, s=40 in view 
of (20.). 

The criterion thus proved may be formulated as follows: A transforma- 
tion (12) is a canonical transformation if and only if its Jacobian matrix 
(’=(C(Y;¢) determines a linear substitution under which the bilinear form 
in cogradiant variables which belongs to the skew-symmetric matrix (1) is 
relative invariant with a multiplier s ~ 0 which is independent both of Y and /. 


8. The distortion of a canonical transformation. If one calls the doll 
terminant of C —C(Y;1t) the distortion of (12), it is seen from (7) and 
from the integrability condition s = const. found in §6 that the distortion 
of a canonical transformation is independent both of Y and ¢. 

It is also seen that if s 1, then the distortion is 1, so that a canonical 
transformation with the multiplier s 1 not only is volume-preserving, as 
shown by (4), but orientation-preserving as well, as shown by (7). 

These results do not assume that / does not occur in (12) and are, 
therefore, more general than when formulated for the particular case of 
completely canonical transformations. In fact, s 1 for every completely 
canonical transformation, while s = 1 does not imply that the transformation 
is completely canonical. This is clear from the relation (21) which shows 
that a canonical transformation is completely canonical if and only if the 
multiplier s is 1 and the function (19,) is independent of Y. 

Incidentally, the result det C = 1 is new in the completely canonical sub- 
case of the case s=1 also, since the usual treatment of the completely 
canonical case gives’* detC +1. The proof of this weaker result is 
usually based on an application of the Lagrangian brackets or, what is the 
same thing, on the reciprocal matrix of the brackets of Poisson. 


12 Since the invariant matrix G@G is real and skew-symmetric, the matrix i@ is 
Hermitian. Thus one might attempt to treat the question of relative invariance 
with respect to G by starting with the group under which the fundamental surface of 
an Hermitian space is invariant. This approach would necessitate discussions of 
reality which are analogous to those treated in the calculus of spinors. 

18 Cf. G. Prange, loc. cit., p. 769. 
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The usual characterization '* of the completely canonical transformation 
by means of the brackets of Lagrange or Poisson follows from (202) and (1) 
without any calculation, since s = 1 in the completely canonical case. Further- 
more, it is not necessary to assume that the transformation is completely 
canonical but merely that it is canonical and has the multiplier s = 1. 

As pointed out in §1, the usual treatment starts with the implicit as- 


sumption that s = 1, an assumption which implies, by (7), that det C = 1. 


9. The composition rule of canonical transformations. It is clear from 
the definition of a canonical transformation that the set of canonical trans- 
formations defined in a common (2n + 1)-dimensional region forms a group. 
The composition rule of the Jacobian matrices and of the multipliers of 
canonical transformations is clear from (20.) and §2. As far as the com- 
position rule of the function (19,) is concerned, it is easily verified that if 

r,; =1,(¥Y;7) belongs to a canonical transformation which is substituted into 
| another canonical transformation, and if 7, —=7.(¥;¢) and s, belong to the 
latter transformation, then the function + belonging to the composite trans- 
formation is In particular, if C, s belong to a canonical 
transformation, then C-!, —r/s, 1/s belong to the inverse transformation. 

Needless to say, the multiplier s is, according to (202), uniquely de- 
termined by the canonical transformation, while the function (19,) remains, 
according to (20,), undetermined up to an additive term which is a function 
of ¢ alone. 

On uniting a canonical transformation of a 2n,-dimensional phase-space 
with a canonical transformation of a 2n.-dimensional phase-space, it is often 
stated that one obtains a canonical transformation of a (27, + 2n.)-dimensional 
phase-space. Actually, while this is true under the traditional hypothesis 
s = 1, it is false in the general case. In fact, it is clear from the above rules 
that the united transformation is canonical if and only if s,; = s., where s, 


and s, denote the multipliers of the two partial transformations. 


A 


10. Another form of the criterion of § 7. Let it here be mentioned for 
later application that if (12) satisfies (20,) for every Y and ¢ and (20,) for 
a fixed ¢ and every Y, then (12) is a canonical transformation. In fact, if 
(20,) is satisfied for every Y and /, then C’GC is. according to § 6, in- 
dependent of /, so that (20.) holds for every Y and ¢, if it holds for every Y 
and for a single /. 


In order to formulate a converse of the fact thus proved, let a trans- 


™ Cf. G. Prange, loc. cit., pp. 768-769. 
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formation (12) be termed a conservative transformation if it does not contain /. 
Now if (12) is a canonical transformation and ¢) denotes any fixed value of 1, 
then the conservative transformation defined by Y = Y(X; 1%) is a canonical 
transformation. In fact, any conservative transformation satisfies (20,) by 
choosing r= 0, and it satisfies (20.2) either for every ¢ or for no /. 

It may be mentioned that (12) need not be a canonical transformation 
even if the conservative transformation Y = Y(X';%)) is a canonical trans- 
formation for every fixed t= t). This is clear from the criterion of § 7. 


11. An existence and uniqueness theorem for the initial value problem 
of canonical transformations. So far it has been assumed that there is given 
a transformation (12) and the question was whether or not there exist a 
function 7 = 7(Y;¢) and a constant s 4 0 such that (12) satisfies (20,) and 
(20.). In what follows, the converse problem will be discussed. It will be 
shown that if there are given a fixed value ¢,) of ¢, a conservative canonical 
transformation Y = Y,(X), finally a function r—r(Y;t) which has con- 
tinuous partial derivatives of the third order, then there exists exactly one 
canonical transformation (12) which reduces for t= ¢, to the given trans- 
formation Y = Y,(X) and belongs to the given scalar function r—r(Y; 1). 
According to § 7, the multiplier of the solution Y = Y(X; 1) of this problem 
is the multiplier of the given initial transformation. It is understood that ¢ 
is to be restricted to a sufficiently small vicinity of to. 

The proof proceeds as follows. First, one can write (20,) with the use 
of (2) in the form 
(22) Y; =— G gradyr(VY; 


where r=r(Y;7) is the given function and Y the unknown. 
Now consider (22) as a system (13) of ordinary differential equations with 
the independent variable ¢ and assign for these ordinary differential equations 
the initial values Y(X;t)) = Yo(X), where the point X of the phase-space 
is fixed. Let Y — Y(X; 1) be the corresponding solution of (22). According 
to the existence theorem of ordinary differential equations depending on 
parameters, the solution Y = Y(X; 1?) exists in a portion of the space of the 
initial values 1 and in a sufficiently small interval tj) —b << t < t) + b, where 
b can be chosen independent of X. Furthermore, the conditions of regularity 
made with regard to the given functions 7, Y, imply that the solution 
Y = Y(X;1) has continuous partial derivatives of the second order. Since 
the Jacobian of Y(X ;¢) with respect to X is at t = 1, the Jacobian of Y,(X), 
hence distinct from zero, it is clear from reasons of continuity that the Jacobian 


of Y(X;t) does not vanish, if ¢ is near enough to ty. Thus (12) defines a 


{ 
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transformation. Now this transformation is, in view of §10, a canonical 
transformation. 


12. Canonical integration constants. Let Y = Y(X;t) be the general 
solution of the canonical system (13), the 2n components of X being the 
2n integration constants. Let it be assumed that these integration constants 
are combinations of initial values in such a way that the general solution 
Y = Y(X;¢) has continuous partial derivatives of the second order and that 
the Jacobian is nowhere zero. The integration constants represented by X 
are said to be canonical integration constants if the transformation (12) 
defined by means of the general solution of (13) is a canonical transformation. 

Now the integration constants XY are canonical integration constants if 
and only if the conservative transformation Y = Y(X;t)), where to is one 
particular value of ¢, is a canonical transformation. This is clear without 
any calculation from the criterion of § 10, since (20,) may be written in the 
form (22), while (22) is the same thing as (13), the vector XY being a vector 
of integration constants. 

It follows, in particular, that if Y = Y(X;?) is the general solution of 
(13) and the integration constants represented by X are chosen to be the 
initial values of Y which belong to tt), then (12) is a canonical trans- 
formation with the multiplier s—1. In fact, (12) reduces then for ¢ = t, 
to the identical transformation, hence to a canonical transformation with the 
multiplier s = 1. 

If Y = Y(X;1) is the general solution of 


(23) GY — gradyh 


with canonical integration constants XY, then (12) transforms every canonical 
system (11) into a canonical system (13), where 


(24) h* = sh +h, 


s being the multiplier of (12). This is clear from (21), since r= h in view 
of (23) and (20,). The rule (24) only means (cf. §9) that the inverse 
transformation (14) transforms the Hamiltonian function h into the Hamil- 
tonian function which is identically zero. 


Remark. \t may be mentioned that every canonical transformation (12) 
may be considered as one defined by means of some canonical integration con- 
stants X of a suitably chosen canonical system (13). This is clear from § 10, 
if one writes (20,) in the form (13). 
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13. Verification of the standard Pfaffian criterion. Corresponding to 
(10), let in (12) 
(25) Yi = Vi, Yien = Ui, ((=—1,- 


Then the usual criterion for a canonical transformation,’® when adjusted to 
the fact that the constant s=4 0 need not be 1 (cf. § 1), may be expressed by 
saying that (12) is a canonical transformation if and only if there exists a 


function 7+ for which the Pfaffian 


(26) s> pidgi — uidv; + rdt 
4=1 i=1 


becomes a complete differential in virtue of (12). This Pfaffian condition 
contains differentials of some of the 2n old variables and of some of the 2u 
new variables and is therefore, in contrast with the criterion of § 7, an un- 
symmetric criterion. On the other hand, it is easy to deduce this criterion 
from the theory developed above. In the verification use will be made of the 
fact that the alternating derivative (Stokesian) of a covariant vector is a 
tensor. 

For a given transformation (12) which need not be canonical, consider 
the Pfaffian 
(27) $sX’GdX — 4Y’GdY + rdt, 


where Z’AW denotes the bilinear form belonging to the square matrix A ani 
to the vectors Z, W, so that Z’AW is considered in the usual manner as a 
product of three matrices. It is easily verified from (1) that, whether the 
transformation (12) is canonical or not, the difference of the two Pfaffians 
(26), (27) is, in virtue of (1), (10) and (25), a complete differential, namely 
that of the function 


4=1 
Now (27) is a complete differential in virtue of (12) if and only if (12) isa 
canonical transformation. In fact, (27) becomes in virtue of (12) the Pfaffian 
(28) $(sX’G — Y’GC)dX + (r—4Y’GY;)dt, 
where Y and Y; are considered as functions of X and ¢. It is clear that the 
Pfaffian (28) is a complete differential of a function of 2n +1 variables 


represented by X and ¢ if and only if (i) the partial derivative of the covariant 
vector 


1° G. Prange, loc. cit., p. 758. 
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(29) 1(sX’G — Y’GC) 

with respect to ¢ is the (covariant) gradient of the scalar 

(30) r—4Y’GY, 


with respect to the vector Y and (ii) the alternating derivative of the covariant 

vector (29) with respect to the vector X is identically zero. Now the con- 

ditions (i), (ii) are equivalent to the conditions (20,), (202) respectively. 
In fact, condition (1) is satisfied if and only if 


— 43(Y’GC); = (gradxr)’ — $[gradx(V’GY,) ]’, 
a relation which, when transposed, may be written as 
= gradxyr — grady(¥’GY 
or, on using (1), (16) and the definition of C, also as 


+ 30°GY; = C’ gradyr — $0’°GY;, + 
1. @., as 


GY: = C’ gradyr. 


Since this may be written in the form (20,), it follows that condition (i) 
is equivalent to (20,). 

On the other hand, since an alternating derivative is transformed by any 
transformation (12) as a tensor, and since the alternating derivative of X’G 
with respect to XY is G in view of (1), it follows that the alternating deriva- 
tive of Y’GC with respect to Y is C’GC and that condition (ii) is satisfied 
if and only if the matrix 

4(sG— C’GC) 


is identically zero. Hence condition (ii) is equivalent to (20.). 


Remark. While the above considerations were based on the transforma- 


tions of a 2n-dimensional phase-space which depend on 1, it is possible te 
develop the above theory in a (2m + 2)-dimensional space which is obtained 
by adjoining to the 2n-dimensional phase-space the function (19,) and the 
time ¢ as a pair of canonically conjugate variables. This approach is particu- 
larly convenient when the method is applied to the reduction of the degree 
of freedom by means of canonical transformations based on known first in- 


tegrals in involution. 


THE JOHNS HOPKINS UNIVERSITY. 
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NOTE ON A CERTAIN BILINEAR FORM THAT OCCURS IN 
STATISTICS." 


By T. Craic. 


It is the purpose of this note to present some of the properties of the 
distribution of a real symmetric bilinear form of 2n normally but independently 
distributed variables. 


Let z any y be independently distributed in accord with 
= (1/V 2x) exp[—(a*/2)] and g(y) = (1/V 2x) exp[— (y*/2)]. 


Let 2, %2,° and Y2,* * *, Yn be n random pairs of values of and y 
and let A = || duy || (u,v —=1,2,: - -,”), be a real symmetric matrix of rank r. 


If B denote the bilinear form > durrt,yv, the characteristic function ¢(1) of 


U,U=1 


the distribution of B is given by 
1 n fe, oo 


n n 
where Q; = > 2,7 and Q2 = > yx”. Since A is a real symmetric matrix, there 
1 1 


exists a real orthogonal matrix LZ = || 1,, || such that 
Ay 0 0 
L’'AL=|0 0 
0 0 
where A;,° are the real, non-zero roots of the characteristic equation 


1 Presented to the American Mathematical Society on September 12, 1935. 
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of A, and L’ is the conjugate of LZ. If we subject the 2’s and y’s to the same 


linear homogeneous transformation with matrix L, then B becomes > Aua’uy’u 
1 


while Q, and Q. remain unchanged. Thus, upon dropping the primes, ¢(t) 
becomes 


= [(1 + A170?) (1 + A271?) (1 + A,7 0?) ] 4. 
If w, represents the s-th semi-invariant of the distribution of B, it follows from 


d® log 
Vo, = ———_ | 
dts | t=0 


that 


r 
= 0 and 023 = (2s 1) ! 
1 


In terms of the semi-invariants, the distribution function /'(B) of B is then 
given formally by 


exp| > = f exp (itB) F(B)dB. 
(s)! -00 
Thus, 
1 
F(B) exp(— + [ (it)*/(s) ! Jos}dt 
1 
= + Ay (B) + Aw (B) 
where 
(B?/207) ], = y?(B) = 
and the A’s are the well known functions of the semi-invariants.? 

Of particular interest is the case in which A, =A, =A, = 1 and 
the rank r is even, say r= 2k. For example, B may be n times the sample 
covariance, 

where ni = = and = (n—1)/n or —1/n according as 
u==v or uv respectively. The n roots of the characteristic equation of the 
matrix || du, || are 0,1,1,- --,1 and, if m is odd, the rank of the matrix is 


r=—=n—1=—2k. Under these conditions we have ® 


2Cf. T. N. Thiele, Theory of Observations (1903), pp. 33-35. 

2Cf. J. Wishart and M. S. Bartlett, ‘The distribution of second order moment 
statistics in a normal system,” Proceedings of the Cambridge Philosophical Society, 
vol. 28 (1931-32), p. 458. 
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o(t) = (1+ #)* 


By a suitably chosen contour for integration in the complex plane, it may be 


and 


aT 


shown that 


F(B) a.B? +4; 


BY | +++ BY |] 


where 
(2k —s—2)! 
Q7k-8-1 —s—1)!s!(k—1)!’ 


As == 


(s=0,1,---,4—1). 


It is interesting to observe* that this distribution function is identical with 
that of the sum of & independent values of « drawn at random from a popu- 


lation characterized by = | 


THE UNIVERSITY OF IOWA. 


*Cf. K. Mayr, “ Wahrscheinlichkeitsfunktionen und ihre Anwendungen,” Monats- 
hefte fiir Mathematik und Physik, Bd. 30 (1920), p. 25. 
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THE APPLICATION OF THE THEORY OF ADMISSIBLE NUMBERS 
TO TIME SERIES WITH VARIABLE PROBABILITY.’ 


By Francis REGAN. 


I. Introduction. This paper is concerned with the consistency of the 
statistical theory of probability as applied to time series. In testing this con- 
sistency, we shall employ the theory of admissible numbers. A time series is 
a sequence of occurrences distributed independently in such a manner that 
there is a definite probability of an occurrence in any given interval of time. 
A time series may be represented by a sequence of points on the positive time 
axis. If F is any (Lebesgue measurable) set of points on this axis, then there 
is a definite probability f(#, #) that there will be « points of the time series 
in the set L. We shall assume that this function possesses a certain periodicity 
which is defined in terms of the following transformation. Let T,(2)= a + y, 
i.e., the transformation T,(a) translates a point x into a point a =—«wz- y. 
This operation also transforms a set of points / into a set HL” and this trans- 
formation will be denoted by the equation 4” = 7,(). The function f(a, 7) 


is said to possess a period A provided 
fla, Ta(#) | = f(a, #) 


where A is independent of « If all numbers A are periods of this function, 
the time series is said to possess a constant probability. Otherwise the proba- 
bility will be said to be variable. 

The mathematical idealization of a time series is an increasing sequence 
of positive numbers s,, s2,- + whose properties are defined in terms of the 


expression «(a, A) where 


ve 1 if there are exactly « points of the series in T %-1)4(/) 


| 0 otherwise. 
The set E is contained in the interval 0 << y< A and A is a period of f(a, £). 
Thus x(a, 2, A) represents an event which succeeds on its k-th trial if and 


only if there are exactly « points of the time series belonging to the set 


1 This paper was presented to the Society June 22, 1933. 
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T %-1)a4(E). The success ratio for the first n trials of the event r(a, H, A) is 
denoted by pn[w(a, #, A)] and is given by the equation 


x(a, H,A)] = /n. 
k=1 


The probability p[a(a, #, A) ] of this event is the limit of the success ratio, i. e. 


Thus the time series must satisfy the condition p[z(a, #,A)] =—f(z, £). 
We shall make the further demand that z(a, #,A) is an element of the set 
A[f(«, Z)], where A[f(a, F)] is the set of all admissible numbers associated 
with the probability f(«,#). We shall however restrict ourselves in Art. IT 
to the consideration of sets H consisting of finite sums of intervals and to the 
function of variable probability while in § 4 of Art. III, we shall consider for 
constant probability sets H which are not of the form already discussed by the 
author.? 

It is now clear that the assumption of periodicity of f(a, 2) is necessary 
in order that the probability can have a meaning in terms of the statistical 
theory. It can be proved that 


f(a, =[K(E)]%*® /a! 


where K(F) is a non-negative absolutely additive, absolutely continuous func- 
tion of point sets.® 


II. At least one point or exactly « points lying in an interval. 


1. In this section we shall concern ourselves with the restricted case in 
which £ is the interval of length y, beginning at time s. The function f(z, £) 
shall be designated by f(a, y,s) and shall be denoted by K(y,s). The 
function f(«,,s) is periodic in s, where the period depends upon the nature 
of the physical event; for example, let us assume that the probability of an 


* See Regan, “ The application of the theory of admissible numbers to time series 
with constant probability,” Transactions of the American Mathematical Society, vol. 36 
(July, 1934), pp. 511-529. 

* Fry, Probability and Its Engineering Uses, pp. 216-227 and pp. 232-235, shows 
that under suitable restrictions the function f(a,#) must be expressible in the above 
form where K(#) is a Riemann integral of a continuous function. In a paper written 
in conjunction with A. H. Copeland, entitled “ A postutational treatment of the Poisson 
law,” Annals of Mathematics, vol. 37, no. 2, April, 1936, pp. 357-362, the above equation 
under a more general set of hypotheses has been derived by the authors. 
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event happening at 9.00 a.m. Monday is the same as that at 9.00 a.m. 
Tuesday, etc. Here the primitive period is the day. Hence f(a, 7, s) is periodic 
in s for a certain 7. Let this period be m, then f(a, »,s) =f(a,y,s + mn), 
(n==1,2,---). If this period is not one it may be made so by a linear 
transformation. Therefore there will be no loss in generality, if we confine 
our work to the case where the period is one. 

We shall first consider the case of at least one point lying in an interval 
of length y, beginning at time s. A time series representing this phenomenon 
may be represented by a set of points 3,5 <s.<s<:'':'<sj<:°:: dis- 
tributed along the positive s-axis. The probability of at least one point lying 
in any interval » of the time axis, beginning at time s, is [1—f(0,y,s)]. 

The set of points s; may be obtained by a certain transformation applied 
to a time series 7;, t2,73,° * * Which has a constant probability, and which is 
such that if 

£(0, 7, t, A) = 2, Lo, +, 
where | 
to = 1 if there is at least one point 7; in 


t+ 
otherwise 
ty” 0, 


where A=58-p- {=8-r- 2-1, p, o, r and m being 
integers such that r+ mp, and K(1, 9), then ~ A) is an 
element of A[1— e7].* 

For our purpose here we will only consider; those values of p- 2-%* which 
are integers. Hence A =8-M, where M is an integer. 

It is now our problem to show how this series may be transformed into 
one which has a variable probability and which is consistent with the frequency 
theory. 

Let I,,s be the intervals <éSs+y. Let K(y,0) =T(y) =A. It is 
assumed that (y+ 1)—T(y)+ 8. From the nature of the function K(y, s), 
we know that the inverse 7 = 7-1(A) exists.» Then T-*(A + 8)=T7(A)+ 1. 

4A time series of this type has been constructed by the author in a paper entitled 
“The application of the theory of admissible numbers to time series with constant 
probability,” Transactions of the American Mathematical Society, vol. 36 (July, 1934), 
no. 3, pp. 511-529. It should be noted that the constant factor 6 that has been used here 
is nothing more than the k (page 512) which we chose as one, but for our purpose 
here k is chosen to be 6= K(1,0). 

5In the paper mentioned above written by Copeland and Regan, they show that 
if I, is the interval 0 < and t= K(I,) =T (a), then this transformation has a 
unique inverse = T-1(t). 
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We shall now construct a time series 8s; < 8% <8; such that 
i= T-"(7;). Let 


~ x(0, N> 8, M) = ey g®), 
where 
== 1 if there is at least one point in 


Ty: s+ (k—1)M <hSst+ynt+ (k—1)M 
otherwise 
a® — 0), 


where s = T(t), s +7), ¢ and being equal to §-r- and 
2-%*! respectively. Since 


[t+ (k—1)A] =T7(t) + (k—1)M=s+4+ (k—1)M 
and 


T(t (k—1)A] 7) + (k—1)M—s +y+ (k—1)M 


it follows that 7 —2,™ and hence ~2(0,7,s,M) is an element of 
A{1—e], but ¢=T(s) andt+7—T(s+ 7) or 


7=T(s+y7) —T(s) = K(y,8). 
Therefore ~ x(0, 7,8, M) is an element of A[1— and 
is a time series with the desired properties. 


2. We shall investigate the case when within the interval J; of length 
T+ (7 =8- m- sub-intervals of the form T-1(8- are omitted from 
consideration. 

In the case of constant probability we have shown that if 


x(0, 7’, t, A) 7,2), x; 


where x, is one if there is at least one point in the n intervals of J;, where 
the sub-intervals of J; are: 


43-2744 (k—1)aA, 
(1 = 1, 2,- 


then ~ x(0, 7’, t, A) is an element of A[1—e-~’], where 
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beginning at time ¢;. The numbers A, ¢, 7’ and are 
2-1 and §- m- respectively where p, o, r, M, m and n are integers 
with n = m and the sub-intervals begin at t; = 8+ pj: 2-1, ((—=1,2,---,n), 
where p; is an integer, satisfying, rS pj [r+ m—1. 

Now we may use the same transformation as given in §1. Let 


, 
~2(0, 7,8, M) 2), 


where z™ is one if there is at least one point in the n intervals of J;,, where 
the sub-intervals are: 


T1(82") + (k—1)M, 
(1 = 1, 
and zero otherwise, where s = 7-1(t), (£ = 8+ 1r- 2-7), = T-1(8- 2-7"), 


T>[t-+ t+ (k—1)A] 


and 


+t +8-24 +4 (k—1)A] 
T(t) +17 + T4(8- 2-4) + (b—1)M 
+ (k—1)M, 


it follows that «” =a, and hence ~ 2(0,7’,s,M) is an element of 
A[1—e-], where =7', +72 +--+ +--+ with each of the = 8-2-7" 
beginning at time ¢;. Therefore, since tj = 7(¢;) and 


+ 82-7 = + T(82-**) 
we have 


— + 77 (8- 2-1) —T ] = K[T 1 (82°), “J. 
Therefore, ~ 7’, s, M) is an element of 
i=1 


3. When we consider « points in an interval of length y, or the case 


symbol 7’ represents the sum of the  sub-intervals 7-1(3.2-9+1) under 
consideration. 


j 
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where there are « points in an interval where sub-intervals of the form 
T’-*(8-2-**) have been omitted from consideration, we need only apply §§ 1 
and 2 to the corresponding time series of constant probability. 


III. Intervals not of the form (r+ m) - 2-41, 


4, We shall discuss for constant probability the case:in which the interval 
becomes irrational or rational and not of the form (r+ m) - 2-71, It may 
be such that ¢ and + are both irrational, both rational and not of the forms 
r:2-%, m-2~*, or one may be rational and the other irrational. 

Let us choose 12, m,, m2, and A so that t < 
+ me) 2°? Ct+r< + m) 2, and A = 2-1, where 
+m Sp and mS p. Let = 2%, = 2%, 


Given any positive number, «, we can select 13, 12, pi, p2, o such that 


(a) {1— (0, 71, t1) —«/2 S {1 —f (0, 7, }* 
S {1—f (0, 72, to) + €/2. 

It follows from Theorem 27 that the numbers Ns, can be chosen so that 
for every m, r, o and A such that m-+r=A2*" that the number 
~ x(0,7;,t,, A) is a member of the set A[1—/(0,71,¢:)]. For the same 
numbers N,, then the number ~2(0,72,t2,A) is a member of the set 
A[1—f (0,72, t2)]. Hence we can select a number Ny such that 


(b) {1 — f(0, to) }*¥ — = IL (ri/n) ~ T2, to, A) 


and 
(c) pol (ri/n) ~ {1 —f (0, t1) + €/2 


whenever > N,. 

Now let us define a number ~ (0,7, ¢, A) such that its k-th digit is 
one if there exists at least one point of the time series in the interval 
t+ (k—1)A<hSt+r7+ (K—1)A, where ¢ and + have been re- 
stricted as above and A—p-2~**, Then we have - 


(d) I (ri/n) x(0, T2) te, A) ] < pol (ri/n) ~ T; t, A) ] 


< pol TL (ri/n) ~ 71, ty, A) J. 


7 See author’s memoir, loc. cit., p. 522. 
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Subtracting « from the second inequality of (a), we have 

{1—f(0, 7, t)}*— eS {1 — f(0, ra, te) }#—e/2. 
Combining with (b) we get 
eS paL TI ~2(0, te, A)“. 
Adding « to the first inequality of (a), we have 

{1—f(0, 11, + ¢/2 S {(1—f (0,7, t)}*¥ +e. 
Combining with (c) we get 
(2) pel IL (s/n) ~2(0, A) +e 
Using (e) and (f) with (d), we get 


= {1—f (0,7, #)}* 


whenever N > N,. Therefore, we have 


of (r;/n) ~2(0; 7, t, A) (1—f(0,7, 


Hence, we see that for the same numbers N, as found from Theorem 2, that 
~2z(0,7,¢, A) is a member of the set A[1— (0,7, ¢) ], where ¢ and r are not 
of the forms r- and p- respectively but ¢-+7:< A. 
From the principles of admissible numbers, it follows that x(0,7, t, A) is 
an element of the set A[f(0,7,¢)] for every ¢ and 7, such that ?-+7< A. 
We have now proved the following theorem: 


THEOREM. If the hypothesis (H,) of Theorem 2 is satisfied, then for the 
same numbers N, which may be obtained for this case of Theorem 2, it is true 
for every t and +, such that t+7< A, that the corresponding number 
z(0,7,t, A) is an element of A[f(0, 7, t) ]. 

By the transformation of § 1, we can show that the series for variable 


probability is consistent for intervals not of the form (r+ m)2~. 


Sr. Louis UNIvERsITy, 
Sr. Louts, Mo. 


CERTAIN RATIONAL r-DIMENSIONAL VARIETIES OF ORDER N 
IN HYPERSPACE WITH A RATIONAL PENCIL OF (r—1)- 
DIMENSIONAL VARIETIES OF LOWER ORDER. 


By B. C. Wone. 


1. Introduction. Let Mm denote the (r—s)-dimensional manifold, 
of order m*, of complete intersection of & given general hypersurfaces of order 
m in an r-space, S,. The hypersurfaces of order n passing through M <o form a 
linear system, | V |, of dimension + 


(1) m,k) ——1-+ — 
1)*(*) ee 
where the second factor in any term is to be taken equal to zero if its 
upper number is less than r. It is implied thatn=m. If n—m, then 
p(r, m, m, k) =k —1 and we have the «*-system determined by the k given 
hypersurfaces intersecting in M™. We shall exclude this case from our con- 
sideration and shall, in what follows, assume n > m. 

In this paper we are concerned with the rational r-dimensional variety, 
denoted by ®,V("™™*) or just ,, of order N(r,n,m,k) in a p(r, n,m, k)- 
space, Spcr.n,m,k), Which is representable upon S; by the hypersurfaces of | V |. 
The results obtained will be, in some measure, generalizations of those already 
obtained by D. W. Babbage,’ B. C. Wong,*® and W. L. Edge.* We shall, in 
8§ 2, 3, 4, describe, in general terms, the properties of the representation and 
then, in §§ 5-8, describe, in some detail, the case k = 2, and, in particular, 
the case n = m + 1=3. In conclusion, we shall mention, in § 9, some other 
special cases of interest. 


2. The determination of N(r,n,m,k). To determine the order 
N(r,n,m,k) of the variety @,, we determine the number of points of free 


1 For the derivation of this formula see Bertini, Projektive Geometrie Mehrdimen- 
sionaler Réiume, 1924, Kapitel XII. 

2“ A series of rational loci with one apparent double point,” Proceedings of the 
Cambridge Philosophical Society, vol. 27 (1931), pp. 399-403. 

*“On a certain rational V,,2n+1 in 8 ” American Journal of Mathematics, vol. 
56 (1934), pp. 219-224. 

“The number of apparent double points of certain loci,” Proceedings of the Cam- 
bridge Philosophical Society, vol. 28 (1932), pp. 285-299. 
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intersection of r variable hypersurfaces of | V |. We may consider, without loss 
of generality for our purpose, r composite hypersurfaces of | V | each com- 
posed of a hypersurface U of order m containing = and a general hyper- 
surface W of order n— m which is in no way related to Mm. The N(r,n, m, k) 
points of intersection of these r composite V’s can now be calculated without 
difficulty. First, we have the (n — m)" points common to all the r W’s. Then, 
we see that the U belonging to any one of the r V’s and the W’s belonging 
to the remaining r—1 V’s intersect in m(m—m)* points. There are in 
all ({)m(n—m)r such points. Again, the U’s of any two of the r V’s 
and the W’s of the other r—2 V’s intersect in m*?(n—m)*~ points. The 
total number of such points is (5) m(n— m)*-*. If we continue in this 
manner, we shall soon arrive at the final step where we find that the U’s of any 
k—1 of the r V’s and the W’s of the remaining r—k-+1 V’s meet in 
m*-*(n — m)*** points. We have in all Gi) m**(n — such points. 
Since there are no other points common to the r composite V’s outside of the 
basic variety, we have, adding, 


(2) N(r,n, m, k) — m) 
for the order of the variety ®,. 

In a similar manner, we find that the order of the (7 — q)-dimensional 
variety V;-q of intersection of q variable hypersurfaces of | V | is N(q, n, m, k) 
whose value is obtainable from (2) by replacing r by g. If q is increased by 
unity, we have a V;q1 of intersection of g-++1 hypersurfaces of | V |, of 
order N(qg + 1,n,m,k). We now find the intersection of V;q and the base 
manifold M™’. For this purpose, we notice that V,_¢ and another hypersurface 
of | V | intersect completely in a composite (r — q — 1)-dimens:onal variety of 
order n- N(q,n,m,k). One of the components is the V;-q-1 just mentioned 
and the other, of order n- N(q,n, m,k) —N(q+1,n, m, k), lies on M™ and 
is therefore the intersection of V;¢ and M net 


3. Varieties corresponding to sub-spaces of S,. A general (k — t)-space, 
where 1 = ¢=<k, in S, has no point in common with _— and therefore meets 
| V | in a system of (& —t—1)-dimensional varieties of order n having no 
base manifold. The dimenison of this system is, then, 


p(k —t,n,m,k) = —1. 


k- 


Therefore, the transform of S;-+ is a &"*' of order n** on ®,, contained in a 
space of gory, —1 dimensions. Thus, for t =k, a point in S; is the image 
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of a point on ®,; for t =k —1, a line of S; is the image of a curve of order n 
contained in an n-space; and so on. 

If we consider a general (k-+h)-space Sy, where 0ShSr—k, 
in S,, we see that it meets um in a manifold M,™ and meets | V| in a 
p(k +h, n, m, k)-dimensional system of (& + h —1)-dimensional varieties of 
order n having M;”™ for base manifold. The transform of Sz,, is a Dy, of 
order N(k +h,n,m,k) on ®,, contained in a p(k + h,n, m,k)-space. Thus, 
for h = 0, an S; has for transform a of order N(k,n,m,k) =n* — 
for h = 1, an has for transform a of order 


N(k + m, k) = — — (k + 1)m*¥(n— m); ete. 


From the fact that a general S, meets M™ in points we see that a 
point of Mm" is the image of a (k —1)-space on ®,. Then, the M,” common 
to Sis and M™ is the image of a (k + h—1)-dimensional manifold px. 
of order v(k +h, nm,k), a locus of «” (k—1)-spaces. We now calculate 
v(k+h,n,m,k). Consider an of Its transform on ©, is a 
of order N(k + h—1,n,m,k). Therefore, a of order n in will 
have for transform a variety of order n-N(k-+h—1,n,m,k). Now let 


V%.n-1 pass through M;”™, and the transform is now of order 
n-N(k+h—1,n,m,k) —v(k +h,n, m,k). 


But this order is equal to N(k + h,n,m,k) which is that of the section of 
by a Spck+h,n,m,k)-1 of k+h,n,m,k)» Then, we have 


v(k +h; n,m, k) =n-N(k +h—1,n, m, —N(k +h, n, m, k) 


m*(n —m)*. 
Thus, for h = r—k, the transform of _. is a pr, Of order 
v(r, n,m, k) = m*(n —m)**, 


If h = 1, we see that the curve M,™ in which an S;,; meets yi is the image 
of a px of order km*(n—m) ; and, if h =0, each of the m* points common 
to an S; and Mm’ is the image of a (% — 1)-space. 


4, Rational systems of loci on ®,. A hyperplane, S,-1, of S;, as was seen 
above, goes into a variety of order N(r—4i1,n,m,k), and hence an n’-ic 
hypersurface, where m Sn’ = n, goes into one of order n’- N(r —1,n, m,k). 
Consider a passing through and there are co such hyper- 
surfaces. Now the transform of this oe is a 8 of order 
N’ =n’: N(r—1,n, m, k) — (75, )m*(n — m)t-*, 


r-k 
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For the various values of n’ from m to n, there are, then, various rational 
co of (7—1)-dimensional varieties of order N’. If, in 
particular, we put n’ = m, k = 2, we see that ©, contains a rational pencil of 
varieties of dimension r—- 1 and order 


N’ =m: N(r—1,n, m, k) — (r—1)m?(n — = m(n— 


5. The casek=—2,n—m-+1=23. In this interesting case we have a 
system | V |, of dimension p = 2r--1, of hypersurfaces of order n passing 
through the complete intersection M‘"-}” of two general hypersurfaces of order 
n—1,in S,. The equation of a general member of the system is of the form 


r r 
(3) Fy: Bix; = 0, 
4=0 i=0 
where F, = 0, —0 are the equations, of degree n —1 in *,2r, 


representing the two hypersurfaces intersecting in M‘")* and the A’s and B’s 
are arbitrary constants. Setting 


where X;; [1 —=0,1; 7=0,1,---,7] are the codrdinates of a point in a 


(2r + 1)-space Sors1, we have the equations of the variety where 
N =rn—r-+ 1, represented upon S; by the hypersurfaces of | V |. 

A hyperplane in S,, say 4 = 0, is transformed by (4) into a ©’ of order 
N’ =rn—n—r-+ 2, which is of the same nature as ©," for r diminished 
by unity. Then, the transform of a hypersurface of order n —1 is a variety 
of order N’(n—1). If the hypersurface is one, say V"t, of the pencil 
determined by F, — 0, F, = 0, the corresponding variety degenerates into the 
transform of M of order (r —1)(n—1)?, and a ©” tof order n —1, 
which is the proper transform of V™. Thus, ®, contains a rational pencil 
of (r—1)-dimensional varieties of order »—-1 corresponding to the pencil 
+ AF, = 0 in S;. 


6. Different varieties on ®,N, Each of the «* @-’s on ®, is contained 
in an r-space and the oo1 containing r-spaces form a rational locus, f't, of 


order r + 1 whose equations are 


5’ For k = 2, n=2, m=1, the system of quadric hypersurfaces in r-space having 
a fixed (r—2)-space in common is of dimension 2r and not 2r + 1. This system can 
best be regarded as a special case of the linear system of hypersurfaces of order n 
passing through a given (r— 2)-space n — 1 times. 
D. W. Babbage, in the paper cited in footnote *, has already studied the case n = 3. 
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A general (r + 2)-space of X24, meets @- in a curve IN and Of*t in a ruled 
surface of order r + 1 whose rulings are all (n —1)-secant lines of the curve. 

Now ©, contains ,’s of order tn—t-+ 1 each contained in 
a (2¢-+1)-space. They correspond to the «‘'*?)“r-!) ¢-snaces of S, and are 
of the same nature as ®-" for r—t. The (2¢-+1)-space of a & meets ar 
in an Ott, This QF is the locus of co’ ¢t-spaces and each of these ¢-spaces 


meets a in a Therefore, contains 

Consider an (r + ¢ + 1)-space %,,t,: passing through the (2¢ + 1)-space 
Zete Of aD. It meets O'*t in a (¢ + 1)-dimensional variety of order r + 1. 
Since %21,: already meets 7*' in an Q'*', the variety just mentioned is com- 
posed of Qf! andr—t (t+ 1)-spaces. Note that each of these (¢ + 1)-spaces 
contains a 

Now a general (r + ¢-+ 1)-space meets ®,% in a ¢-dimensional variety of 
the same order. If the (r+ ¢-+ 1)-space passes through %ot,;, it contains ®; 
which is of order tn—t-+1. Then, its intersection with ®,. is composed of 
and r—t @;"""s. 

We may make use of the preceding result to find the genus of the curve 
I in which an (r + 2)-space meets Putting ¢ = 1, we have a composite 
curve whose components are a ®,” which is a rational curve of order n and 
r—1 @,"-"’s which are plane curves of order n—1. Each @,"" has n—1 
points in common with ©,” and therefore has (n —1)? apparent intersections 
with it. There are (r—1)(n—1)? apparent intersections between ®,” and 
the r—1 @,""s; there are also $(r—1)(r—2)(n—1)? apparent inter- 
sections of the r—1 @,""s two by two. ©,” itself has $(n—1)(n—2) 
apparent double points. Therefore, we say that the total curve IY has 


(r—1)(n—1)? + $(r—1) (r —2) (n—1)? + —1) (n— 2) 
—1)((P + — (7? + 2)] 
apparent double points. Denote this number by b;_,. We note that 6,_, is also 


the order of the double variety, A?r, on the projection of @-" upon an (r + 1)- 
space. The genus of I is, then, 


4(N —1)(N —2) — br = 3(r —1) (n—1) (n— 2). 


On &,% we have o*"-? curves of order n and they are rational curves and 
correspond to the *"-* lines of S,. Hach of them is contained in a 3-space 
and this 3-space meets 2" in a quadratic regulus Q,°. Of the or”? such 
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3-spaces one and only one passes through a general given point P of the 
(2r + 1)-space S2,,, containing ®-. Therefore, through P we can construct 
4(n—1)(n—2) lines meeting in two points the rational curve of order n 


_of ®-% contained in the 3-space through it, and these are the only lines through 


P bisecant to ®,Y. Hence, we say that @-" has 4(n—1)(n—2) apparent 
double points and that its projection upon a (2r)-space of ery has 
4(m—1)(n—2) improper double points. 


Projections and sections of ®-N. Let us project from an (7 1)- 
space, denoted by of upon an 1)-space Denote the pro- 
jection by ,1®-’. We have already remarked, in § 6, that the double variety 
on is of order = 3(n— 1)[(r? —r +1)n— (PF —r+2)]. 
Now we verify this fact. Suppose the center of projection, Z,_,, is contained 
in the containing a [see $6]. This meets in an ©," 
which is in turn met by Z,-, in r points. Designate these points by 
AM, A®,---,A®. Through passes an r-space containing a 
Now the projection ,_,®," in 3,,, contains an (rn —n—r + 2)-fold (r—1)- 
space which is the projection of @rn"-r*? in Yor. and r (n —1)-fold (r—1)- 
spaces which are the projections of the ®""'’s in the 3,’s through A™,---, A“. 
The (rn—n—r- 2)-fold (r—1)-space is equivalent to a double variety 
of order 4(rn —n—r-+r)(rn—n—r-+ 1) and each of the r (n —1)-fold 
(r—1)-spaces is equivalent to a double variety of order 4(n—1)(n—2). 
Therefore, the total double variety is of order 


= 4(rn —n—r 4+ 2) (rn —n—r +1) + $r(n—1) (n— 2) 


which is reduced to the value already given. 

We now find the pinch variety, J¢"*, on the projection ,,®-". We remark 
that the in the containing has an apparent double variety 
of order = 4(n — 1) [ (1? — 38r + 3)n — (7? — 38r + 4) ] and is therefore 
of rank 


a= (rn —n—r + 2) (rn —n— +1) — = (n —1) (rN — 2n 4+ 2). 


Then, on the (rn —n—r + 2)-fold (r—1)-space, the projection of ®,7"-"""*?, 
is a pinch variety of ordera. Now each of ther 6*7}’s is of rank (n —1) (n—2) 
and, therefore, in each of the r (n —1)-fold (r—1)-spaces, the projections 
of the @”-"’s, is a pinch variety of order (n — 1)(n—2). Then, the total locus 
of pinch points is of order =a + r(n—1) (n— 2) =2(r—1)(n—1)?’. 

Consider a general projection of ®-V upon a %,,:, that is, one from a 
general center of projection upon a general (r + 1)-space. Denote it also by 
There are r-spaces in %,,, each meeting in a composite 
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section composed of a variety of order rn —n—r + 2 and one of order n — 1. 
These co* r-spaces envelop a curve of order r+ 1. Let a 3-space meet ,_,6," 
in a surface F’, The o* planes containing composite sections envelop a curve 
of order 3(r —1), rank 2r, class r + 1, with 4(7— 2) cusps. 


8. Other projections of ©“. Suppose we now project ®- from an 
(r — 2)-space, upon an 2)-space The projection, has 
a locus, Ar, of double points, of order 6,-2, and a locus, J¢rs, of pinch points, 
of order c;y.3;. A 4-space section of the projection is a surface with b,_. im- 
proper nodes. By making use of a relation, which is known concerning sur- 
faces in 4-space,® namely, 2b,_; — 2b;_2 = Cr_2, we find that 


= — $Cr-2 
= $(n—1)[ (7? — + 3)n— (7? —8r+ 4)]. 


This value is identical with that found in §7 for the double variety A®» on 
the projection of @rn-"r*? upon an r-space. To verify this fact, put Z,-2 in 
the Xer-, containing Sew. Then, the Adee on the projection +26," is the 
same as that on the projection of #"""**. From this last fact we derive the 
result that the order of is = 2(r—2)(n—1)?*, 

Reasoning in the same manner, we see that the projection ,+®-" from a 


Zr-t Of Yeors1 upon an (r+ ¢)-space has a double locus Abr of order 
br-t = —1)[(7? —2rt + + r—t+1)(n—1) —1] and a pinch 
locus J°r-t3 of order ¢r-t-1 = 2(r—t)(n—1)’. For t—r, the projection 
upon Sor has =4$(n—1)(m—2) improper double points, as was 
found in § 6. 


9. Various special cases. It is of interest to mention that, if r—n, 
we have a ®,”-"*? in a Sens. It is ruled, being the locus of oo” lines, which 
correspond to the (n —1)-secant lines of M‘?* in 8». The number of lines 
passing through each point of the variety is (n 1)! What has just been said 
holds true for n = 2, except that the ruled cubic surface ®,° is in a 4-space 
and not in a 5-space. If r=n, then #," contains 07" lines of which oo” 
pass through each point. If rn, ®-" may be regarded as a locus of «** 
curves of order n—7r-+1. Through a general point pass (r—1)! ( rari of 
them. 
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